THE NORMAL COMPLETIONS OF CERTAIN
PARTIALLY ORDERED VECTOR SPACES

ALAN G. WATERMAN!

ABSTRACT. It is shown that the normal completions of certain
partially ordered vector spaces are the same as certain other normal
completions determined by Dilworth.

Among the standard finite-dimensional partially ordered real vec-
tor spaces are the space 4,=R"*!, with the positive cone being the
set of vectors (xo, %1, - - -, %n) such that x,=0 and x2=x%+ - - -
+x2, and the space B, of symmetric # X7z matrices, with the positive
cone consisting of the nonnegative definite matrices. Also of interest
is F,, the free vector lattice on % generators, which has recently been
determined by Kirby Baker [1].

Since these spaces are completely integrally closed, their normal
completions (also called the completion by cuts) exist and are com-
plete vector lattices (Fuchs [2, p. 95, Theorem 19]). The object of
this note is to show that these spaces have the same normal comple-
tion as the spaces C(T), for certain topological spaces T, which Dil-
worth [3] showed have isomorphic completions.

Let X and Y be the vectors (x1, * - -, x.) and (y1, + - -, ¥») in R,
X-Y=xy1+ + + + +xays, and |X| =(X-X)Y2 Then A4, consists of
the pairs (xg, X), and (x4, X) = 0x0= ] Xl .

Let S*!={VER":| Y| =1} be the unit sphere in R*. Define
¢:A*—C(S* 1) by ¢(xo, X)(Y)=xe+X Y.

LeMMA 1. ¢ is an embedding of A, into C(S*1).

PROOF. ¢ is obviously linear. ¢(xo, X) 20 iff VY ES* 1, ¢ (x0, X)(Y)
=x04+X-Y=0 iff VY&S*1, xy=—X-.Y. Since the maximum of
—X-Yover YES*is | X|, attained when Y is opposite in direction
to X, it follows that ¢(xo, X) 20 iff x| X| iff (xo, X)=0. W

LeMMA 2. The normal completion of 4, contains C(S*1).

Proor. Let fEC(S*Y), YVo&S*1, and u<f(Y,). Let m be the
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smaller of # and the minimum value of f. By continuity of f, 3§>0
! Y- Yo| <0—=f(Y)>u. We notice that, by the Euclidean geometry
of the circle, I Y— Yol <b6—Y,-Y>1-62/2. Let r=2(u—m)/8?,
xo=u—r, X=rY, Then, if |V—Y,| <8, then ¢(xo, X)(¥)=2%,
+X - Y=u—r+rYy Y=u—r+r=u<f(Y), whereas if | Y— Y0| =9,
then Y,-Y=1-62/2 and ¢xy, X)(YV)=u—r+4rYyY=Zu—r
+7r(1—-62/2)=m =f(Y). Thus ¢(xe, X)=<f. Also ¢(x0, X)(Vo)=0u—r
+7Yy Yo=u. This is true for all real u<f(Y,), hence f(Y,) =
lub{gp(xe, X)(Yo):pp(xo, X) éf}. This again is true for all
YoES™1, hence f=lub{p(xs, X):¢(xo, X)=<f}. Similarly f=
glb {p(x0, X):¢p(x0, X) gf}. Thus f is in the normal completion of
4.. R

THEOREM IA. 4, the normal completion of A, is the same as C(S*1),
the normal completion of C(S™1).

ProoF. By Lemmas 1 and 2, 4,Z C(S*~1)C4.,. I

Let us turn now to the space B,. The elements of B, may be con-
sidered as selfadjoint linear operators U on R*. Define¢: B,—C(5*1)
by Y(U)(Y)=U(Y)- Y. Since y(U)(Y)=y(U)(—Y), y may be con-
sidered as a function from B, to C(P""!), where P! is the (n—1)-
dimensional projective space.

LEMmMA 3.y is an embedding of B, into C(P"1).

PROOF. ¢ is obviously linear. Yy(U) =0 iff VYEP*1, y(U)(Y)=0
iff vyeS— y(U)(Y)=0iff YYER"» U(Y)- Y=0 iff U is nonnega-
tive definite iff U=0 in B,. i

LeMMA 4. The normal completion of B, contains C(P™1).

PRrOOF. Let f&EC(P" 1) and let f be considered thereby as an ele-
ment of C(S*1), let Y& S5, and u <f(Y,). Let m be the smaller of
u and the minimum value of f. By continuity of f, as before, 36>0
| Y- Y| <6—f(Y)>u. Let s=(u—m)/(8*—8*/4), and for XER",
let U(X)=(u—s)X+s(¥o-X)Yo. Then, if |Y—VY,| <3, then
YOH(N)=UY)-Y=(u—s)Y-Y+s(Yo V)2 Zu—s+s=u<f(Y),and
similarly if | ¥ —(— Yo)| <8, whereas if | Y+ ¥o| 28, then ¢(U)(Y)
=@w—5)Y Y+ s(Yo- V)2 S u—s+ sl —6¥2)2=m £ f(Y).
Also ¢ (U)(Yo) =u. As before, since this is true for all Yo and %, fisin
the normal completion of B.. |}

THEOREM IB. B,, the normal completion of B,, is the same as C(P™1),
the normal completion of C(P™1).
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Proor. By Lemmas 3 and 4, B,C C(P~')CB..

Finally, consider F,, the free vector lattice on n generators. This
has recently been determined as the vector lattice of continuous func-
tions on R" generated by the coordinate projections g;:g:(Y)=y..
These functions are those which are positively homogeneous of de-
gree one and piecewise linear on polyhedral cones with vertex at the

origin. Since such functions are determined by their restrictions to
Sn—1, F, may be embedded in C(S*1).

LeEMMA 5. The normal completion of F, contains C(S*!) for n=2.

Proor. Let fEC(S*Y), Yo=(1,0, - - -, 0), and u<f(Y,). Let m be
the smaller of # and the minimum value of f. Again by continuity of f,
35>0| V— Y| <6—f(V)>u. Let p=((82—084/4)/(n—1))V2,
t=wm—m)/p, ¢g=max(0, u, —m/(1—20%/2)). Let h;=ugi—tg; k;
=ugitig, H=hN -+ NARA - - Ak AgaAug. 1 |vi] <p
for 2<1=n, then |y1| >1-—62/2. Thus, if y;>p, then H(Y)Zhi(Y)
=uy—ty;Su—(u—m)=m=f(Y), and similarly if y;<—p, and if
1< —1+46%/2, then H(Y)=<qu(Y)=gn=<m=f(Y), whereas if
y>1-—62/2, then IY— Yol <6, and H(Y)=ugi(Y)=un 2u<f(Y).
Also H(Yo)=wu. This is true for all real u <f(Y,), hence f(Y¥,)=
lub{H(Yo):HE F., H<f}. But F, and C(S*') are invariant with
respect to rotations of S*!, hence for all Y&ES*!, f(V)=
lub{H(Y):HE F., H<f}, hence f=lub{ H: HE F,, H<f}. Similarly,
f=glb{H:HEF,, Hzf}. Thus f is in the normal completion of
F. R

THEOREM IF. F,, the normal completion of F,, is the same as C(S*1).

Proor. By Lemma 5, F, € C(S~") C F..

The normal completions of 4,, B,, and F, have thus been de-
termined as the completions of C(T) for certain compact Hausdorff
spaces T. It has been shown by Dilworth [3, Theorem 7.1] that the
spaces C(T) are the same for all nonempty completely regular second-
countable spaces without isolated points, and that C(T) may be de-
scribed as the lattice of normal upper semicontinuous functions on 7.
Dilworth also describes this lattice as the lattice of continuous func-
tions on a certain Stone space. An alternative characterization has
been given by Semadeni [4] and Ramsay [5] as the lattice of bound-
ed functions % on T such that the restriction of & to some residual set
is continuous, modulo those which vanish on some residual set.

Thus we have:
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THEOREM 1. The normal completions of A,, B, and F, are isomor-
phic to the spaces C(T) described above, for n=2. Ai, By, and F are
complete.
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