CYCLOTOMIC SPLITTING FIELDS!
MURRAY M. SCHACHER

ABSTRACT. Suppose k is an algebraic number field and D a finite-
dimensional central division algebra over k. It is well known that
D has infinitely many maximal subfields which are cyclic exten-
sions of k. From the point of view of group representations, how-
ever, the natural splitting fields are the cyclotomic ones. Accord-
ingly it has been conjectured that D must have a cyclotomic
splitting field which contains a maximal subfield. The aim of this
paper is to show that the conjucture is false; we will construct a
counter-example of exponent p, one for every prime p.

Throughout this paper Q will denote the field of rational numbers,
and Q, the field of p-adic numbers. If % is a number field and p a
valuation of k, we will write kv for the completion of & at p and D» for
the central simple algebra D®;ks. By abuse of notation we will
sometimes write k,(D,) for ko(Dy) where p is a prime extending p.

Let p be a prime integer, ps£2. If £, is a primitive pth root of unity
over Q,, then the field Q,(¢,) is cyclic and totally ramified of degree
p—1. We construct a field & which is a cyclic extension of Q of degree
p as follows:

(1) k. will be the cyclic unramified extension of Q. of dimension .

(2) For any prime ¢ where ¢=1 (mod p), let k,=the unique sub-
field of Q,(¢,) of degree p. Here £, denotes a primitive gth root of 1
over Q,.

The construction of k is allowed by the Grunwald-Wang Theorem
[2, Theorem 3, p. 105]. Let D be the division algebra of degree p over
k defined by:

D; = D ®i k2 has invariant — 1/,
D, = D ® k;, hasinvariant 1/p,
inv(D,) = 0 for p any other prime of 2 (see [3, 2.1]).

THEOREM 1. No maximal subfield of D can be imbedded in a cyclo-
tomic extension of k.
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PRrOOF. Suppose k(£,) is the field of mth roots of unity over &, and
LCk(¢n) a maximal subfield of D. Then

which shows L is an abelian extension of Q of dimension p2. There are
two possibilities:

Case 1. G(L/Q) = Z, ® Z,,

Case 11. G(L/Q) = Zpe,
where G(L/Q) is the Galois group of the abelian extension L/Q.

If we are in Case I, then, since L is a splitting field of D, we must
have G(L/Qs) =Z,®Z,. This is impossible as Q, has a unique cyclic
extension of degree p [1, Theorem 10, p. 683]. Hence Case II applies,
and L is a solution to the “extension” problem for 2—a cyclic exten-
sion of dimension p? of Q which contains a given cyclic extension of
dimension p. The solvability of such a problem depends only on k; by
[2, Theorem 6, p. 106] such L exists < for every primitive pth root
of unity £€ Q: we have § & Ny, o—the local group of norms of k,in Q..
We will show this is false for k.

By construction %, is a totally ramified extension of Q,, and Q,
contains a primitive pth root of unity £ since g=1 (mod p). We claim
£ Niyro,-

If Uq,, Uy, are the units of Q, and %, respectively, the norm map
induces a homomorphism N: Uy,—Ug,. Those units of & (resp. Q)
which are congruent to 1 modulo the maximal ideal of the integers of
kg (resp. Q,) form a subgroup U}q (resp. qu). As in [4, V, §3] we
have an induced homomorphism:

1) Ng: U;,,,/U;l,q—+ Ua,,/Uclz,,-

But U,/ U,,lq%liq*, the multiplicative group of the residue class field
of k,. Similarly / Uq,Uy,=2Q . Since k,/Q, is totally ramified, we have
kEF=>~=Qx=~Z . Thus (1) reduces to a homomorphism:

(2) No:Zq* —)Zq*.

By [4, Proposition 5, p. 92] we can give an explicit formula for
(2); if xEZF then No(x) =x*, where ¢ is the largest integer 7 such that
the sth ramification group of G(k,/Q,) is nonzero. The condition that
ko/Qqis tamely ramified forces =0, so finally

No: U/ Us, — Uq,/Ua,

is the trivial mapping x—1. But then N, does not map onto the image
of &; it follows that £ is not a norm. This eliminates Case II, so the
theorem is established.
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To find a counterexample when p =2 we will construct % explicitly.
L=Q(+/—1) and M =Q(+/7). We define k=composite of L and M
over Q. Clearly £/Q is abelian and G(k/Q) = Z:® Z,. Furthermore, one
easily checks that G(k:/Q2) = G(k1/Q1) = Z-® Z,.

We define a quaternion D over k as follows:

inV(Dz =D Rk kz) = %, inV(D7) = %,

inv(Dp) = O for any other prime p of &.
Then

THEOREM 1’. No maximal subfield of D can be imbedded in a cyclo-
tomic extension of k.

ProOF. Suppose LCk(£,) is a maximal subfield of D. Again since
LCQ(£,) -k we conclude L is an abelian extension of Q. Clearly
G(L/Q) is an abelian group of order 8. Since G(L/(Q) is manifestly not
cyclic, there are two possibilities:

Case 1.G(L/Q) = Z:® Z, @ Z,

Case ILG(L/Q) = Z4+ ® Z..

If Case I held, then the requirement that L splits D forces G(L1/Q1)
=7,® Z,® Z,. This is impossible as Q; has only 3 quadratic extensions
[5, 6-5-4]. The remaining possibility is that G(L/Q) =Zs® Z,. 1t is
easily verified that this group has precisely 3 subgroups of order 4;
these must correspond to the three quadratic subfields Q(+/—1),
Q(/7), and Q(+/—7). One of these fields must then be imbedded in a
cyclic extension of Q of dimension 4. By [2, Theorem 6, p. 106] we
conclude that —1 is a norm from one of these three fields. This is
clearly impossible for the two imaginary fields, and by [5, 6-3-2] the
fundamental unit in Q(+/7) has norm one. Therefore no such exten-
sion L exists.

Algebras like the ones constructed above were studied by Albert in
[1]. He used them to construct the following: a division algebra D of
dimension %2 over its center k so that there is no cyclic extension L
of Q of degree n with Lk a splitting field of D. The algebras in The-
orems 1 and 1’ have this property. It was pointed out to me by
Burton Fein, who suggested the orginal problem, that the conjecture
is true in case the dimension of k/Q is prime to the exponent of D.
The following argument, which is his, was noted essentially by Albert
in [1].

THEOREM 2. Suppose k is an algebraic number field with [k:Q]=n
and D a central division algebra over k of exponent m. Assume (m, n) =1.
Then D has infinitely many cyclic maximal subfields which are contained
in cyclotomic extensions of k.
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Proor. By the Grunwald-Wang Theorem we construct L an m-
dimensional cyclic extension of Q satisfying

L,/Q, is cyclic of degree m whenever Dy=D ®; ky is not a split
algebra and p| P.

Since (m, n) =1 we have L-k an m-dimensional cyclic extension of
k, and by construction L-k is a splitting field of k. It follows that L-k
is a maximal subfield of D. By [2, Theorem 6, p. 74| LC Q(%,) for some
primitive rth root of unity .. Then L-kCk(£,), and L-k is the desired
maximal subfield of D. As there are infinitely many choices for L we
can construct infinitely many nonisomorphic L-k.
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