AN APPROXIMATE SOLUTION OF THE RICCATI
MATRIX EQUATION!

M. S. HENRY AND F. M. STEIN

ABsTRACT. The Riccati matrix equation has been the subject of
several recent papers. In the present paper, the solution to this
equation is approximated by a sequence of matrices whose ele-
ments are rational functions. It is shown that the sequence con-
verges uniformly to the solution. Furthermore, each element of the
sequence is constructed from a matrix polynomial which is in a
sense the best approximation to the solution of the linear system
associated with the Riccati matrix equation.

1. The Riccati matrix equation. If 4, B, C, and D are nXn ma-
trices whose elements are continuous functions of the real variable x

over the interval [a, a+4a.], the Riccati matrix differential equation is
defined to be

(1) R[WE)]=W'(x)+W(x) A(x)+ D(x) W (x)+ W (x) B(x) W (x) = C(x).

(See [4] and the references given in [4] for a number of places where
this equation arises.)
Associated with (1) is the initial condition

2) W(a) = W,, eSx=a+

where W, is an nX#n nonsingular matrix. Although the system is
known to have a solution under the conditions given [1], the solution
in closed form may be difficult or impossible to find. Consequently
we consider the possibility of approximating this solution in some
sense. Since the differential equation (1) is nonlinear, we examine the
linear system associated with (1) and (2) in the following discussion.

2. The associated linear system. For any r X7 matrix H(x) whose
elements are continuous functions for a £x <b, we define the absolute
value function to be

3 |2 = 3 [l

1.j=1
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From (3) it follows that
@ 2@ = max || Z@||

defines a norm for matrices of this type.
The 2n X 27 matrix integral equation

) Lle@] = 6) — [ KOst = 7.,
where
A(x) B N
© K= [C(x) —-D(x)] and Ve = [ I wr ‘]’
is defined to be the associated Riccati system. 1f
Vi(x) Yia(x)
(7) Y(x) B [Yn(x) Yn(x):l

is the unique solution of (5) in the generalized rectangle
® lle—rdse esrata=b @wSa,

such that Yyu(x) has an inverse for a Sx <b (it will, for example, if
¢<1/||W.||), then it can be shown (see [4]) that

9) W) = Yul® Vi @)
is the unique solution of (1) and (2) in the generalized rectangle
10) || w—=wl| ||Vl V]m W, s=x=e

3. The best approximation to L[ ¥(x)]. For our approximating
functions we choose matrix polynomials of the class

k ‘ 2n ‘
(11) Pu(x) = 2% 25 CmiEmpy

=0 m, =1
where the En; are 2nX2n matrices having one as the (m, j) element
and zeros elsewhere. The coefficients cl, of the matrix polynomials
P.(x) are required to be such that P,(a)=Y,. Since L is a linear
operator it is not difficult to show that
(12) min||L[¥(#)] — L[Pu(x)]]|m

[Cmi]

is attained for some matrix polynomial P*(x) for fixed k, the maxi-
mum degree of the polynomial elements of Pi(x). That is, L[P:*(x)]
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is the best approximation to L[Y(x)] for fixed .

Since Pi¥(x) is the minimizing matrix polynomial of degree k in (12),
it follows by use of the Weierstrass theorem on polynomial approxi-
mation [2] that

(13) lim || L[¥(x)] = L[P;(x)]||m = O.

E— o

Therefore, since L is a one-to-one continuous operator of a Banach
space onto itself, (13) implies that

lim (|24 L[V )] = LIFZ @] = 0,

where || L-1|; is the norm of the bounded linear operator L1, see [5].
Consequently, since

|- LIY @] = LIPr@]l|m = | L[V &)] = LIPi@)]} |
we have that

(14) lim || V(2) — Pr(x)]|m = O.

4. An approximation to W(x). We write the minimizing matrix
polynomial of degree % as
k k
Pu(x) Pn(x)]
’

(13) Pel@) = [Pﬁl(x) Pha(s)

where PJ(x) is an # X7 matrix polynomial. Then from (9) we arrive
at the following theorem.

THEOREM. If W(x) is the unique solution of (1) and (2) in the gen-
eralized rectangle (10), then

0 lim [|(x) - Pou() [Pu(@)] lm = 0,
and
(ii) Pa(@)[Pu@] = We, k2 ke

Proor. We first show that if k is sufficiently large, say k= k,, then
P! (x) has an inverse. If no k, exists such that P!,(x) has an inverse,
then there exists a subsequence of the sequence {P’f.(x) }. say
{P'{’i (x) }, such that for each j the matrix polynomial P¥(x) is singu-
lar. Thus, since
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. k;
lim || V1y(2) — Pi(x)|la = 0
I

by (14), it would follow that ¥Y1(x) must also be singular, a contradic-
tion. Hence, P% (x) has an inverse for sufficiently large k.

We now assume that 2=k, and hence P} (x) has an inverse. We
consider the norm of the difference,

| ¥a¥er = Pos(Pry) llm
= | ¥aVii — PuVir + Pu¥i — Pa(Pi) |m
< 1Vl For = Phllm + |1 P2lloll (P ™" = ¥l
< 1 V2llll Vo1 = Pallm + 2| Phllnll Y212 Pl = ¥l

The last inequality in (16), which is given without proof, follows from
the fact that the linear space of #n X7 matrices whose elements are
continuous functions over [a, b] is a Banach algebra [5]. Thus by the
use of the submatrices of (14) in (16), result (i) of the theorem is
obtained.

The properties of a Banach algebra used are the following:

If GC N, (N, is a Banach algebra) is the set of elements in N,
which have inverses, and if {4 ®(x) }CG, and A(x)EG, and if

lim “A("’(x) - A(x)“,,, =0,

(16)

then by a series of lemmas in [5, pp. 305-307], it is shown that if
T[A(x)]=A4"'(x) and T[A®(x)]=[4®(x)]", then

17[4@)] = TIAY@]||m = 2147 @) — 4@l 47 @]

This result is used in the inequality in (16) with 4(x) = Yu(x) and
A®(x) = Pyy(x).

Since we require that Pi(a) = Y, then by examining the n X# sub-
matrices we have for 2=k, that

Ph@[Ph@]™ = 17y = w,

and conclusion (ii) of the theorem is satisfied.

5. Conclusion. We observe that from the matrix polynomials
{PX¥(x)} which minimize (12) we obtain a sequence of matrices of
rational functions which converge uniformly to the solution of (1) and
(2). Since the solution ¥Y(x) of (5) is best approximated without being
known, the solution W(x) of (1) and (2) can thus be approximated
without being known.
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Although the discussion has not been concerned with the numerical
aspect of the problem, it might be observed that, since L is a linear
operator, the minimizing matrix polynomial P#*(x), with % fixed, can
be obtained in a manner analogous to that used, say, in finding the
best approximation to a continuous function using Chebyshev poly-
nomials.

Also it is not given in the paper but it can be shown that the rate
of convergence in (i) of the theorem is of the order O(1/k) uniformly
in x. Furthermore if ¥ (x) possesses p continuous derivatives, then the
rate of convergence is of the order O(1/k%).
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