ANALYTICITY AND CONTINUATION OF CERTAIN
FUNCTIONS OF TWO COMPLEX VARIABLES!

CARL H. FITZGERALD

ABsTRACT. This paper shows that the satisfaction of a certain
quadratic relation is a sufficient condition that a continuous, sym-
metric function of two complex variables on a domain be analytic
and be continuable to a particular larger domain. This quadratic
relation is of the same type as that involved in the Grunsky in-
equalities.

In proving a generalization of the Grunsky inequalities, Bergman
and Schiffer [3] announced a theorem on analytic continuation of a
function of two complex variables. In extending the Grunsky in-
equalities in another way, Alenicyn [1] found this theorem on con-
tinuation useful. The purpose of this note is to strengthen the Berg-
man-Schiffer theorem to be more natural for both applications and to
provide a proof that is more direct than the formal computation in
the original proof.

Suppose D and G are bounded domains, and § is contained in D.
Let fp-dA, denote area integration as z ranges over ®. Let Ka(z, {)
be the Bergman kernel function [2] for the domain D.

TuEOREM. If V(z, {) is a symmelric, continuous, complex-valued
Sfunction on GXG, and

(1)

L fs Vs, )8 $@)dAdA; | < L fg Ko(s,F) $@)#()dAd 4,

for all continuous, complex-valued function ¢ with compact support in
G, then V(z, ¢) is analytic in G XG and can be continued onto DX D.

PrOOF. Let G be a subdomain of G such that the closure G is con-
tained in G. There exists a complete orthonormal system of analytic
functions {¢,.};°=1 on D, which is also orthogonal on G, [2]. Let

A= f oa(DB@d A, forn=1,2,- -
G
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Then {¢.(z)/ kn},'f,x is an orthonormal system on G, but is not neces-
sarily a complete system.
Let GQ.» be defined by

@ bk Gom = f ) f RCLIXCE=GIERPN

Since V(z, {) is continuous on GXG, [afe | V(z, §)|2d4.dA; < =.
Then by the usual argument, [2]

> Goton(Dbn(@)

n,m=1

converges uniformly on compact subsets of G. It is now shown that
the series converges to V(z, ).

Suppose I'i(z) is a continuous function on G, has [¢ lI‘l(z)lsz,
< «, and is orthogonal to ¢, on G for n=1, 2, - - - . Let I';(2) be any
continuous function on G, and \ be a real number. By using the sym-
metry of V(z, {),

( [ ) ] V(6,0 [T F A [TE) F ATy

[ [ veorE T
[e] G
2 V ) 1 2 2!
+ )\fafa (2, ) T1(2) Ta()dA.d A;

Iy fG ) V0TI T ddds

on the other hand, by (1) and the orthogonality of I'; to ¢, on G

=< X’f f Ko(z, $)T2(2)T2()dA.d A, for all real A.
¢’ e

Thus
[ [ v6oTie Twedas = o
v @
and
V(z, $)T1() T2(0)dA.dA; = 0.
® J [ veor@ redas - o

Letting
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rat) = f vz o) Ti@dA,,
q

by (3)
j'{fV@xﬁﬂﬁ[j'w@nﬁGMAJdm}wh=0,
[e] G G
f ’f V(z, {)T1(2)d A, 2dAr = 0.
G G
Hence
4) f V(z, {)Ti(2)d4, = 0 for all ¢ in G,
G

for all functions I'i(z) that are continuous on G, have [¢ II‘l(z)l 2dA,
< « and are orthogonal to ¢,(z) on G for n=1, 2, - - -.

Let 8i(z—20) be the kth continuous approximation to the delta
function at 2, such that 6x(z —20) =0 for all z in G with Iz—zol >1/k.
Then 6x(z—20) can be expressed by

@) + 3 68 6u(2)

n=1

for z in G, where ¥,(z) is orthogonal to ¢.(z) for n=1,2, - - -, on G,
has [¢ |\I';,(z)l 2d4, < « and is continuous on G. By (4), the defini-
tion of @nm,

N} Ve - ; amm(z)qsm(;)][wk(z) + 2 600]

n=1

-[m(r) + 3 b,‘:)¢,,.(;>] dA.dA; =0,

m=1
If 2o is in G, taking lim.,, yields
(5) V(Z‘J, ZO) - E anm¢n(zo)¢m(zo) = 0.
n,m=1

A similar computation using 8;(z —2o) +8x(z —21) for the test func-
tion yields

V (20, 20) — i Com®n(20)Im(20) +V (20, 21) — D Crmdn(20)dm(21)

n,m=1 n,m=1

+V(zl; ZO) - i @nm¢n(zl)¢m(zo)+ V(Zl, Zl) - i anmd’n(zl)d’nl(zl) =0.

n,m=1 n,m=1
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By (5) and the symmetry of V and thus of @.m,

(6) V(z,8) = 2, Qundn(2)dn(s) for all zand ¢ in G.
n,m=1

Hence V is analytic on §XG.

It is now shown that the series (6) converge for z and ¢ in D.

Let 0:(2) + D21 CP¢a(2) be the representation of the kth con-
tinuous approximation to the delta function at 2, where the represen-
tation holds for z in D, and 6,(2) is orthogonal to ¢,.(z) on D for n=1,
2, - .-

> Guna(@D9n®) || ) + 2 C P00
NAR: 1 ]

n,m=1 n=1

.[ek«) +3 c,i")qsn(r)] dA.d4;

m=1

1= ant(0n5) || icﬁ"’qb,.(z)]

n,m=1 n=1

)
'[ E Cn d’m({)] dAszl'

m=1

2 Cuntn(2)m(©) i n(2)
L2 £ s

n,m=1 n=1 kn

L Ci:)
[ > N ¢m(s‘)] dA.dA4;

m=1 m

‘ f f V(s s“)[ L Cc® ¢n(z)][ mZ: C,j‘:) %(s‘)] dA.d4;

= foGKSD(z, %) 3

ELZ ¢’ ¢n(z)][ ZLi %qu(s‘)] dA.dA;
- f 5 f Rl :2 ¢,,<z>][ > c,if’qu(;)] d4.d4;

n m=1 m
m=1

= [ Kot :okcz) + Z cf."’¢,.<z>]

[ok(r) +3 C(k)dm(i‘)] dAd4;
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taking the limg.

(7) KS(ZO) 20) = Z anmd’n(zo)d’m(zo)

n,m=1

for all L.

A similar computation using a representation of an approximation
of the delta function at 2z, plus the delta function at z; and utilizing
(7) yields

KD(ZO) Z_O) + Re K:D(ZO) Z—l) + KS)(ZI) z_l) -—>—'

L
Z Qrm®n(20)m(21) |-

n,m=1

Hence {Zﬁ'm-l (I,.m¢n(z)¢,,,(§‘)}1f°=1 is a normal family on DX ®D.
Since it converges to V(z, {) on GXG, D mme1 Com®a(2)dm(C) must
converge to an analytic function on DX D that is a continuation of

Viz, ©).

COROLLARY. If V(z, {) is a symmetric, continuous, complex-valued
function on GXG, and

L L L L _
Z Z anamV(zn, Zm) é Z Z aname(zn) zm)

n=1 m=1 n=1 m=1

for all complex vectors (cu, as, - - ), and (21, 22, - - - ) with all z, in
G, then V(z, {) is analytic in GXG and can be continued onto D X D.
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