
METRIZABILITY OF ADJUNCTION SPACES

CARLOS J. R. BORGES1

In a recent conversation with E. A. Michael and D. Hyman the

following natural question was raised: Are the Af-spaces of Hyman

(see Definition 3.1) metrizable whenever they are first countable?

We will answer this question affirmatively. Indeed, we will prove the

somewhat stronger result that the Tkf-spaces of Hyman are metrizable

whenever they are of pointwise countable type (see Definition 1.1

and ensuing paragraph).

It turns out that to answer the preceding question the major diffi-

culty involves the metrizability of adjunction spaces. All our spaces

are assumed to be Pi.

1. Preliminary analysis.

Definition 1.1 (Arhangel'skii). A topological space X is said to

be of pointwise countable type if each point pEX is contained in a

compact subset Cv of X of countable character (i.e. Cp has a countable

neighborhood base in X).

Clearly all first countable spaces are of pointwise countable type.

Furthermore, the p-spaces of Arhangel'skii (hence, the topologically

complete spaces in the sense of Cech) are also of pointwise countable

type (see Theorem 9 and the corollary to Theorem 8 in [l]). Finally,

Arhangel'skii has proved that, in the presence of paracompactness,

the r-spaces of Michael [7] are equivalent to the g-spaces of Michael

[6] as well as to the spaces of pointwise countable type (see the first

paragraph of §3 of [7]).

Our work in §§2 and 3 will depend heavily on the following result,

which is essentially due to Arhangel'skii [2].

Proposition 1.2. Let X be a completely regular space of pointwise

countable type. If every compact subset of X is first countable then X is

first countable.

Proof. Essentially contained in the proof of Theorem 3.11 of [2]

(note that, in Arhangel'skii's proof, Proposition 3.3 should be quoted

instead of Proposition 3.2).

Definition 1.3. For any spaces X and F, a closed subset A of X

and a continuous function/: A—>F, we call the tuple (X, A,f, Y) an
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adjunction tuple and the quotient space XVJ/Y, obtained from (the

disjoint topological union) AV Y by identifying each xEA with/(x),

the adjunction space. We denote the natural map from AV Y onto

X\JtY by p. (Note that p\ (X — A) and p\ Y are homeomorphisms;

thus we will often identify Y with p(Y), whenever convenient.)

2. Main result. Throughout this section let X and Y be metriz-

able spaces, A a closed subset of X and/: A —> F a continuous function

such that AW/ Y is a space of pointwise countable type.

Our main result (i.e. Theorem 2.6) has a surprisingly short proof

(at least, when compared with our original proof) thanks to Lemma

2.2, which is due to Professor E. Michael.

Lemma 2.1. The map p: A V Y—>JU/F is pseudo-open (i.e. if V is

a neighborhood of p~x(w) then p(V) is a neighborhood of w).

Proof. We will first show that XVJ/Y is first countable: By The-

orem 6.2 and Corollary 8.3 of [3], each compact subset of JU/F is

metrizable and hence first countable. Therefore A is first countable,

by our Proposition 1.2.

The remainder of the proof is essentially the same as the proof of

Lemma 1 of Stone [12].

Lemma 2.2. If BE(X—A)~ is closed in X, thenf(B) is closed in Y.

Let yEY—f(B). Then B and/_1(y) are disjoint closed subsets of

X, and thus there are disjoint open sets U, V in X with BEU and

f~1(y)EV. Let W=YVJV. Then W is a neighborhood of p~xp(y)

= {y}^/'1^) in XV Y, so p(W) is a neighborhood of p(y) in XKJ,Y,

by Lemma 2.1. Let G be the interior of p(W). Then p~1(G) does not

intersect U—A, hence not B, and hence not/(U). Thus y is not in

the closure of f(B) in Y.

Lemma 2.3. The equalities

(p(X - A))~ = p(X - A) KJ {y E Y \ f~\y) C\ bdry A 7*0},

p((X - A)~) = (p(X - A))~

are valid.

Proof. The first equality is easily seen because of Lemma 2.1 and

the fact that p~xp(X — A) =X — A, and the second equality follows

from the first and the continuity of p.

Lemma 2.4. The map q = p\(X—A)~ is a closed map from (X—A)~

onto (p(X-A))~.
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Proof. Because of Lemma 2.3 we only need prove that q is closed.

However, q is obviously closed because of Lemma 2.2 and the fact

that q\ iX—A) is a homeomorphism.

Lemma 2.5. The space piiX — A)~) is metrizable.

Proof. Using Theorem 2.1 and Corollary 2.2 of [6] and our Lemma

2.4, one easily proves that the boundary of q~*(y) is compact for each

yEpiX — A)~. Therefore p((X — A)~) is metrizable, by Theorem 1

of Stone [12] and our Lemma 2.4.

We are now ready for our main result, which is analogous to

Proposition 3.1 of [7]:

Theorem 2.6. If the space X\JfY is a space of pointwise countable

type, and X and Y are metrizable then XVJj Y is metrizable.

Proof. By Lemmas 2.5 and 2.3, we get that

X\J,Y= YKJpiiX- A)~),

with Fand p((X — A)~) closed metrizable subspaces of X\Jf Y. There-

fore, the space XVJ/Y is metrizable by Theorem 2 of Nagata [9].

3. Metrizability of paracomplex spaces. We will now settle the

question of the metrizability of Hyman's Af-spaces. We start with

their definition and some pertinent comments.

Definition 3.1 (Hyman's M-spaces—see Definition 3.3 and

Theorem 3.4 of Hyman [5]). An Af0-space is a metric space. Assum-

ing that Af„-spaces have been defined, define a space Z to be an Mn+i-

space if there exists an adjunction tuple (X, A,f, Y) such that X is

an Afo-space, F is an Af„-space and Z is homeomorphic to XVJ/Y. A

space T is said to be an Af^-space if T is an Af„-space for some re = 0.

Finally a space S is said to be an M-space if there exists a sequence

{Sn} "=1 of closed Afoo-subspaces of S such that .S is the weak union of

the spaces Sn for re = 1, 2, • • • (i.e. S = W"=] Sn, SnESn+i for each re,

and a subset A of 5 is closed if and only if AC\Sn is a closed subset of

Sn for each re).

Hyman's terminology for this new class of spaces seems quite

undesirable since we already have the Af-spaces of Morita [8] and

the Afi-spaces (i = l, 2, 3) oi Ceder [4]. Since Hyman's Af-spaces are

an obvious generalization of the CW-complexes of Whitehead (as

pointed out by Hyman) we propose that Hyman's Af-spaces be called

PARACOMPLEX and that his Af„-spaces be called w-PARACOM-
PLEX, a terminology which we will use from now on.
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The class of paracomplex spaces has many remarkable properties,

but the one that fascinates us the most is the following result of

Hyman (see Theorem 4.6 of [5]):

Proposition 3.2. The class of paracomplex spaces is the smallest

class of topological spaces which contains the class of metric spaces and

is closed under adjunctions and weak unions.

A close examination of Definition 3.1 reveals that before one can

prove that paracomplex spaces of pointwise countable type are

metrizable one must prove the following statements:

(A) If a space A of pointwise countable type is the weak union of

metrizable spaces then A is metrizable.

(B) If AW/ Y is a space of pointwise countable type, and X and Y

are metrizable then AW/F is metrizable.

Since we have already proved (B) in §2, we will now prove (A).

Indeed we will prove a much stronger version of (A) (i.e. Theorem

3.6).
Definition 3.3 (E. Michael). Let A be a topological space, and

03 a collection of closed subsets of X. Then 03 dominates X if, when-

ever A EX has a closed intersection with every element of some sub-

collection 03i of 03 which covers A, then A is closed.

Lemma 3.4. // a space X is the weak union of the subspaces X„for

n = l, 2, • • • , then X is dominated by {Xn}n=i-

Proof. Trivial, since A„CAn+i for each n.

Lemma 3.5. If a space X is dominated by a collection 9C of subspaces

then every compact subset of X is contained in finitely many elements

ofX.

Proof. Essentially the same as the proof of Lemma 9.3 of [ll].

Theorem 3.6. Let X be a space of pointwise countable type. If X is

dominated by a collection 9C of metrizable suspaces then X is metrizable.

Proof. By Theorem 7.2 of [l], X is stratifiable and hence para-

compact (this also follows from results of E. Michael and K. Morita).

Consequently we only need show that X is locally metrizable to

complete the proof, because of Theorem 3 of Smirnov [lO].

We will first show that X is first countable: By our Lemma 3.5 and

Theorem 2 of [°], each compact subset of X is metrizable and thus

first countable. Therefore A is first countable, by Proposition 1.2.

Now let pEX and let { U„}n-i be a neighborhood base for p. We
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will show that, for some re, Un is covered by finitely many elements

of 9C: Suppose not. Then, by induction, one can easily find XiE%

and piEX— {p} for i=l, 2, - - - , satisfying

(a) piEUtHXi,
(b) Pk$Xi for i<k.

Then the set A = {pi, p2, - - ■ } is a closed subset of X, since each

AC\Xi is a finite (and hence closed) subset of Xi and AE^Z.\ Xi.

Therefore X — A is an open subset of X which contains p but contains

no Un, a contradiction.

We have thus proved that each pEX has a neighborhood which is

covered by finitely many closed metrizable subspaces, which implies

that X is locally metrizable, because of Theorem 2 of [9]. This com-

pletes the proof.

Corollary 3.7. If a space of pointwise countable type is the weak

union of metrizable subspaces Xn for w = 1,2, • • ■ , then X is metrizable.

Proof. Immediate, by Lemma 3.4.

Theorem 3.8. If X is an n-paracomplex space of pointwise countable

type, for some re^O, then X is metrizable.

Proof. Certainly X is metrizable if w = 0, by Definition 3.1. By

induction, suppose that any &-paracomplex space is metrizable and

let us show that any (&-fT)-paracomplex space Z of pointwise count-

able type is metrizable. But Z is (homeomorphic to) an adjunction

space ZW/F, with X and F metrizable spaces (note that F is a closed

fc-paracomplex subspace of Z; therefore, F is of pointwise countable

type and thus metrizable, by the induction hypothesis), and thus Z

is metrizable, because of Theorem 2.6. This completes the proof.

Theorem 3.9. A paracomplex space is metrizable if and only if it is

a space of pointwise countable type.

Proof. Immediate from Theorem 3.8 and Corollary 3.7.
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