THE DEGREES OF THE FACTORS OF CERTAIN
POLYNOMIALS OVER FINITE FIELDS

W. H. MILLS

ABSTRACT. Neal Zierler has discovered that the polynomial

x8%+x+1 over GF(2) is the product of 13 irreducible factors of

degree 45 and that the polynomial x16538+x+1 over GF(2) is the

product of 337 irreducible factors of degree 49. We prove a general

theorem that includes these results, as well as some other well

known results, as special cases.

Let K be a finite field containing exactly ¢ elements. Let » be a
power of ¢, say r =¢*. For any polynomial f(x) = D _ax* over K we set

flx) = > axr—vie=D

and

Jo(x) = af(x1) = 3 awr,
LeEMMA 1 (ORE). Let A(x) and B(x) be polynomials over K and set
C(x)=A(x)B(x). Then C8(x)=AF(B5(x)).

PROOF. Set A(x) = D ax®and B(x)= »_ bjx’. Then
48 = Lo o)’

= Y abjxrits
i
= Ch(x).

THEOREM 1. Let f(x) and g(x) be polynomials over K. Then f(x) ] g(x)
if and only if J(x)| 2(x).

Proor. Suppose first that f(x)|g(x) and set g(x)=h(x)f(x). By
Lemma 1 we have gf(x) =hP(f8(x)). Since x| h8(x) this gives us
f#(x)| gf(x). Therefore we have f(x’““)lg(x'—l) which implies that
J@)| 2(x).

On the other hand suppose that f(x)| §(x) and set g(x) = 4 (x) + B (x),
where f(x)|A(x) and the degree of B(x) is less than that of f(x). By
the first part of the proof we have f(x)l A (x) so that

Received by the editors October 27, 1969.

AMS Subject Classifications. Primary 1225,
Key Words and Phrases. Factors of polynomials, polynomials over finite fields.

860




THE DEGREES OF THE FACTORS OF CERTAIN POLYNOMIALS 861

0= 4() = 4(») + B(») = B(x) (mod j(x)).

Now the degree of B(x) is less than that of f(x), so that B(x) =0 and
B(x) =0. Therefore we have f(x)|g(x).

THEOREM 2. Suppose f(x)|x¥ —1 and let d be a factor of r—1. Then
the degree of every irreducible factor of f(x?) over K divides nN.

PRroOF. By Theorem 1 we have f(x) [ xM=D1¢=D _ 1. This is equiva-
lent to f(x?)|x2"=D/¢—D—1 Sinced|r—1 this implies that f(x?) Ea
—1. Therefore every root of f(x?) lies in GF(r¥). Since ¥ =¢*V this
implies that the degree of every irreducible factor of f(x¢) over K
divides nN.

COROLLARY. If r=g", then the degree of every irreducible factor of
xt+x 41 over GF(q) divides 3n.

This corollary is the special case of Theorem 2 with f(x) =x2+x41,
N =3, and d=1. It is well known and proofs have been given by a
number of authors. See [1, p. 93].

Using Theorem 2 we can obtain many other results of the same
nature. For example, since x*+x41 divides x7—1 over GF(2)
we see that if »=27, then the degree of every irreducible factor of
g+’ L e +1 over GF(2) divides 7n.

Similarly if »=2", then the degree of every irreducible factor of
g+ L e 41 over GF(2) divides 157.

When certain additional conditions are satisfied the degrees of the
irreducible factors of f(x?) are all equal to #N. To show this we need
the following result.

LEMMA 2. Let f(x) be an irreducible polynomial over K, and let g(x)
be an arbitrary polynomial over K. Suppose for some positive integer
d, f(x?) and §(x?) have a root in common. Then f(x) lg(x).

PROOF. Let k(x) be the greatest common divisor of f(x?) and (x9).
Then k(x) is not a constant. Let a be the set of all polynomials 4 (x)
over K such that k(x)| 4 (x4). Using Theorem 1 we see that a is an
ideal in the principal ideal ring K [x]. Since f(x) Ea, 1&a, and f(x) is
irreducible, it follows that a consists of precisely the multiples of f(x).
Since g(x) Ea, we have f(x)[ g(x) and the proof is complete.

Theorem 1 and Lemma 2 are closely related to results of Zierler [3].

THEOREM 3. Let f(x) be an irreducible polynomial over K with period
N. Let d be a factor of r—1 and set r—1=de. Suppose that (e, dN) =1
and that every prime factor of n is also a factor of N. Then every irreduc-
ible factor of j(x?) over K has degree nN.
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PRrOOF. Since f(x)|*¥ —1 it follows from Theorem 1 that

f'(x) | Z@N=D /(-1 _ 1,

Replacing x by x? we obtain f(x?) | x*"~V/e—1. Let a be a root of f(x?).
Then we have a®™-V/e=1 and « EGF(¥). Now r=1 (mod e) and
therefore

(N —1)/e =d(r" —1)/(r = 1)
=d(V 142 4 1)
=dN (mode).

Since (e, dN) =1 it follows that e is relatively prime to the order of .
Let m be the degree of @ over GF(r). Then m| N and a™™~!=1. Since
e is relatively prime to the order of a we have

1 = @™ Dle = qd¢™D/e-1),

This gives us B(a?) =0 where B(x)=x™—1. Thus f(x9) and B(x?)
have a root in common. By Lemma 2 we have f(x)lB(x). Since N is
the period of f(x) this gives us N| m, and therefore m =N.

Now let M be the degree of @ over K. Then M|nN. Suppose M
<nN. Then for some prime N\ we have AM|nN. Since every prime
factor of 7 is also a factor of NV we have )\] N. Thus « is contained in a
field of degree n(NN/\) over K. This field has degree N/\ over GF (r),
which implies that m < N, a contradiction. Therefore we have M =nN.
Since a was an arbitrary root of f(x9) it follows that every irreducible
factor of f(x?) over K has degree nNN, and the proof is complete.

Setting d=r—1 and e=n=1 in Theorem 3 we obtain the following
result:

COROLLARY 1. (Zierler's generalization of the theorem of Ore, Gleason,
and Marsh.) Let f(x) be an irreducible polynomial over GF(g), say
f(x) = D ax’. Let N be the period of f(x). Then every irreducible factor
of > awxi=! over GF(q) has degree N.

We observe that x2+x-41 is irreducible over GF(g) if and only if
g=2 (mod 3). Thus setting d=1, n=3*, f(x) =x*+x+1, and N=3
we obtain the following special case of Theorem 3:

COROLLARY 2. If ¢g=2 (mod 3), n=3"21, r=¢*, and d=1, then
every irreducible factor of x***+x-+1 over GF(q) has degree 3n.

Setting ¢=2, n=17, d=1, f(x) =x*+x+1, and N=7 in Theorem 3
we obtain the following result:
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COROLLARY 3. If n="7T°21 and r=2", then the degree of every irre-
ducible factor of x*++7" +x+1 over GF(2) is Tn.

For example, x'%134-x4-1 is the product of 337 irreducible factors
over GF(2), each of which has degree 49.

Similarly, setting ¢=2, n=235¢, d=1, f(x)=x*+x+1, and N=15
we obtain this result:

COROLLARY 4. If n=35'=1 and r =2", then every irreducible factor
of x4 4 x+1 over GF(2) has degree 15n.

For example, x5+x -1 is the product of 13 irreducible factors of
degree 45 over GF(2).
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