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0. Introduction. In a paper by Hare and Kenelly [2], it is shown

that the intersection of the maximal starshaped subsets of a compact,

simply-connected set in E2 is starshaped or empty. In this paper an

investigation is made of the problem of describing the intersection of

all maximal P„ subsets of a set. It will be shown that every set in Em

has maximal L„ subsets. Furthermore, if 5 is a compact, simply-

connected set in P2, then the intersection of the maximal Pn subsets

of S is an Ln set.

1. Preliminaries. In the sequel, if B is a set, then Bc will denote

its complement, B its closure, and bd B its boundary. If x and y are

points, then Pn(x, y) will denote a polygonal w-path joining x to y.

The notation [po, pi, pi, ■ ■ ■ , pn] will denote a polygonal m-path

joining p0 to pm and having pi, p2, • • ■ , pm-\ as consecutive, inter-

mediate vertices. Variations of this notation, analogous to those

customary for a segment on the real line, will be used to denote the

exclusion of po and/or pm. Finally if A and P are sets, then A—B will

denote the set A(~\BC.

Let 5 be a set in Em and let x be in 5. Then K(n, x, S) will denote

the nth order kernel of x in S. If no confusion can arise, K(n, x) will

be used in place of K(n, x, S).

Definition. A compact set 5 in P2 is said to be simply-connected

if and only if Sc is connected.

It is most important to keep in mind that if J is a closed Jordan

curve in the compact, simply-connected set 5, then the interior of J

is contained in S, where the interior of / is in the sense of the Jordan

Curve Theorem.

Two results due to Bruckner and Bruckner [l] will be used and

will be stated here for reference. For the proofs, the reader should

consult the above paper. The following theorems hold for a compact,

simply-connected set 5 in P2:

Theorem 1.1. Let xES and y, zEK(n, x, S). If \y, z]ES, then

\y< z]EK(n, x, S).

Theorem 1.2. IfyEK(n, x, S)for allx, yGbd S, then Sis an L„ set.
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2. The existence of maximal Ln sets.

Theorem 2.1. Let A be a bounded subset of Em. If A is an Ln set, then

A is an L„ set.

Proof. The proof is seen by a standard sequence argument using

the compactness of A.

Theorem 2.2. Let S be a set in Em. Then there exists a subset of S

which is a maximal L„ subset of S.

Proof. Without loss of generality, assume that St*0. Let a be

defined by
ft = {A | A C 31 and A is an Ln set}.

Then a is nonvoid. For let xES, then {x} £a.

Partially order a by set inclusion, and let Q be a chain in a. It is

easily seen that UC£a. Thus Ue is an upper bound of Q in a. Hence,

by Zorn's Lemma, a has a maximal element.

Theorem 2.3. Let S be a compact set in Em. Then each maximal Ln

subset of S is closed.

Proof. Suppose that A is a maximal Ln subset of 5. By Theorem

2.1. A is an L„ set. Since S is compact, it is clear that AES. Thus,

AEA, where A is an L„ subset of 5. Since A is maximal, it follows

that A = A. Hence, A is closed.

Theorem 2.4. Let Sbea set in Em and let A be an Ln subset of S. Then

A is contained in a maximal Ln subset of S.

Proof. Define the set a' by

a' = {B I A C B E S and B is an Ln set}.

Then a' is nonvoid since A E a'. Now partially order a' by set

inclusion.

As in the proof of Theorem 2.2, it is seen that a' has a maximal

element M'. Note that M' is also a maximal element of a, where a

is as in Theorem 2.2. For suppose that ME& is such that M'EM.

Since M is an Ln subset of S, it follows that M£a'. However, M' is

maximal in a' and thus M' = M. Thus, it is seen that M' is a maximal

element of a such that A EM'. This completes the proof.

3. An extension of a theorem on the generalized convex kernel.

Let 5 be a compact, simply-connected set in E2. For any polygonal

path C(p, q) from p to q in 5, let p[C(p, q)] denote the length of the

path.
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Definition. Suppose that p, qES and C(p, q) is a polygonal path

from p to q in 5. Then C(p, q) is called a minimal l-path if C(p, q)

= [p, q}. Let k> 1, then C(p, q) is called a minimal k-path if

(a) C(£, g) is a &-path,

(b) pGPO-l.g, S),
(c) if C'(p, q) is any other fe-path from £ to q in 5, then p[C(p, q)]

Sp[C'(p,q)].

Theorem 3.1. Sitppose pEK(m, q, S)for some m. Then there exists a

minimal k-path from p to q in S for some k such that l^k^m.

Proof. If \p, q]ES, then there is nothing further to show. Hence,

suppose that [p, q](tS- Then there exists k such that pEK(k, q, S)

but p(£K(k — l, q, S). It is clear that B«.

Let &k(p, q) denote the set of all fe-paths from p to q in S. Now

suppose that there does not exist a minimal &-path from p to q in S.

Then there exists a sequence { Ci} in Qk(p, q) such that:

1. p(Cj)>p(C1+i) (or j = 1,2, ■ • • ;

2. for every CEGk(p,q), there exists some/0such thatp(Cy„) <p(C).

For/arbitrary, let Cy= [p,Xiy, x2;, • • • , x^-d,-, q]. Since Sis compact,

it can be assumed without loss of generality that {x,y} —>XiES for

t=l, 2, • • • , k — 1. Let Co= [p, Xi, x2, ■ ■ ■ , xic-i, q]. Then it is easily

seen that CoEGk(p, q) and that p(Co) <p(Cj) for every/. However,

this contradicts (2).

Hence, it now follows that there exists a minimal &-path from p to

q in 5.

Theorem 3.2. Suppose that p, qEK(n, x, S). Let Ck(p, q) be a mini-

mal k-path from p to qin S, then Ck(p, q)EK(n, x, S).

Proof. If k = 1, then the result follows from Theorem 1.1.

Hence, suppose that the theorem is true for k^m. Now the case

where k = m-\-l will be considered. Thus, suppose that pEK(m-\-l, q)

but p(£K(m, q). Let Cm+i(p, q) = [p, Xi, x2, ■ • • , xm, q] be a minimal

(w-f-l)-path joining p to q in S.

If it can be shown that, in every possible case, some XjEK(n, x)

then the result will follow for Cm+i(p, q). For, if XjEK(n, x), then

Cm+i(p, q) = [p, Xi, ■ ■ ■ , xh ■ ■ • , xm, q]

= [p, Xi, ■ ■ ■ , Xj] U [xh ■ ■ ■ ,xm,q]

= Cj(p, xf) W Cm-j+i(xh q)

where p, Xj, qEK(n, x), Cj(p, xf) is a minimal/-path from p to xj in

5, and Cm_J+i(xy, q) is a minimal (m— j+ l)-path from x, to q in S.
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Since l^j^m, it is easy to see that l^m—j+l^m. Thus, by

the induction hypothesis, it follows that Cj(p,Xj)EK(n,x) and

Cm-j+i(xj, q)EK(n, x). Thus, Cm+\(p, q)EK(n, x).

It will now be shown that, in each possible case, there exists some

XjEK(n, x). Now, p, qEK(n, x) implies that there exist finite se-

quences {pi}?l{ and {qi}?Ii in S such that [x, pi, ■ • ■ , pn-i, p]ES

and  [x, qu ■ ■ ■ , g„_i, q]ES.
Case 1. If [x, pi, pi, ■ ■ ■ , p„-i]r\Cm+i(p, q)7*0, then it is clear

that there exists jE {1. 2, ■ • • , m} such that XjEK(n, x).

Case 1'. If [x,qi,qi, ■ ■ ■ , qn-i]r\Cm+i(p, q) 7*0, then it is clear that

there exists jE {l, 2, ■ ■ ■ , m} such that x,EK(n, x).

Case 2. If [pn~i, p]C\[p,xi]^ {p}, then xiEK(n, x).

Case 2'. If [gn_,, q\(~\ [xm, g]5 {q\, then xmEK(n, x).

Case3.\i [pn-i,p\C\(xi,Xi, ■ ■ • , xm,q] 7*0, then either pEK(m,q)

or there exists CE&m+i(p, q) such that p(C) <p[Cm+i(p, q)]. However,

neither of these is possible and therefore [pn-i, p]C^(xi, x2, ■ ■ ■ ,xm,q]

= 0-
Case 3'. Similarly, it is seen that [qn-i, q\C\ [p, Xi, x2, ■ ■ ■ , xm) = 0.

Case 4. The only remaining possibility is when

[x, pi, p2, ■ ■ ■ , pn-i, p] C\ Cm+i(p, q) = {p}

and

[x, qu ?2, ■ • ■ , ?n-i, q] n Cm+i(p, q) = {q}.

Notice that in this event there is a domain DES determined by

Cm+i(p, g)W[x, pi, ■ ■ ■ , pn-i, p]V[x, qi, • • • , qn-i, q] such that

Cm+i(p, g)Cbd D and bd D is a closed Jordan curve. Actually, bd D

is a polygonal curve. Let the angle having vertex Xj, sides along bd D,

and interior to bd D be denoted by intan x,. Due to the minimality of

Cm+i(p, q), it is necessary that intan xy>180° for j=l, 2, ■ ■ ■ , m.

Now, from xi, extend [p, xi]. Then there exists p'ES such that:

1. p'E(P,pn-u • ■ • ,Pi,x,qi, ■ ■ ■ ,qn-i,q);

2. [p,p']ES;
3. xiE(P,p').

From this it is clear that p'EK(n, x). Since pEK(n, x) and [p, p'\

ES, it follows from the inductive hypothesis that [p, p']EK(n, x).

In particular, Xi£A(ra, x).

Thus, it has been shown that in every possible case, there exists

j'G{li 2, • • ■ , m} such that x,EK(n, x). It now follows that

Cm+i(p, q)EK(n, x). Therefore, the theorem is true for k = m + l and

the induction is complete. This completes the proof.
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4. Intersections of maximal Ln sets. Let 5 be a compact, simply-

connected set in P2. Let £n = {La\ a£A„} be the set of all maximal P„

subsets of 5 and let ^4„ = D£B.

Theorem 4.1. Let G be a bounded set in P2, then there is a smallest

compact simply-connected set in P2 which contains G.

Proof. Let d= {^4a|aGA} be the family of all compact simply-

connected sets in E2 which contain G. Since G is bounded, it is clear

that a is nonvoid. Let A = fid, then it is clear that A is the desired set.

Theorem 4.2. Let G be a subset of S, then there is a smallest compact,

simply-connected subset of S which contains G.

Proof. By Theorem 4.1, there is a smallest compact, simply-

connected set A in P2 which contains G. However, since 5 is a com-

pact, simply-connected set which contains G, it is necessary that

A ES. This completes the proof.

Theorem 4.3. Let LaE£n, then La is compact and simply-connected.

Proof. It follows from Theorem 2.3 that La is closed. Since LaES

and S is compact, it follows that Pa is compact.

Now suppose that La is not simply-connected. Let A be the smallest

simply-connected compact set containing La. Then there is an open

set Bt^0 such that PC^4 and La = A— B. Since La is compact, the

set A can be obtained in the following manner: Let C(oo) be the un-

bounded component of P°, then A = [C(oo)]e. It is clear that bd A

Cbd LaELa.

To show that A is an P„ set, it is seen by Theorem 1.2 that it suffices

to show that for every p, qEhd A there exists Pn(p, q)EA. Hence,

let p, gGbd A. Then p, qELa and La is an P,. set implies that there

exists Pn(p, q)ELa. Since P„C^4, it follows that Pn(p, q)EA and

hence A is an P„ set. Therefore, A is an P„ subset of 5 such that

P„ ^ A. This contradicts the maximality of La. It now follows that P„

is simply-connected.

Theorem 4.4. The set An is compact and simply-connected.

Proof. Since An = 0£n, the result follows easily from Theorem 4.3.

Theorem 4.5. Let A be a compact, Ln subset of S. Suppose p, qEA

and let Ck(p, q) be a minimal k-path from ptoqin S. Let B be the small-

est compact, simply-connected set in S containing A\JCk(p, q), then B

is an Ln set.

Proof. LetxG-4, then p, qEK(n, x, A) and thus clearly it follows

that£, qEK(n,x,B). Now Ck(p,q)EB and B is compact and simply-
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connected. Furthermore, it is clear that Ck(p, q) is a minimal &-path

from p to q in B. Therefore by Theorem 3.2, it follows that Ck(p, q)

EK(n, x, B). Notice also that bd BEbd AUCk(p, q)EA\JCk(p, q).
Now let y, z£bd B.

Case 1. Hy,zEA, theny£A(», z, A) since A is anL„set. It follows

that yEK(n, x, B).

Case 2. If y, zECk(p, q), then yEK(n, z, Ck(p, q)) and thus y

EK(n, z, B). (Recall that k^n.)

Case 3. Suppose that yEA and zECk(fi, q). Since Ck(p, q)

EK(n, y, B), it follows that zEK(n, y, B).

Case 4. Suppose that zEA and yECk(p, q). Then as in Case 3, it is

seen that yEK(n, z, B). Thus it is seen that y, zGbd B implies that

yEK(n, z, B). By Theorem 1.2, it follows that B is an Ln set.

Theorem 4.6. If p, qEAn, then pEK(m, q, S) if and only if p

EK(m, q, An).

Proof. It is clear that pEK(m, q, AH) implies that pEK(m, q, S).

Hence, suppose that pEK(m, q, S). By Theorem 3.1, there is a

minimal fe-path from p to q in 5 for some k such that l^k^m. Denote

such a path by Ck(p, q).

Let aEAn. Then p, qEAn imply that p, qELa. Let Ba be the small-

est compact simply-connected set in S containing LaVJCk(p, q). By

Theorem 4.5, it follows that Ba is an Ln set. Since LaEBa and Ba is an

L„ set, it follows by the maximality of La that La = Ba. In particular,

it follows that Ck(p, q)ELa.

Since cc(EA„ was arbitrary, it follows that Ck(p, q)EV\£>n = An.

Thus, pEK(k, q, An) and since k^m, it is seen that pEK(m, q, An).

Thus, the desired result has been obtained.

Theorem 4.7. The set An is an Ln set.

Proof. Let p, qEAn and let £„££„. Then p, qELa and thus it is

clear that pEK(n, q, S). By Theorem 4.6, it follows that pEK(n,q,An).

Since p,qEAn were arbitrary, it is seen that An is an Ln set.

Theorem 4.8. The set An is a compact, simply-connected, Ln set.

Proof. Combine Theorems 4.4 and 4.7.
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