QUASI-COMPACT OPERATORS IN
TOPOLOGICAL LINEAR SPACES

DONALD RHOADS!

The classical theorems of Riesz [1] on compact operators have
been extended by Leray [2] and Williamson [3] to the context of
topological linear spaces. Ringrose [4] has shown that if an operator
on such a space is compact, the square of its adjoint is also compact,
where the topology on the dual space is that of uniform convergence on
bounded sets. Thus if an operator is continuous and some power is
compact, its adjoint shares the same property. We shall call such
operators quasi-compact; in this note we prove the Riesz theorems
for quasi-compact operators in topological linear spaces. This has
already been done for Banach spaces by Zaanen [5, Chapter 11].

“Space” will mean a Hausdorff topological linear space. Most of
our definitions are as in Bourbaki [6], [7]. A set E is circled if for
every complex number e such that |e| <1, eéECE. The circled
neighborhoods of 0 form a base of neighborhoods at 0. Hereafter,
“neighborhood” will mean “circled neighborhood of 0”; T will be a
continuous operator on a space X such that 77 is compact; W will
denote an open neighborhood such that the closure (T*W)~ is com-
pact, and U=A—T, where \ is a nonzero scalar.

LemMA 1 (SEE [2, LEMMA 6.1]). For any closed subset F of W—, UF
s closed.

Proor. Let yo&(UF)~, and let B be a base for a filter in UF con-
verging to yo. Let Uo= U| F; Uy '® is a filter base in F. Let B; be an
ultrafilter base refining Uy '®. Then 77, is an ultrafilter base in
(T*W)—, and by the compactness of this latter set,

T8, = ()\ - U)y®, = A=\ U+ -+ (_l)rUr)%l

converges to a point zo of ("W).
Now U, is a filter base refining U(Uy '8) =B. Since B converges
to ¥o, so does UB;. Then

(=AU + - - -+ (= D)NU) B,
converges to
Wy = (—r)\—l + PR + (_l)rx—rUr—l)yo,
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and hence B, converges to xo =A""zo—w,, which belongs to the closed
set F. Thus U, converges to Ux, and since U®B; also converges to
y0, Uxo=7y¢ and yo& UF. This shows that UFD(UF)~, so that UF
is closed. This completes the proof.

It follows from [2, Lemma 6.2] that UX is closed, and hence for
every n, U"X is closed.

LEMMA 2 (SEE [3, COROLLARY To LEMMA 5]). Let Y be a finite-
dimensional subspace of X. Then if there exists a positive integer n
such that YN\U*X = {0}, YN\W~ is compact.

Proor. If T7y =0, where y& Y, we have
AN=Uyy=Ny—m\Uy+ -+ (=1)Uyp) =0
so that
y=—(=\""Uy+ -+ (=1)\7Uy).

We substitute this expression for y into itself # times, obtaining a
polynomial in U with no power of U occurring that is less than . But
YN U"X =1{0}, so y=0and T" is one-to-one on Y. From [3, Lemma
5], YN\ W~ is compact.

LeEMMA 3 (SEE [3, LEmMma 2]). If T is any linear operator on X with
continuous inverse and closed range, and if Y is a finite-dimensional
subspace such that YONTX = {0}, then for each neighborhood N there is
a neighborhood M such that TND(Y4+M)MNTX.

Proor. It is well known that the relative topology on the sum of
two independent closed subspaces, one of which has finite dimension,
is the product topology. For any neighborhood N, T'N is a neighbor-
hood in T'X. Thus there exists a neighborhood M in X such that
TN+YDOMN(TX+Y),since Yisopen in itself. Then it follows that
TNDO(M+Y)NTX.

THEOREM 1 (SEE [3, THEOREM 1]). Either U=N—T is a homeo-
morphism of X onto X or U is not one-to-one.

Proor. If U is not a homeomorphism, exactly one of the following
cases holds:

1. U is not one-to-one.

2. U is one-to-one but its inverse is not continuous.

3. U is one-to-one, has a continuous inverse, but is not onto.

If condition 2 holds, there exists a neighborhood N; such that
0E (U(N{))~ (the prime denotes complementation); let N, be an
open neighborhood such that NoCWMNy; then 0€ (U(N:))™.
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If B is any neighborhood, BMU(N5 ) is nonempty and hence there
is an element x& U-'BNN{; by [3, Lemma 3] there exists an
7€ (0, 1] such that rxE2N,~ N,. Hence

ra € U BN N; N2N, C U'BN Ny N 2W.
Now let B be a base of neighborhoods of 0 and let
B, = {U'BNN{ N 2W| B € B}.

By the previous argument, B, consists of nonempty sets. It is a filter
base, and so is UBi. Every set of B contains a set of UB;, so UB,
converges to 0. Also 778; has an adherent point x, because for all

BIES'Bly
T"B, = T"(U-'B N N{ N 2W) C (T*QW))-,

this last set being compact.
Now

Tr= X — U+ - - -+ (=1)U"

so that
A=U+ -+ (=1)NTU)B

has the adherent point A="x,. Since U®; converges to 0, so does
(=AU + - - -+ (=10 B

By [3, Lemma 4], 8, has the adherent point A="x,. Every set in 8,
is contained in Ny, so N""xo& (\""NJ )~ which implies that A—x,=0.
But A" Uxo adheres to U®B; so that as U®B; converges to 0, \—"Uxo=0
and U is not one-to-one. Thus condition 2 does not hold.

If condition 3 holds, let y&(UX)" and Y,=[y, - - -, Ur—ly]. By
[3, Lemma 1], ¥, has dimension %, and ¥,N\U"X = {0}. By Lemma
2, Yo\ W~ is compact for all integers 7.

Now UrX is closed and U™ has a continuous inverse, so by Lemma
3, there exists a neighborhood M such that U'WD (Y, 4+M)NUX.
Let NV be an open neighborhood such that N~-C WN M. Then Y, \N-
is compact, and by [2, Lemma 4.1], for each » there exists an element
¥.E Y, N~ such that y, & V,_,+N.

Let n>r. Then

Yo =ay + aUy+ -+ @ Uy 4 Urz,y,

where 2,_,€ Y,_,; thus
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Uzoy=yn—(ay +aUy+ - -+ Uy EN-+ Y, CM+ Y,

so that z, 1€ W for all n. Also z,_16 Y,_,_;; it follows that Tz,
& Y,~Y,_4, so that the elements 717z, are distinct.
Now let n>m>r. Then

T7(zn — zm) = (—1)’y,,+1 - (aoy + .-+ dr—lUT_ly)
F O (= D)TIAUY,
— et (=1 U

All the terms on the right-hand side are in Y, except for y,.1. Thus
if T7(z2,—2m)EN, we would have y,.1& V,+ N which is impossible.
Hence 77z, T2+ N; since {T7z,} C(T*W)-, it follows from |[2,
Lemma 2.1, that { T’z,.} is a finite sequence, which is a contradiction.
Theorem 1 is now proved.

It can be shown by minor modifications of the proofs of Leray [2,
Lemmas 9.1 and 9.2] that U=(0) is a finite-dimensional subspace of
X and U~*(0)N\W— is a compact neighborhood in this space.

THEOREM 2. U=(0) C U=""1(0) for each integer n; there exists a least
integer N such that U~¥(0) = U~¥—1(0).

Proor. If for all n, U~*(0) # U~"~1(0), it follows from [2, Lemma
4.1], that there exists x,& U~"(0) W~ such that x,& U="*+1(0)+ W.
Let n>m; then

T(%n — m) = Atn — Am — Uzm + Uxy).

Since A\x, & U~**1(0) and x,& U~"(0), the second term of the right-
hand side belongs to U~"*!(0). Thus

T(%n — ®m) = AMxn — y1), where y, € UY0),
T%(x, — %m) = AT (%2 — y1) = A¥(%a — ¥2), where y, € U~(0),

..............................

T(%n — #m) = N'(x. — y), where y, € UT+(0).

But now x,—¥.&W, so that T7(x,—x.)ENW. But as {T'x,.}
C(T*W)- it follows from [2, Lemma 2.1], that {T7x,} is a finite
sequence. This is a contradiction because the elements T7x, are dis-
tinct. Theorem 2 is thus proved.

It follows from results of Leray [2, Lemmas 9.4 and 9.5], that
UM X = UN+1X. That the eigenvalues of a quasi-compact operator on
a topological linear space have only 0 as a limit point can be seen by
following the methods of Zaanen [S, Chapter 11].
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