
CARLEMAN AND SEMI-CARLEMAN OPERATORS

M. SCHREIBER AND GY. TARGONSKI1

1° Introduction. By a Carleman operator we mean an integral

operator A on L2(a, b), — oo<Sa<£>g-F°o, with measurable kernel

k such that

(1) I    | k(x, y) \2dv < °°,    a.e. x.

If instead of (1) we have

(2) I     | k(x, y) \2dx < oo,    a.e. y
J a

we say A is semi-Carleman. If both (1) and (2) hold we say A is

bi-Carleman. The theory of Carleman operators was initiated by

T. Carleman in 1923 [l], and extended by J. von Neumann [2], using

results of Weyl [3]. In the earlier literature it was always assumed

that k(x, y) =k(y, x), and it is shown in Stone [4, p. 398] that with

this assumption k defines (on a certain domain) a symmetric operator.

In the present note we do not include the symmetry condition in our

definitions, as indicated above. Carleman operators have been studied

in [6], [7], [8], [9], and semi-Carleman operators in [5].

In this note we present several remarks on Carleman, semi-

Carleman, and bi-Carleman operators. In 2°, we give a characteriza-

tion, without reference to the kernel, of Carleman operators, with a

related result concerning compactness. In 3°, we discuss the question

of whether the adjoint of an operator A with kernel k(x, y) is the

integral operator with the transposed kernel k*(x, y)=k(y, x). In

4° the invariance with regard to the interval employed of the repre-

sentation of an operator by a semi-Carleman operator is remarked,

extending previous results. In 5°, we correct an error in the paper [5].

2° A classic result of von Neumann [2], as extended in [6], states

that a normal operator is unitarily equivalent to a Carleman operator

if and only if 0 is a limit point in the sense of Weyl [3 ] of its spectrum.

However, this does not characterize Carleman operators. Apart from

directly exhibiting a kernel, there is the following criterion, due to
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Korotkov [ll]: an operator K on P2(a, b) is a Carleman operator if

and only if |P/(x)| Ssg(x) a.e. for all/ in the domain of K, \\f\\ gl,

where g is measurable and a.e. finite. Another criterion, analogous to

the Hilbert-Schmidt property (S||P$n||2< °° for {fa,} complete

ortho-normal) is the following.

Theorem 2.1 (a). A bounded operator K on L2(a, b) is Carleman if

and only if

(3) Y I Kfaix) |2 < oo    a.e. x

for some complete ortho-normal system {fa,}.

Proof. If K has a Carleman kernel k, then

Hx, •) = Y (Hx, •), fa) fa, Y I (Hx, ■), fa) |2 < <=°,    a.e. x,

and (k(x, ■), fa)=fk(x, y)fal(y)dy = Kfal(x), whence (3).
If (3) holds, define /$(x, y) = YKfai(x)<bn(y). Then 1$ is a Carleman

kernel, and fl$(x, y)fa,(y)dy = K<pn(x) for all n. The theorem now can

be derived from the following.

Lemma. If a Carleman operator A agrees with a bounded operator B

on a dense set D then A=B.

Proof. Let a(x, y) he the kernel of A. For any/GP2,

I Af(x) I ^ (/ I Hx, y) NyY2||/|| < •    a.e.,

and if /„—>/ then similarly Af„(x)—>Af(x) a.e. Now let/GL2 be arbi-

trary, /„—>/, fnED. Then Afn—>Af a.e., and Bfn—*Bf in norm. But

then a subsequence Bfnk—>Bf a.e., whence Af = Bf.    Q.E.D.
Returning to the proof of Theorem 2.1 (a), we have the Carleman

operator with kernel 1$ agreeing with the bounded operator K on the

span of the system {<£„}. Hence by the lemma, the two are equal,

and the proof is complete.

Remark. If (3) holds for one system {fa,} it holds for all. For the

unbounded case we have

Theorem 2.1 (b). Let the operator K on L2(a, b) have dense domain

Dk- K coincides with a Carleman operator L on a dense set DEDrC\Dl

if and only if (3) holds for some complete orthonormal set [fa,} EDr-

Proof. Since Dk is dense, we can choose a countable dense set in

Dr, and apply the Gram-Schmidt process to arrive at an orthonormal

set in Dr. By density it will be complete.
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If A coincides with a Carleman operator L on a dense set DEDK

C\Dl, choose a system {<b„}ED and find (as in Theorem 2.1 (a))

22| K(pn(x)\ 2< o° a.e. x.

If (3) holds, define 1$ as before, and observe that the integral

operator with kernel 1$ coincides with A on the linear span of the

system {(£„}.

A related result is

Theorem 2.2. Suppose A is a normal Carleman operator on L2(a, b),

— =o<a<6<oo, having a complete ortho-normal set of eigenvectors

{(pn}- If there exists a function if/EL2 such that either

(i)  | (pn(x) | ^ | if/(x) | for all n and a.e. x, or

(ii)  j A<pn(x) | g | ̂ (x) | for all n and a.e. x,

then A is compact.

Proof. We use the fact that a normal operator whose spectrum

has no limit point but 0 is compact. Let A<pn =X„<pn. By Theorem 2.1,

lim | ^4<pn(x)| = lim|X„||<pn(x)| =0, a.e. x.

Case (i). If A is not compact, there exists a subsequence Xnj. with

|X„t 3^5>0. Hence |<pni(x)| —»0, so by dominated convergence

||cp„J^O,but||<p„t|=l.
Case (ii). Here | ^4<p„||2= |\„| 2j|^>«]|2—>0 by dominated convergence,

and ||</>n|| = 1, so X„—»0.

3° When is the adjoint A* of an integral operator A with kernel k

the integral operator with the kernel k*(x, y) =k(y, x)? Two sufficient

conditions are

(4) ffdxdy\k(x,y)\2< oo,

and

(5) J* | *(*, y)\\f(y) | dy £ L2(a, b)    for all/ E L2(a, b).

The second is Zaanen's property P [10, p. 227]. In both cases the

result follows by applying Fubini's theorem to the double integral

(A/, g). Several weaker statements are possible.

Theorem 3.1. If K is semi-Carleman with finite rank kernel k then

K* has kernel k*.

Proof. By assumption

n

Hx, y) = 53 <t>i(x)if/j(y),
i
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where the fa> are ortho-normal and the ^y need not be P2 but 22|^y(y)|2

< oo , a.e. y. For/ in the domain Dk of K (necessarily dense; see [5])

we have (Kf, g) = (Yif, h)4>}, g)- Since fEDK all | (f, fa) \ < °=. There-
fore (f, Y(<t>i, gWi) is finite and equal to Y(g, $i)(<t>j, g) = (Kf, g).
Since DK'={g\3hVfEDK (Kf, g) = (f, ft)}, we have h = K*g
= Y(<l>}> g)^i, so that gEDK' if and only if Y(4>h g)tiEL2. Thus
Dk't6 {o}, for it contains in particular all g which are orthogonal to

the fa-. For gED^ we have K*g(x) =fk*(x, y)g(y)dy, as was to be

shown.

Theorem 3.2. If the adjoint of a bounded Carleman operator is

Carleman then the kernel of the adjoint is the transposed conjugate kernel,

and thus the operator is bi-Carleman.

Proof. Let K he a bounded Carleman operator with kernel k, and

suppose K* has a Carleman kernel /. Then Re(P) =%(K-\-K*) has

kernel %{k(x, y)+l(x, y)} and is selfadjoint. By a recent result of

J. Weidmann [12], the kernel of a bounded self adjoint Carleman

operator is symmetric. Hence (1/2) {&+/} and (l/2i) \k-\-l} are both

symmetric, whence k*+l* = k+l and — k*+l* = k — I. Adding, we

have&* = /.    Q.E.D.
It follows from this that a bounded normal Carleman operator is

bi-Carleman, since it is known [6] that the adjoint of a normal

Carleman operator is Carleman.

Theorem 3.3. The adjoint of a bounded bi-Carleman operator is

represented by the transposed kernel, and is therefore again a bi-Carleman

operator.

Proof. Let K he bounded and bi-Carleman, with kernel k. Let

k'(x, y) =k(y, x) and K' the operator with kernel kl. Now K' is semi-

Carleman in particular, and so {/|P'/GP2} is dense (see [5]). Then

J(P + P() is densely defined and has symmetric Carleman kernel

%(k + k'). It follows that there exists a dense set DEL2 on which

K+K* is defined and symmetric [4, p. 398], and on which K — K' is

antisymmetric. Now K = i(K+K')+UK-K') on D, and K*
= %(K+K>)-$(K-K') on D, so that K+K* = K+K' on P. Hence

K* = K' on D. Thus we have a bounded operator (K*) equal to a

Carleman operator (K1) on the dense domain D. By the lemma of

2°, K* = Kf on all of P2, and the proof is complete.

These results have a stronger form, with different proofs, in a

forthcoming paper of Weidmann [12].

An example of a bi-Carleman operator which is not of Hilbert-

Schmidt class is afforded by the operator of convolution on L2( — oo , oo)

by an P2 function.
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That the adjoint of this operator is the integral operator with the

transposed conjugate kernel may be seen by using the Fourier trans-

form F as follows. Let L$ denote convolution by (pEL2, and let Mk

denote multiplication by the function k. We have FL,PF~1 = Mf^

(from the relation F(fi*f2) = (Ffi)(Ff2)). Taking adjoints we have

F^^F-^Mr*. Let c5(x)=cK^). Then FL^F~l = M^. If we
show Mp^ = Mf^ then we will have shown that (L^)* = L«. To show

A£>0 = Mp$ it suffices to show F<j> = F<f>. But this is easily seen by

direct verification. Now

(L-f)(x)= j <t>(y - x)f(y)dy,

as was to be shown.

4° Invariance. In [6] it was shown that certain unitary transforma-

tions introduced by von Neumann in [2] preserve the Carleman

property (1) of an integral operator. In this section we observe that

the same is true for the semi-Carleman property (2). The proof is

straightforward, and follows the steps of [6, Appendix 2]. We shall

here sketch the main points.

The transformation

(6) (Uafif)(x) = (b- ff)1/2/(^)

maps L2(0, 1) onto L2(a, b) unitarily, and clearly preserves (2). That

is, a kernel k(x, y) on L2(0, 1) becomes essentially

(u — a v — a\
-' -)

b — a    b — a/

on L2(a, b), and so integrability properties are preserved.

The transformation

(7) (Nif)(x) =-=/(logx)

maps L2(— oo, oo) onto L2(0, <*>) unitarily, and

(8) (Nif)(x) =7-^-/(7^-)
1 — X    \1 — xf

maps L2(0, °°) onto L2(0, 1) unitarily. Now a semi-Carleman kernel

k(x, y) on L1(— 00, 00) becomes l/(uv)Uik(\og u, log v) on L2(0, 00),

and
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f"    1    I 1    (""
I      — I £(log u, log v) \2du = — I      | k(w, log v) \2dw < oo

J o      uv V  J _w

for a.e. vE [0, oo ], whence the new kernel is semi-Carleman on

P2(0, oo). Similarly, k(x, y) given and semi-Carleman on P2(0, oo)

becomes

/   u v    \ 1

\1 - u' 1 - v) (1 - u)(l - v)

on P2(0,1), and

r'l   /   « v   \ l i2
I      & (-> -)-   du

Jo    I     \1-M      1   -  V/ (1 ~U)(1  - V)\

1       r°°\  (       1   \ 2
=- I     \k ( w,-)   dw < oo

(l-i'Wo   I   V     1 -v)

for a.e. i>G [0, l].2 Composing these transformations, and using the

known result for Carleman operators, we have the following state-

ment.

Theorem 4.1. An operator is unitarily equivalent to a Carleman

(semi-Carleman), (bi-Carleman) operator on L2(— oo , oo) if and only if

it is unitarily equivalent to a Carleman (semi-Carleman) (bi-Carleman)

operator on L2(a, b), where (a, b) is any finite or semifinite interval.

5° Semi-Carleman representation. In [5] it was falsely claimed

that the adjoint of a semi-Carleman operator is densely defined. The

error was pointed out by J. Weidmann (private communication). His

remark is the following. Let k(x, y)=ot(x)B(y), with a£P and B

locally square integrable but not square integrable, and let K be the

operator with kernel k. By the proof of Theorem 3.1 specialized to

the rank 1 case, we have DK'= [g\ (g, a) =0}, which is not a dense

set. Because of this, it remains an open question whether semi-

Carleman operators have closed extensions. Therefore the final state-

ment of [5, §4], should read: A closed densely defined operator is

representable on P2( — oo, oo) as a semi-Carleman operator if and only

if it has 0 as a limit point of its spectrum.

The authors wish to thank J. Weidmann for permission to quote

his results prior to publication.

2 Corresponding statements for unitary mappings from [— oo, a] and [a, » j to

[0,   oo ] are easily proved.
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