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Introduction. Let R be an associative ring with identity and let

r9JJ (respectively Wr) denote the category of unitary left (respec-

tively right) P-modules. Dickson [4] has given an axiomatic treat-

ment of torsion for abelian categories. Specializing his definition, a

torsion theory for rW is defined to be a pair (3, ff) of classes of left

P-modules such that

(a) 3nj= {0},
(b) 3 is closed under homomorphic images,

(c) JF is closed under submodules,

(d) for every left P-module M there exists a submodule T(M) of

M with T(M)E3 and M/T(M)E&.
Throughout this paper two additional properties are required of a

torsion theory

(e) RRE5,

(f) 3 is closed under submodules.

A torsion theory for 'SJIr is similarly defined. If (3, ff) is a torsion

theory those modules in 3 are said to be torsion and those in $ are

said to be torsion-free. Specific examples of torsion theories having

these properties are the usual torsion theory for abelian groups, the

torsion theory for left P-modules over a left Ore ring studied by

Levy [9] and the P(P)-torsion theory considered by Jans [7].

1. Preliminaries. The addition of conditions (e) and (f) to the

definition of a torsion theory makes the class 3 a strongly complete

Serre class and allows one to construct a quotient category rW/S and

a ring Q3 of left quotients of P with respect to 3. (See Gabriel [6] and

the Walkers [13].) The ring of quotients of the integers Z with re-

spect to the strongly complete Serre class of torsion abelian groups

is the field of rationals Q and the kernel of the mapping rjG: G—>Q

®zG defined by i)a(g) = l®g is the torsion subgroup T(G) of G. In

general if (3, fJ) is a torsion theory for sSJi, the kernel of the mapping
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rjM: M—*Q3®rM defined by r]M(m) = 1 ®m is contained in the torsion

submodule T(M) of M. (See [12, Proposition l.l].) It can be shown

that whenever ker rjM = T(M) for every left P-module M the ring Q3

is flat as a right P-module. (See [12, Theorem 1.4].) For example

given any left Ore ring R, the ring of left quotients of R with respect

to the torsion theory studied by Levy is the classical ring of left quo-

tients of R which is flat as a right P-module. Switching our point of

view, the following proposition indicates a construction of a torsion

theory for RW given any unital overring Q of R which is flat as a right

i?-module.

1.1. Proposition. Let Q be a unital overring of R which is flat as a

right R-module. Define nM. M—>Q®rM by riM(m) = l®m. Let 3;

= {MEBWt\ker vm = M} and 5F,= {MEb^I\ ker 77^ = 0}. Then
(3;, ffi) is a torsion theory for r9DL

Proof. Conditions (a), (b), (c), (e) and (f) of the definition are

easily verified. For condition (d), let M be a left P-module and let

Ti(M) =ker 7]M. Since Qr is flat, we have the following commutative

diagram with exact rows:

0->      T,(M)      — ->■      M      —^->      M/Tt(M)      -»0

I   VTi(.M) i   VM i   VM/Ti(M)

0-+Q ®BTl(M)->Q ®n M->Q ®RM/Ti(M)->0
1 ® i 1® p

Since P;(M)=ker vm we have rjMi= (l®i)vri(M) =0. Thus t]Tl(M)=0

since l®i is a monomorphism. Hence Pi(M)=ker vti(m) so Ti(M)

EZu Since Q®RTt(M) = Q-im r,Tim, Q®r Tt(M)=0. Thus l®p is

an isomorphism. Let a-r-Pi(Af)Gker 7]M/TUM) with aEM. Then

(l®p)yiM(a) =0. Hence 7?M(a)=0 so aGker vM = Ti(M). Thus

a+Ti(M)=0. Therefore ker r,M/Tl(M)=0 and M/Ti(M)E$i-

A similar construction yields a torsion theory (3r, 9>) for IIJIr given

a unital overring Q of R which is flat as a left P-module.

Let (3, JF) be a torsion theory for rW and let M be a left P-module.

Condition (d) in the definition of a torsion theory yields the exact

sequence

0 -> T(M) -*M^ M/T(M) -+ 0
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of left P-modules with P(ilf)G3 and M/T(M)E$. If M/T(M) is
projective this exact sequence splits and T(M) is a direct summand

of M. We are primarily interested in the following situation.

1.2. Lemma. // (3, JF) is a torsion theory for rW. such that every finitely

generated torsion-free left R-module is projective, then T(M) is a direct

summand of M for every finitely generated left R-module M.

2. Applications to semihereditary rings. A ring R is said to be left

(respectively right) semihereditary if every finitely generated left

(respectively right) ideal of R is projective. Any ring R having a

torsion theory satisfying the hypothesis of (1.2) is left semihereditary

since the left ideals of P are torsion-free as left P-modules. By [l,

Proposition VI, 2.9] if P is a left (or right) semihereditary ring, then

GWD R£l.

2.1. Theorem. Let (3, J) be a torsion theory for rWI. Suppose that

Q3 is von Neumann regular and flat as a left R-module. Then the follow-

ing are equivalent.

(i) P is right semihereditary,

(ii) GWDPgl,

(iii) BM is flat for all ME3-

Proof, (i) implies (ii). This follows from [l, Proposition VI, 2.9].

(ii) implies (iii). Let rME'S and let / be any right ideal of P. Since

(Jj is flat as a left P-module

0—►/ ®rQi->R ®rQ_3

is an exact sequence of right ()3-modules. Moreover, Qz®rM is flat

as a left Qa-module since Qa is von Neumann regular, so the sequence

0 -*■ (/ ®B Qs) ®qt(Q3 ®r M) -> (R ®R Qa) ®Qr(Q3 ®R M)

is exact. By associativity of the tensor product

0 -> / ®R (Qs ®rM)->R ®r (Qj ®b M)

is exact. Hence Qs®rM is flat as a left P-module. Define r]M: M

-M23®rM by nM(m) = l®m. Since T(M)=0 and ker vmQT(M), yM

is a monomorphism. Letting K = (Qz®rM)/t]m(M) we have the

following exact sequence of left P-modules

0 -» M -> Qs ®B M -> K -* 0.

Then for each right P-module X, the sequence
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Tor? (X, K) -* Torf (X, M) -> Tori (A, (?3 ® a If)

is exact. By the preceding Torf (A, £>3 ® RM) = 0. Moreover Torf (A, K)

= 0 since GWD Pgl. Hence Torf (A, ilf)=0 for every right R-

module X, so rM is flat for each ME*5-

(iii) implies (i). By [4, Theorem 2.3], ff is closed under direct prod-

ucts. Thus every submodule of a direct product of copies of RR is in

ff. Thus every torsionless left P-module is flat and by [2, Theorem

4.1 ] R is right semihereditary.

2.2. Theorem. Let (3, *5) be a torsion theory for rW. Suppose that

Qz is semisimple and flat as a left R-module. Then the following are

equivalent.

(i) R is right semihereditary,

(ii) R is left semihereditary,

(iii) GWDP^l,

(iv) RM is flat for all ME$,
(v)  rM is projective for all finitely generated ME$.

Proof. The equivalence of (i), (iii) and (iv) follows from (2.1). (ii)

implies (iii). This follows from [l, Proposition VI, 2.9]. (v) implies

(ii). This is immediate since every left ideal of R is in 5\

(iv) implies (v). Since Q3 is semisimple, it is isomorphic to the

maximal ring of left quotients of R and we have Z(rR) =0. (See [l0].)

Let rME'S be finitely generated. By (iv) rM is flat. Since Q3 is semi-

simple, Q3®rM is a projective left (^-module. Thus by [ll, Theorem

2.8] rM is projective.

2.3. Corollary. Let (3, JF) be as in (2.2). If any of the equivalent

conditions of (2.2) are satisfied, then T(M) is a direct summand of M

for every finitely generated left R-module M.

Proof. See (1.2).

In the following (3;, 0^) and (3r, 3v) denote torsion theories for

k9JJ and 'SRr respectively constructed as in (1.1).

2.4. Theorem. Suppose R is a unital subring of a von Neumann

regular ring Q which is left and right R-flat. Then the following are

equivalent.

(i) R is right semihereditary,

(ii) R is left semihereditary,

(iii) GWD P^l,

(iv) ^t={MERM\RM is flat},

(v) ^r={NEmB\NR is flat}.
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Proof, (i) implies (iii) and (ii) implies (iii). These follow from

[1, Proposition VI, 2.9].

(iii) implies (iv). Suppose rM is flat. Then the mapping 77^: M

-^Q®rM is a monomorphism, so ME&i- The proof of (ii) implies

(iii) in (2.1) is easily adapted to show that rM is flat for each ME^i-

(iii) implies (v). This is proved using an argument similar to (iii)

implies (iv).

(iv) implies (i) and (v) implies (ii). These are proved using argu-

ments similar to (iii) implies (i) in (2.1).

Sandomierski [ll, Theorem 2.10] has shown that a ring R is left

semihereditary if and only if GWD P^l and the maximal ring of

left quotients of R is von Neumann regular and right P-flat. Using

this and taking Q to be the maximal ring of left quotients in (2.4) we

have the following.

2.5. Corollary. If R is left semihereditary and the maximal ring

of left quotients of R is left R-flat, then R is right semihereditary.

Suppose that P has a two-sided maximal ring of quotients Q which

is semisimple. Then by [10, Theorem 2.7] Q is flat as both a left and

as a right P-module. Moreover, constructing (3;, 9^) and (3r, 5>) as in

(1.1), T,(M)=Z(RM) for every left P-module M and TT(N) =Z(NR)

for every right P-module N by [10, Theorem 2.3] where Z(A) is the

singular submodule of a module A. (See [lO].)

2.6. Theorem. Suppose that R has a two-sided maximal ring of

quotients Q which is semisimple. Then to the list of equivalences of (2.4)

can be added

(vi)  rM is projective for all finitely generated ME'Si,

(vii) Nr is projective for all finitely generated NE$r-

Proof. See the proof of (2.2).

2.7. Corollary. If R is a left (equivalently right) semihereditary

ring having a semisimple two-sided maximal ring of quotients, then

Z(rM) is a direct summand of M for every finitely generated left R-

module M and Z(Nr) is a direct summand of N for every finitely gen-

erated right R-module N.

Levy [9, Theorem 6.1 ] obtained the preceding result for rings

having a semisimple two-sided classical ring of quotients.

3. Examples. A semihereditary commutative integral domain is

called a Prtifer ring. Since every commutative integral domain has a
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(semisimple) field of quotients, the Priifer rings can be characterized

as those commutative integral domains for which every finitely

generated torsion-free (in the classical sense) module is projective.

Hence the (classical) torsion submodule of every finitely generated

module over a Priifer ring is a direct summand. Kaplansky [6] has

shown that this property characterizes the Priifer rings among the

commutative integral domains.

Endo [5] has shown that a commutative ring R is semihereditary

and has a semisimple classical ring of quotients if and only if it is a

finite direct sum of Priifer rings. For w>l the ring Mn(R) of nXn

matrices over such a ring R gives an example of a noncommutative

semihereditary ring having a two-sided semisimple classical ring of

quotients.

Colby and Rutter [3, Theorem 3.2] have shown that every left

hereditary ring R for which the injective envelope of rR is projective

is isomorphic to a finite direct sum of complete blocked triangular

matrix rings over division rings. Any such ring is semihereditary and

has a semisimple two-sided maximal ring of quotients.

If D is any PID with field of quotients Q the ring of all 2X2

matrices

Vo   dj

with di, d2ED and qEQ is semihereditary and has the ring of 2 X2

upper triangular matrices over Q as a two-sided classical ring of quo-

tients. This ring has M2(Q) as a semisimple two-sided maximal ring

of quotients.
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