NOTE ON THE HOMOLOGY OF A FIBER
PRODUCT OF GROUPS

G. S. RINEHART

ABSTRACT. Spectral sequences are derived for the homology and
cohomology of a fiber product of groups with coefficients in a tensor
product module. These generalize the Hochschild-Serre spectral
sequences, and, in the case of a full product of groups, give Kiinneth
formulas. The latter are used to make easy explicit computations of
the homology and cohomology of an arbitrary finitely generated
abelian group acting trivially on an arbitrary module.

We will prove the following:

THEOREM 1. For 1=1, 2, let f;: B;—A be a surjection of groups
with kernel K;, and let M; be a left Bimodule. Let B1Xa Bs
= { (b1, b)) EB1XBs|fi(by) =fo(bs) }, and consider M1®z M; as a left
B1X 4 By-module in the natural fashion. If N, N’ are left A-modules,
let ZA denote the integral group ring of A, and form Tor?4(N, N') by
considering N as a right A-module with na=a'n. Then, if
TorZ(My, M,) =0, there is a spectral sequence

(1.1) Eyq=> Ha(By X4 Bay My ®2 M)
where
E;.q = Z Tor?(Hs(Kl, M), H(K:, M5)).
8+t=q

Again, consider Homz(M1, M,) as a left Bi X4 Bs;-module with
((b1, b2)f) (m) = bof (b7 'm). Then, if Extyz (M, M;) =0, there is a spectral
sequence

3 Extha(Ho(Ky, My, H (Ka, M)

(1.2) e
= H*(B1 X4 Bz, Homz(My, M>)).

COROLLARY. If Tor?(M, M,) =0, there are Z-split exact sequences

0— Y, Hy(Bi, M1) ®z H(Bs, Ms) > Ha(B1 X By, My @z M)

8+ i=n

> Torf(H,(Bl, M), H(B:, M,)) —0,

s4t=n—1
and, if Exty(M;, M;) =0,
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0— 3 Extz(H.(By, My), H'(Bsy, M3)) — H'(By X Ba, M1 @z My)
s+t=n—1

(1.4) t
— E Homz(H,(B1, M), H (Bs, M3)) — 0.

8+ l=n

Note that, for By=A4, M;=2Z, (1.1) and (1.2) become the Hochs-
child-Lyndon-Serre spectral sequences. If M;=2Z, B,= {e} , (1.3)
and (1.4) give the Universal Coefficient Theorems. When B; acts
trivially on M;, (1.3) follows from the Kiinneth formula and the
Eilenberg-Zilber theorem in algebraic topology.

The sequences (1.3) and (1.4) give very easy explicit computations
of the homology and cohomology of an arbitrary finitely generated
abelian group acting trivially on an arbitrary module (cf. [3], [4]),
and we close with these.

For the proof of Theorem 1, we will need the following generaliza-
tions to bifunctors of the spectral sequence associated to the composi-
tion of two functors.

THEOREM 2. For i=1, 2, let F;: C;—B; be additive functors between
abelian categories with enough projectives. Let A be an abelian
category, and let G: By X By— A be additive in each variable. Suppose
L,G(F\(Py), Fy(Py)) =0 whenever Py, P, are projective and p=1. Then
there is a spectral sequence
(2.1) >0 L,G(LFi(My), LiFo(M5)) = L.(G(F1 X Fy)) (M1, My).

84-t=q

Again, suppose that A has enough projectives, that C is abelian,
and that F: A—C is additive. Then, if L,F(G(P;, P:)) =0 whenever
P, P, are projectives and p =1, there is a spectral sequence
(2.2) LoF(LG(N1, N2)) = L.(FG)(Ny, N5).

ProoF. The proof proceeds as in [2, Theorem 2.4.1]. Let us first
consider, in the category B;, a complex U with the property that
B.(U) and Z,(U) are direct summands of U,, so that U has the form:

l
Un = Bn(U) @ Hn(U) @ Bn—l(U)
l
Uy = Boi(U) ® Hoi(U) @ Boo(U)
i’
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Let U’ be another such complex in B,. Consider G(U, U’), the com-
plex associated to the double complex {G(U,, U/)}. This decom-
poses into the direct sum of nine complexes because of the decomposi-
tion of U and U’ into three as above. H,.G(H(U), H(U"))
= i1=n G(H,(U), H(U")), and the other eight factors have trivial
homology. Hence
(2.3) H.GU,U) = > GH,U), H(U").
84 i=n

Now let X be a projective resolution of M;, and construct, as in
[1, Chapter XVII], a double complex ¥ such that, for each p, g,
B,(Y,x) and Z,(Y,4) are direct summands of V,,, and, for each g,
Vi, and HY(Vix) are projective resolutions of Fi(X,) and H,Fi(X)
= L,Fi(M,) respectively. Construct X’, ¥’ for M, similarly. Let V,,
= D ettmpioritrmg G(Yarry Yii). Then

Hy(Ve) = X LGE(X.), Fo(X1))=0 (p21)

o 4i=q

and, by (2.3),
BV = 2 GHs(Vw), H(Vw).

stlmp i’ tti=q

Hence one of the two spectral sequences associated to the double
complex V collapses to yield H,(V) = L.(G(F1 X Fz)) (M1, M,), and the
other thus becomes (2.1).

To establish (2.2), let X be a projective resolution of N;, and let
Y be a double complex resolution (in the above sense) for the single
complex associated to {G(X{", X)}.

Proor oF THEOREM 1. For any group C, H.(C, —) is the nth left
derived functor of the functor M+— M¢, where M is the quotient of
M by the submodule generated by {om —m|mEM, sEC} O (ZB)k,
=_ZA, so that M Mg, preserves projectives when considered as a
functor to A-modules. Again, ZB1® ZB,=Z(B1X B,), which is pro-
jective for the subgroup B1X4 B:C B1 X B; (consider a coset decom-
position). Hence, since Mxk,®4 Nk,=(M®z N)p x4 B,y We obtain
from Theorem 2 two spectral sequences with the same limit. The
second of these collapses, because TorZ(M,, M,) =0, to identify the
limit. The first thus becomes (1.1).

H"(C, —) is the right derived functor of M—M¢={mE M|om=m
for every ¢ € C}. Let I be an injective Z-module. The right C-module
structure of ZC defines a left C-module structure for Homz(ZC, I).
The latter is injective, and every injective is a direct summand of one
of this form. (Homz(ZB,, I))¥i=Homz(ZA4, I), so that M—MX:
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preserves injectives. Homz4 (Mg, N¥2) = (Homz (M, N))B1X4 B:, Hence
the result for cohomology follows analogously.

Proor oF COROLLARY. When 4 = {e} the spectral sequences (1.1)
and (1.2) become the desired short exact sequences. It remains to
show that the latter split. For =0, this is trivial. Let 0—»M'—P
— M1—0 be exact with P a projective ZBy-module. We obtain iso-
morphisms H,(B1, M) H,1(B1, M') (n=2) and an exact sequence

0— Hy(By, M) E’ Ho(By, M) — Ho(By, P).
a

Now Hy(B1, P)=Pp, is Z-projective. Hence so is image a. Hence 8
is split. From the exact sequence 0 =TorZ(M;, Ms)—M'® My—P ® M,
— M ® M,—0 we also have a homomorphism H,(B1X B, M,® M,)
—H, 1(BiXB:, M'® M,). The diagram

> Hoy(By, My) ® Hy(Bsy Ms) — H,(By X By, M1 @ M)
Y
2 Haoio(B1, MY) @ Hi(Bs, M>) " H,_1(By X By, M' ® M)
1=0
commutes up to sign. (In fact, it comes from a morphism of double
complexes of degree (0, —1): In the proof of Theorem 2, choose X
such that Xo=P, and let X’ = X411, so that X"’ is a projective resolu-
tion of M'.) We may assume by induction that v’ is split, and this
allows us to find 8: H,(BiXB: M®@M)— D "t H, (B, M)
® H(B;, M») which splits the restriction of yv. Moreover, Hy(B;, M;)
® H,(Bs, My)—H,(B1 X Bz, Mi® M), when followed by §, is zero. The
inductive assumption also allows us to find 9’: H,(Bi1 X B, M:1Q M,)
—H,(B1, M,) ® Ho(B:, M:) which splits the restriction of v and which
gives zero when preceded by D.r, H, (Bi, M) ®H(Bs M)
—H,(B1X Be, M1® M,). By symmetry, thereisn: H,(Bi1 X By, M1 ® M)
—Ho(B1, My) @ H,.(B;, M,) which, together with 8, defines a splitting
for .

Similarly for cohomology.

Computations for finitely generated abelian groups. Let Z, be the
group of integers modulo a, and suppose a,,,l a,,,_ll <. Ial. One
shows, for n=>1,

Hn(Zal XX Zam’ Z) = Z¢(S, ”)Za,
=1
where ¢(s, n) = > "1 d(s—1,1) (s>1),¢(1, n) =1if nis odd, 0 other-
wise, IZe,=Zo,® - + + ®Z,, (I times). (The module structure for Z is
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the trivial one.) The proof is by induction on m, starting from the
cyclic group case (m=1). Apply (1.3) to Zs;X(Zs,X « + + XZ,,).
Similarly, if Z'=ZX - - - XZ (I times),

H.(Z, Z) = (i) Z.

Now consider an arbitrary finitely generated abelian group
G=2Z,X -+ XZ,,XZ" Using (1.3), we may combine the two previ-
ous results to obtain

H.(G, Z) = i o(s, 1, n)Zqa

=0

where

w=0, 6 =( " oo ez, sonm=(),
t=1 \2 — ¢ n
and ¢(s, 7, 0)=0 (s=1).
Finally, if G acts trivially on an arbitrary abelian group M, (1.3)
vields H.(GX {e}, ZOM)=H.(G, Z)® M®Tori(H.(G, Z), M),
whence

Hn(Ga M) = Z d’(sv l: n)Ma. @ Z ¢(5) l: n— l)a,M’

8=0 8=1

where M,,=M/a.M, .,,M = {mEMI a,m=0}. Similarly, using (1.4),

HYG, M) = 3 ¢(s, L, n)e, M & 3 ¢(s, L, n — 1) Mo,

=0 =1

BIBLIOGRAPHY

1. H. Cartan and S. Eilenberg, Homological algebra, Princeton Univ. Press,
Princeton, N. J., 1956. MR 17, 1040.

2. A. Grothendieck, Eléments de géométrie algébrique. 1V : Etudes locale de schémas
et des morphismes de schémas. 1, Inst. Hautes Etudes Sci. Publ. Math. No. 20 (1964).
MR 30 #3885.

3. R. C. Lyndon, The cohomology theory of group extensions, Duke Math. J. 15
(1948), 271-292. MR 10, 10.

4. B. Pareigis, Zur Kohomologie endlich erzeugter abelscher Gruppen, Bayer. Akad.
Wiss. Math.-Natur. Kl. S.-B. 1967, Abt. 11, 177-193.

INSTITUT DE RECHERCHE MATHEMATIQUE AVANCEE, STRASBOURG



