A NOTE ON A THEOREM BY H. D. BRUNK!
RICHARD DYKSTRA?

Throughout the paper, the notation will be consistent with that
used by H. D. Brunk in [1]. That is (2, 8, u) is a complete measure
space, and L, denotes the set of square integrable functions corre-
sponding to it. We shall call £, a collection of sets in 8, a sub-o-lattice
if it is closed under countable unions and intersections, and contains
the null set &, and Q. A function X is £-measurable if [X>a]E £
for all real a. L:(£) denotes the set of £-measurable functions which
are also in L,. A family C of measurable functions is called a convex
cone if k20, XEC, YEC=kXEC, X+ YEC. A collection of func-
tions is a lattice if the pointwise supremum and infinum of any two
functions in the collection is in the collection. If M is a coilection of
functions, —M={—X:XEM}. Similarly, £e={4: 4°€e}. I or
I(A) will be the indicator function of the set 4.

In [1], H. D. Brunk stated the following theorem.

THEOREM. M, a subset of Ly is Ly(L) for some a-lattice £ containing
® and Q if and only of

(1) M s a lattice closed in Lo;

(2) areal, XEM, A= [X>a], u(4) < o implies [(A)EM; a real,
XEM, A=[X=a], u(4°) < o implies —I(4°)EM;

(3) M is a convex cone.

However the theorem is not quite true as stated, for if M is the set
of nonnegative functions which are also square-integrable with re-
spect to the measure space of the reals, Borel sets, and Lebesque
measure, then M satisfies the conditions of the theorem, yet M is not
Ly(L) for any o-lattice £.

However, if we slightly change (2), we can drop the requirement
that M be a lattice to obtain the following theorem.

THEOREM. M, a nonempty subset of Lo, is Ly(L) for some a-lattice £
contatning ® and Q if and only if

(1) M is a convex cone closed in Ls;

(2) a20, XEM(—M), A=[X=a], uw(d)<w implies I(A)
EM(—M).
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ProorF. (The proof incorporates many of the arguments given in
Brunk’s proof as well as the notation used in [1].) To show neces-
sity, note that it is easy to verify that L,(£) is a convex cone since
[X+Y>a]=U, {[X>a—r]f\[Y>r]} where the union is taken
over the set of rational numbers. To show that L.(£) is closed in Lo,
assume that f,. , Where f,.ELg(,B) for all n. Then there exists, a
subsequence f,; such that f,2¢- f. Now for each real number a,

- 0

[f>d] = U U N [fu; > a+ 1/m],
=1 j=k
which belongs to £ since £ is closed under countable unions and
intersections. Thus f& L.(£), so that L:(£) is closed in Ls. It is sasy
to verify that L,(£) also satisfies (2).

Let us now be concerned with showing the sufficiency. Observe
first of all that u([X>a]) < «, where XE M and ¢ =0, implies that
I([X>a])EM since I([X Za+1/n])E M for all # by (2) and con-
verges to I([X>a]) in L,.

Now let £+={[X>a]; 220, XEM} and

e ={[x=z—-4qa; az20 XE M

We will show that £t is closed under countable unions and countable
intersections. Let C be a countable union of sets in £*. Then since
[X>0]=Uyr, [X>1/n], we may assume that C=U;, C; where
0<u(C)< o and C:Eg£* Define Y,=D 1, I(C)[2u(C)\V/2i]?
where 2iu(C;)V2; denotes the supremum of 2u(C;) and 2. Then
Y.EM for all » by (1). Since {Y,,} is a monotone nondecreasing
sequence of functions bounded above by 1, ¥Y=limu., ¥, is well
defined. Yet

lim | (¥ — ¥)dp = lim (i 1(c.~>[2m<c,~>v2=‘]-*)2dn

n— 0 n— o t=n+1

lim i‘, I(C)[2:u(Cy) V 2] -dp

now i=nt1

IIA

©0

=lim Y [25(Cy) V 2] f I(Cy)dy

B0 jontl

o0

lim 2, [2%(Cy)]"w(C)

B jpil

IIA

= lim Y, 1/2i =0,

no® joni
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since one can interchange the summation sign with the integral in
the case of nonnegative functions. Thus YE M by (1). But it is easily
shown that C=Up2, C;=[Y>0]E £+, so that £+ is closed under
countable unions.

Suppose now that C is a countable intersection of sets in £+. Then
we may assume that C=N;2; C; where C;=[X;>0], X;E M, since
[X>a]=[I([X>a])>0] where ¢>0. Let 4,=[X;>1/zn], so that
Up14.=C.Then [(I(4.)+I([X:>1/k])>1]=4.N[X:>1/k]E L+
for all positive integers %, k, and n. Thus Ug., {A,.f'\ [X:>1/k]}
=A.N{Ue, [Xi>1/k]} =4.NC:E £+ for all i and n. By a previous
argument, Z,=liMp.y )y J(4.NC:) [20(4.NC)V2]-1EM for
all . Thus by (2), I([Z. = X 525 [24 (4.NCy)\V2i]1]) € M so that

[I ([Z > f? [2u(4. N C3) V 2”]"‘]) > 0]

=2

N [4.NC = A,,ﬂ(ﬁ c.-)eec‘f,

=2 =2

so that C=N3; Ci=Up, {4.N (N2, C)lEgH.

Let us now show that £~ is also closed under countable unions
and countable intersections. Clearly it will suffice to show that this
is true for (£7)°. But

(e)y={[x<—-a;e20,XEM} ={[-X>d);220,X E M}
={[Y>a];e20,YE - M}

However, this is how £+ is defined with the exception that M is
replaced by — M. Clearly, — M has precisely the properties that M
has, and hence (£7)° is closed under countable unions and countable
intersections by an earlier part of the theorem.

If A€e* and BEL~ where pu(4)< o, and wu(B°)< », then
Z=I(A)—I(B)EM, so that ANB=[Z>0]ce*+ and AUB
=[Zz0]€&~. In general, if AE £+, and BE £-, then there exists a
sequence {A4;}E£* and a sequence {B;} € £+ such that u(4,) < =,
u(Bj) < « for all positive integers7and j, 4 =U;", 4;,and B=N2, B;.
Then ANB=UZ, N2, (4:N\B,)ELt, and AUB=N>, Uz, (4,\UB,)
&L, so that £=L£*U L~ is a o-lattice containing ® and Q. It is
easily shown that M CL.(£). The reverse inclusion can be shown by
separating an arbitrary member f of Ly(£) into its positive and nega-
tive part, and approximating each part by the respective simple
functions
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n
n2
+

fr= 2200 2 /77,

and
—~ 2t n — n
~fo == 2Y2I[~f £ -7,
=1

which belongs to M. Then using the fact that these simple functions
converge in L, to the respective positive and negative parts of f, and
the fact that A is closed under addition, we have our desired result.

In [1], condition (2) can be replaced by the condition that M
contain all constant functions when u(Q) < «. The corresponding
condition of the revised theorem cannot be weakened in this manner.

REFERENCE

1. H. D. Brunk, On an extension of the concept conditional expectation, Proc. Amer.
Math. Soc. 14 (1963), 298-304. MR 26 #5599.



