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Introduction. Let G he a connected Lie group. By a lattice of G, we

mean a discrete subgroup r of G such that G/F has a finite invariant

measure. The set of all lattices of G is denoted by S(G). In [l],

Chabauty introduced the notion of limit of subgroups of G. A se-

quence {H„} of subgroups of G converges to a subgroup H ii ior any

given compact subset K of G and neighborhood V of the identity e

in G, HC\KEVHn and H„r\KEVH hold for sufficiently large n.

Thus S(G) becomes a topological space with the Chabauty topology

defined by limit of lattices. In [5], some topological properties of

S(G) have been studied. 8(G) is separable metric. However in general

we do not know whether S(G) is locally compact or not. Let A(G) be

the group of all continuous automorphisms of G. Equipped with the

compact-open topology, A (G) is a Lie group. A (G) operates continu-

ously on S(G) with operation defined by (a, F)—>a(F), ior aEA(G)

and TGS(G). In [l], Chabauty conjectured that for any lattice F

of G, ^4(G)T with induced topology from S(G) is homeomorphic to

A(G)/N(F), where A(r) is the isotropy subgroup at F, or equiva-

lently ^4(G)r is locally compact. Followed by a theorem of Malcev

[3], the conjecture is true for nilpotent Lie groups. For semisimple

Lie groups, the author obtained some partial results in [5]. The pur-

pose of this paper is to construct a counterexample in the case of

solvable Lie groups.

1.  Semidirect product of a compact group and a vector group.

Let V=R" and K a compact subgroup of GL(w, R). In G = KXV

(in the sense of set only), we define a group structure by

(k, v)(kx, Vx) = (kkx, kx  v + Vx)

for k, kxEK and v, VxE V.

Lemma 2. V is the nilpotent radical of G, i.e., the maximal connected

normal nilpotent subgroup of G.

Proof. Let n(G) be the nilpotent radical of G. Clearly «(G)D V.

Hence n(G) = (n(G)C\K) ■ V. Since n(G)(~\K is compact, it is central

in n(G). However the action of K on V is faithful. It implies that

n(G)(~\K= {e}. Thus V=n(G).
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As V is a characteristic subgroup of G, we have then the restriction

map res: A(G)—*GL(V) and the induced map ind: A(G)—*A(K). Let

C(K) be the centralizer of K in GL(ra, R) and 4(G)0 the identity

component of A(G).

Lemma 3. If K is commutative, then res(A(G)°) = C(K)°.

Proof. Since K is compact and abelian, it is well known 4(A)0

= {e}. Hence ind(4 (G)°) = {e}. Clearly

(e, (ak)x) — a((e, kx)) = a((k, e)(e, x)(k, e)_1)

= (k, e)a((e, x))(k, e)_1 = (e, (ka)x)

for all aEA(G)°, kEK, x£P\ Therefore res(4(G)°)CC(A)°. Con-

versely given any BEC(K), we define fi((k, x)) = (k, Bx), (k, x)£G.

It is obvious that 0EA(G) and res(j3) =B. Thus res(4(G)°) = C(K)°.

4. Diophantine approximation. Let 7 be an irrational number. As

an immediate consequence of diophantine approximation, there

exists an increasing sequence (an) of positive integers such that

(any— [any]) converges to zero, where [x] is the function of the

greatest integer gx, x£jR. Denote [any] and any— [any] by bn and

c„ respectively. By an easy computation, we have

1        0        0        0 I (1        0        7        0] fl        0        0    -bn   '

010001000100

0        0    l+an-an    0        0        1        0    0        0        1        an

0        0-1 1   J [0 0 0 lj [0 0 1     l + On,

1 0 7 Cn

0        10        0

0        0        10

.0       0       0        1

Let Q be the subgroup of GL(4, R) containing all matrices of the form

'     cos 6 sin 6       0 0'

— sint) cos0       0 0
BE R.

0 0 10

0 0 0 1.

Then the centralizer C(Q) of Q in GL(4, R) is the subgroup of

GL(4, R) consisting of all matrices of the form
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X 0 0 0'

0X00 .   .
XGfl-{0}    and    X E GL(2, R).

0       0
X

.0       0

Let

1        0        7        0] (1        0        y        cn

0        10        0 0        10        0
7 = and   t„ =

0       0        10 0       0        10

0      0      0      lj [o      0      0      1

Due to our construction, 7«—>y and yn^ym for n^m. It is very easy

to see that

C(Q)yn ^ C(Q)ym       for n * m.

Proposition 5. C(<2)°7SL(4, Z) = {xyy\ xEC(Q)°andyESL('i, R)}
is not locally closed.

Proof. Suppose false. Then C(0°7" is open in C(0°7 SL(4, Z) and

7n—*y- This implies C(0°7„ = C(Q)°y ior sufficiently large n. However

this contradicts the fact that C(Q)yn9iC(Q)ym. for n^m.

6. A counterexample. Let V=Ri, K = y~1Qy, G = K-V as con-

structed in §1, and F = ZiERi- Since G/F is compact, certainly F

is a lattice of G.

Main Theorem. j4(G)T is not locally compact with induced topology

S(G).

Proof. Suppose false. Then ^4(G)°r, open in A(G)F is locally com-

pact. By Lemma 3, A(G)°F = res(A(G)°)F = C(K)°F. Let S,(G) be the

set of all lattices of G contained in V. It is clear that S„(G) is a closed

subset of S(G) and S„(G)=S(F). It is a well-known classical result

S(F)«GL(F)°/A(r), where A(r)=SL(4, Z). Therefore it follows
that C(K)° SL(4, Z) is locally compact. But C(K)a SL(4, Z)

= y~1(C(Q)°y SL(4, Z)) is not locally compact by Proposition 5. Thus

we are led to contradiction.

A Remark. Although Chabauty's conjecture is not true in solvable

Lie groups, it is still very likely that the conjecture will be valid in

semisimple Lie groups supported by some indications in [5]. If G is

semisimple with each factor of i?-rank>2, S(G) is locally compact

which is an easy consequence of [7].
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