
UNIT GROUPS OF INFINITE ABELIAN EXTENSIONS

WARREN MAY

Abstract. Let F be a finite extension field of the rational num-

bers, 0, and let K be an infinite abelian extension of F. Let 5 be a

finite set of prime divisors of Q including the Archimedean one.

An 5-unit of K is a field element which is a local unit at all prime

divisors of F which do not restrict on Q to a member of 5. It is

shown that the group of 5-units of K is the direct product of the

group of roots of unity of K with a free abelian group.

The question of determining the structure of the unit group in cer-

tain infinite extensions of Q arose in some work of the author [2] on

group algebras. In that case, the field K is the maximal cyclotomic

extension of F. The conclusion of the theorem that we prove has been

obtained (for entirely different purposes) by DiBello [l] for a re-

stricted class of abelian extensions, one not including the maximal

cyclotomic ones. Since the result is somewhat unexpected, it seems

worthwhile to give an exposition of it which is independent of the

applications.

We first prove a simple lemma on groups. If G is an abelian group

and H a subgroup, we define the purification of H in G, denoted (H)x,

to be the set of all xEG such that xnEH for some positive integer, n.

In other words, (H)x is the inverse image of the torsion subgroup of

G/H under the natural map. Let p be a prime number. We define the

p-purification of H in G, denoted (H)P, to be the set of all x£G such

that xp'EH for some positive integer, r. Then (H)p is the inverse

image of the ^-torsion subgroup of G/H under the natural map.

Lemma. Let G be a countably generated torsion free abelian group.

Assume that for any finitely generated subgroup, H', there exists a sub-

group, H, containing H', such that the purification of H in G is finitely

generated. Then G is free.

Proof. Let gi, g2, • • ■ be generators for G. By induction we shall

construct finitely generated subgroups, {IP,- l^i}, and subsets,

{Bi11 Si}, of G such that for any positive integer, n, we have that

gi, • ■ • . gn are in Wn, G/Wn is torsion free, Bn is a free basis for

Wn, and 5iCB2C - • • C5„. If this can be done, then G = U,Tr7,-

implies that U,- Bi is a free basis for G.
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To start the induction, let H{ be the subgroup generated by gi

and choose HiQ_H{ such that (Hi)x is finitely generated. Put

Wi=(Hi)K and let Bx be some free basis for Wi. Now assume that

Wn-i and Bn-i have been constructed. Let HI be the subgroup gen-

erated by Wn-i and the element g„. Then we may select a subgroup

Hn^.Hn such that (Hn)„ is finitely generated. Put Wn = (Hn)x. Now

Wn/Wn-i is finitely generated and torsion free, hence free. Therefore

Wn-i is a direct summand of Wn and so we may choose a free basis,

Bn, of W„ such that B„-i^Bn. This completes the induction.

We now fix the set, S, of prime divisors of Q for the remainder of

the paper. If L is an algebraic number field, then we shall denote the

group of 5-units of L by U(L). Let U(L)t be the torsion subgroup of

U(L). We shall use U(L) to denote the quotient group, U(L)/U(L)t.

In case M is another algebraic number field such that M~DL, then

U(M)^U(L) and U(M)tr\U(L) = U(L)„ hence we may regard U(L)

as naturally embedded in U(M).

Theorem. Let Fbe a finite extension field of Q and K an abelian ex-

tension field of F. Let U(K) be the group of S-units of K. Then U(K) is

the direct product of the group of roots of unity of K with a free abelian

group.

Proof. (1) It suffices to prove that U(K) is free. If K' is the field

obtained by adjoining all roots of unity to K, then K' is an abelian

extension of F and U(K')~^>U(K). Therefore it is sufficient to prove

the theorem for K'. Hence we may assume that K contains all the

roots of unity. For n a positive integer, we will let f„ denote a primi-

tive wth root of unity.

We may apply the lemma to U(K) since it is countably generated.

So suppose that we are given a finitely generated subgroup of U(K).

Then we may select a field F' such that AZ)P'Z>P, U(F') contains

the given subgroup, and F' is of finite degree over Q.

To prove the theorem, we shall show that (U(F'))„ is finitely gen-

erated (where all purifications are understood to be in U(K)). We

may replace F' by F since K is an abelian extension of F'. Hence it

suffices to show that (U(F))„ is finitely generated.

Let p be a prime number. We shall prove that: if £PEF, then

(U(F))P is finitely generated; and if £PEF, then (U(F))P=U(F). The

standard unit theorem implies that U(F) is finitely generated, and

since f j,GP for only finitely many p, the theorem will follow immedi-

ately.

(2) We shall use ~~ to indicate the natural image of 5-units in U(K).

Suppose that am = B for some a E U (K), B E U (F), and positive integer
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m. Since K contains all roots of unity, we may choose vE U(K) and

uEU(F) such that v = a, u = 8 and vm = u. Suppose that m is the order

of v modulo (7(F). Then Xm — u must be irreducible over F. To see

this, assume the contrary. Then for some integer, j, satisfying 1 Sj

<m, and for some root of unity, f, we have v^EF. If 77 is a jth root

of f, then (vn)3EF implies that vi=(vrj)'EU(F), contradicting the

assumption on m.

Letp be a prime and let r be the positive integer satisfying fpr^F

and fpr-iGF. We claim that pT~x is an exponent for the ^-torsion sub-

group of U(K)/U(F). Suppose not. Then there exists an element

vE U(K) satisfying vp=uE U(F) and such that v has order pr modulo

U(F). Now Xp' — u is the minimal polynomial of v over F and more-

over F(v) is normal over F since K is an abelian extension of F.

Hence Xp' — u splits in F(v) and so £prEF(v). Then F(J*pr) 9* F implies

that Xp — u is reducible over F(£pr) and therefore we can write u = u\

for some u2EF(^pT). For some j, we then have v^ =u$v. Hence

F(^pr)^.F(vp,~). Consider the case r = l. Then [F(£P):F] is a divisor

of p — 1 while also [F(v):F]=p. This contradiction establishes our

claim in this case. Now suppose r ^ 2. Then [F(fpr): F] = [F(vp,~ ): F]

= p, hence F(£pr) = F(vp ). Since $PE F and our extension is abelian,

we may apply Kummer theory to deduce that vpT~ = u£pr for some

UzEF. But in fact usE U(F) and we then have vpT~ E U(F), contrary

to hypothesis. Hence our claim is demonstrated.

(3) Suppose that fp£F. Then the result above implies that the

^-torsion subgroup of U(K)/U(F) is trivial and so (U(F))P=U(F) in

this case. Now suppose that £PEF. Let r be as above and put q=pr~1.

Let A be the set of all vE U(K) such that v"E U(F) and put E = F(A).
Then U(E)^>(U(F))p and the proof will be finished if we can show

that U(E) is finitely generated. This will be true if [E: F] < » . Since

fa£F, we may apply Kummer theory and hence the problem reduces

to showing that (F*qAq: F*«) is finite. Now

(F*iA"/F*") C (F*"U(F)/F*")

and moreover (F*"U(F)/F*q) is isomorphic to U(F)/U(F)q since

U(F)C\F**= U(F)». But (7(F) is finitely generated and so U(F)/U(F)"

is finite. This completes the proof of the theorem.

The theorem fails for arbitrary normal extensions, in fact, even for

solvable ones as the following example shows. Let F be any finite

extension of Q which possesses a unit of infinite order, say u. Put

E = F({fp}) where p runs through all primes. For every p, choose vp

such that iPv = u and put K = E([vv}). Then K is normal over F and

is solvable since each step in the tower FC.ECK is clearly abelian.
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However U(K) is not free since w is a nonidentity element which has

a pth root for every prime p.
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