PRIMITIVE RINGS WITH INVOLUTION WHOSE
SYMMETRIC ELEMENTS SATISFY A
GENERALIZED POLYNOMIAL IDENTITY

WALLACE S. MARTINDALE III

Let R be a primitive ring with involution *. Thus R may be con-
sidered as an irreducible ring of endomorphisms of an additive abelian
group V, so that D=Homg(V, V) is a division ring. Let C be the
center of D. We shall furthermore assume that CRCR. It can be
shown that an involution y—+ is induced in C which has the property
that ¥x = (yx*)* for all x€R. The involution * is of the first kind if
y—+ is the identity mapping and is of the second kind if there is a
v#0&C such that 4= —v. The set of symmetric elements of R will
be denoted by S.

We now assume that S satisfies a nontrivial generalized poly-
nomial identity over C (in the sense of Amitsur). This means that
there exists a nonzero element f(x1, %, - - -, %,) in the so-called
C-universal product R{x) of the C-algebra R and the free C-algebra
Clxi, %3, -+ +, %a, - - - ] in noncommuting indeterminants x1, xa,

-, %n, - - - such that f(s1, 82, - + -, sn)=0foralls;, sy, - - -, 5. ES.
For more precise details concerning the above notions we refer the
reader to [1, §4], and [2, §3]. The usual linearization process may be
used so that we may assume without loss of generality that S satisfies
a nontrivial generalized (homogeneous) multilinear identity of degree
7 in X1, Xz, * ¢+ ¢+, Xnt

(1) f = Zﬁka‘oxixail Tt 0y 405,04, = 0

where each monomial is of the same fixed degree n, 8, &EC, and the
ai’s are elements of R. Furthermore it is clear that one may assume
that the a;’s belong to some fixed C-basis of R, and that for two dis-
tinct monomials in which the variables appear in the same order the
corresponding sequences (ai, @i, * - -, @i,) and (@i, a, -+ -, as)
of ring elements differ in at least one position.

Our object in this paper is to prove that, under the given conditions
on our ring R, D is finite dimensional over C and R contains nonzero
transformations of finite rank. The proof rests heavily on an elemen-
tary but powerful lemma on vector spaces due to Amitsur [1, p. 211,
Lemma 1], a specific version of which we state as follows:

Received by the editors June 26, 1969.
508



PRIMITIVE RINGS WITH INVOLUTION 509

LEMMA 1 (AMITSUR). Let V be a vector space over a field F and let
by, be, ¢+ + -, bm be F-independent linear transformations of V. Then for
any finite dimensional subspace Uq of V either there exists vEV such
that vby, vby, + « -, Vbm are independent modulo U, or there is a nonzero
transformation b= Z}"_, ab;, ai € F, of finite rank.

We are now ready to begin the study of the primitive ring R with
involution *, with CRCR, such that the symmetric elements S
satisfy a generalized multilinear identity of the form (1).

Without loss of generality we may assume that the involution * is
of the first kind. Indeed, if ¥ = —¥ for some y#0&C, and kEK, the
set of skew elements of R, then v2&.S and consequently

fCvk, sy - -y 5a) = Af(ky 53, - - - ,50) =0

for all sg, - - -, 5o ES, thus forcing f(k, ss, - - -, s») =0. Repetition of
this argument yields

f(51+k[,sz+k2,’",s.+kn)=0

for all s;&€S, k;E K. Because the characteristic of R is unequal to two,
every element of R is of the form s+%, s€S, k€K, and so R itself
satisfies the same generalized multilinear identity. By a theorem of
Amitsur [1, p. 218, Theorem 10], [D:C]< » and R contains non-
zero transformations of finite rank.

Let F be a maximal subfield of D. Following Amitsur [1, p. 215,
Lemma 5] we note that Rp, the subring of Hom(V, V) generated by
R and F, actsirreducibly on V in the obvious way, with Homg,(V, V)
= F. Since the involution * of R is of the first kind it may be extended
to an involution (again denoted by *) of Rr according to the rule

(Z a-"-')* = a-":, aEF, ri€R.

[1, p. 215, Lemma 6(b)] insures that this mapping is well defined.
Thus FS is the set of symmetric elements of Ry and satisfies the
same generalized multilinear identity (1) as does S. Furthermore it
is clear that (1) remains nontrivial over F.

At this point we claim that, in order to prove our main theorem,
it suffices to show that Rp contains a nonzero linear transformation
of finite rank of V over F. Indeed, this follows by [1, p. 216, Theorem
7). Therefore, for the remainder of our proof, we are justified in as-
suming that to start with D=C is a field. We suppose, for sake of
argument, that R does not contain a nonzero transformation of finite
rank and aim at obtaining a contradiction.
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LEMMA 2. Let vy, v2, - - -, v be C-independent vectors in V, let by, by,

<+ +, bm be C-independent elements of R, and let Ug be a finite dimen-

stonal subspace of V. Then there exists s& S such that visby, v1sbs, - - -,
v15bm are independent modulo Uy and v;s=0, 1>1.

Proor. First choose x ER such that 11x70 and v;x=0, ¢>1. Next
note that b*, b¥, - - -, by, are C-independent in R. By Lemma 1, there
exists wE V such that wbd], wby, - - -, wb,, are independent modulo
the subspace generated by ;, ve, + - -, %. Thus one may pick rER
such that v7r=0,¢2=1,2, - - -, kand wb¥r=wb¥*,i=1,2, - - - ,m. If
{b#r} is a dependent set, then Y A\;(b*r)=0, some \;#0. Conse-
quently, Y N;(wb¥r)= D N\(wb¥)=0, a contradiction to the inde-
pendence of {wb*}. Thus {b#r}, and hence {r*b;}, is an independent
set. Using Lemma 1 again, we can find v&€ V such that {‘ur*b;} is
independent modulo U,. Now pick tER so that vixt=v. Then
vi(xtr*+ri*x*)b;=vr*b;, j=1, 2, - - -, m and vi(xtr*+rt*x*) =0 for
t=2, 3, -, k. The proof of the lemma is complete, as we note
xtr*+rt*x*&.S.

Returning to the consideration of the generalized multilinear
identity (1), we write (1) in the form f=g+%, where g is the sum of
all monomials in which the variables appear in the standard order
(we may assume g>£0). We let aq, + - -, am, be the distinct (and
hence independent) elements of R which appear before x; in the
monomials comprising g, and in general we let aaas, - - -, ai,; denote
those distinct elements among the C-basis {a;} which appear between
x; and x;41 in all those monomials belonging to g which start out in
the form aaxiauxs « -+ @i1a%; -+ - . We let 4 denote the (necessarily
finite dimensional) C-subspace of R spanned by all the a;'s appearing
in (1).

By Lemma 1 we can choose v& V such that van, vae, * -+, vaok,
are independent. Let Wo= 2 ;51 Cvao;, and let Us=v4. By Lemma 2
we pick si&.S such that Wesi=0 and vansiay, - - -, vansiau, are in-
dependent modulo U, Making repeated use of Lemma 2, we may
choose a sequence

WO; UO; S1, le Ul’ Sgy 0 c Wn-l, Uu—l, S»

as follows:
Let W;= Zj)i Cvansiause « ¢+ @i_1,15:aij.
Let U;= U+ Y vAs, Asy, + - - Asp, A, where p;<i and [ =1.
Choose s:11E.S such that { vansidn ¢ - - s;a¢15;+1a.-+1,,~} is an inde-
pendent set modulo U; and Wis;1=0 and U;_1541=0.
Now substitute s, sz, * * -, s, in the identity (1). We claim that



1970] PRIMITIVE RINGS WITH INVOLUTION 511

any monomial in which the variables are permuted becomes 0. In-
deed, let p be the first subscript not in the standard position, that is,
the monomial has the form boxib1xe + * « Xp_1bpaxq - - -, With ¢>p.
Thus vbesibisz - + + Sp1bp 1€ Up1 & Ug—z, and our claim is established
since U,-254=0. Therefore h(sy, sz, * -+, Sa) =0. On the other hand,
by the way in which s, sz, - + +, s, were chosen, we finally see that

0 = f(s1, 52, * * * 5 Sa) = 2 A\jwj
)

where not all \;=0 and w;=aus10u * * * @s-1,15.8n;. A contradiction
results since {w;} is an independent set. This completes the proof of
our main result, which we now state again.

THEOREM. Let R be a dense ring of linear transformations of a vector
space V over a division ring D, with CRT R, where C is the center of D.
Furthermore, assume that R has an involution and that the set S of sym-
metric elements of R satisfies a generalized polynomial identity over C.
Then D is finite dimensional over C and R contains nonzero transforma-
tions of finite rank.
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