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Abstract. Neal Zierler has discovered that the polynomial

xS86+* + l over GF(2) is the product of 13 irreducible factors of

degree 45 and that the polynomial xleil3-\-x-\-l over GF(2) is the

product of 337 irreducible factors of degree 49. We prove a general

theorem that includes these results, as well as some other well

known results, as special cases.

Let K be a finite field containing exactly q elements. Let r be a

power of q, say r=qn. For any polynomial fix) = 2^1aixi over -^ we set

/(*) = Z>.-*<ri~1)/(r-1)

and

/0(x) = xf(x^) = Y, OO-

LEMMA 1 (Ore). Let A(x) and Bix) be polynomials over K and set

C(x)=A(x)B(x). Then C^(x)=A»(B»(x)).

Proof. Set A ix) = 2 a»** and Bix) = ^ bjX'. Then

A>{B'ix)) =  2><( £*/*'')"

= 2Z«.v,<+yi.j
= C'(x).

Theorem 1. Let fix) and gix) be polynomials over K. Then fix) | g(x)

if and only if j(x) \g(x).

Proof. Suppose first that /(x)|g(x) and set g(x)—h(x)f(x). By

Lemma 1 we have ge(x)=hff(f(x)). Since x\hff(x) this gives us

f(x)\gs(x). Therefore we have }(xr~l)\g(xr~1) which implies that

/(x)||(x).

On the other hand suppose that/(x)| gix) and setg(x) =^4(x)+B(x),

where f(x) \ A (x) and the degree of B(x) is less than that of f(x). By

the first part of the proof we have/(x)| A(x) so that
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0 = g(x) = A(x) + B(x) = B(x)    (mod f(x)).

Now the degree of B(x) is less than that of f(x), so that B(x) =0 and

B(x) =0. Therefore we have f(x) \ g(x).

Theorem 2. Suppose f(x) \ xN — 1 and let d be a factor of r — 1. Then

the degree of every irreducible factor of J(xd) over K divides nN.

Proof. By Theorem 1 we have/(x) | x(r^_1)/(r_1) — 1. This is equiva-

lent to f(xd) | xdirN-l)lir-li — 1. Since d\ r-1 this implies that f(xd) \ x'"-1

— 1. Therefore every root of f(xd) lies in G¥(rN). Since rN=qnN this

implies that the degree of every irreducible factor of J(xd) over K

divides nN.

Corollary. If r = q", then the degree of every irreducible factor of

x1+r+x + l over GF(q) divides 3n.

This corollary is the special case of Theorem 2 with/(x) = x2+x-f-l,

N = 3, and d = l. It is well known and proofs have been given by a

number of authors. See [l, p. 93].

Using Theorem 2 we can obtain many other results of the same

nature. For example, since x3+x + l divides x7 — 1 over GF(2)

we see that if r = 2", then the degree of every irreducible factor of

x1+r+rl+x + l over GF(2) divides In.

Similarly if r = 2", then the degree of every irreducible factor of

X1+r+r'+r'+x+l over GF(2) divides 15w.

When certain additional conditions are satisfied the degrees of the

irreducible factors of J(xd) are all equal to nN. To show this we need

the following result.

Lemma 2. Let f(x) be an irreducible polynomial over K, and let g(x)

be an arbitrary polynomial over K. Suppose for some positive integer

d, j(xd) and g(xd) have a root in common. Then f(x)\g(x).

Proof. Let h(x) be the greatest common divisor oif(xd) and g(xd).

Then h(x) is not a constant. Let a he the set of all polynomials A(x)

over K such that h(x)\ A(xd). Using Theorem 1 we see that a is an

ideal in the principal ideal ring A[x]. Since f(x)Go, lGa> and/(x) is

irreducible, it follows that a consists of precisely the multiples of f(x).

Since g(x)E&, we have/(x)|g(x) and the proof is complete.

Theorem 1 and Lemma 2 are closely related to results of Zierler [3].

Theorem 3. Letf(x) be an irreducible polynomial over K with period

N. Let d be a factor of r—1 and set r — 1 =de. Suppose that (e, dN) = 1

and that every prime factor of n is also a factor of N. Then every irreduc-

ible factor of J(xd) over K has degree nN.



862 W. H. MILLS [August

Proof. Since fix) | x^ — 1 it follows from Theorem 1 that

/(*) | xC^-D/O-U  -  1.

Replacing x by xd we obtain/(xd) | x(rW_1)/e — 1. Let a be a root of f(xd).

Then we have airN~1)le = l and a£GF(rJV). Now r = l (mod e) and

therefore

(rN - I)/e = dirN - l)/(r - 1)

= d (rN~l + rN~2 + • • • + r + 1)

= dN    (mode).

Since (e, dN) = 1 it follows that e is relatively prime to the order of a.

Let m be the degree of a over GF(r). Then w| A/" and ar"'~1 = 1. Since

e is relatively prime to the order of a we have

1    —   a(rm-l)le   —   ai(r*"-l)/(r-l)-

This gives us 7j(o:<i)=0 where B(x)=xm — 1. Thus/(xd) and T^x1*)

have a root in common. By Lemma 2 we have/(x)| B(x). Since N is

the period of/(x) this gives us N\m, and therefore m=N.

Now let i!7 be the degree of a. over K. Then M\ nN. Suppose M

<nN. Then for some prime X we have \M\nN. Since every prime

factor of n is also a factor of N we have X | N. Thus a is contained in a

field of degree n(N/\) over K. This field has degree iV/X over GF(r),

which implies that m<N, a contradiction. Therefore we have M = nN.

Since a was an arbitrary root of fixd) it follows that every irreducible

factor of J(xd) over K has degree nN, and the proof is complete.

Setting d = r — 1 and e = n= 1 in Theorem 3 we obtain the following

result:

Corollary 1. (Zierler's generalization of the theorem of Ore, Gleason,

and Marsh.) Let f(x) be an irreducible polynomial over G¥(q), say

f(x) = 2~2aixi- Let N be the period of f(x). Then every irreducible factor

o/^OiX5'-1 over GF(q) has degree N.

We observe that x2+x+l is irreducible over GF(q) if and only if

g = 2 (mod 3). Thus setting d = l, n = 3\ /(x)=x2+x + l, and N = 3

we obtain the following special case of Theorem 3:

Corollary 2. If q = 2 (mod 3), k = 3*^1, r = qn, and d = l, then

every irreducible factor o/x1+r+x + l over GF(g) has degree 3n.

Setting q = 2, « = 7", d = l,f(x) =x3+x + l, and TV =7 in Theorem 3

we obtain the following result:
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Corollary 3. // n = 7s 3; 1 and r = 2n, then the degree of every irre-

ducible factor o/x1+r+r2+x + l over GF(2) is In.

For example, x16513+x+l is the product of 337 irreducible factors

over GF(2), each of which has degree 49.

Similarly, setting q = 2, n = 3e5t, d = l, f(x)=x*+x + l, and A^=15

we obtain this result:

Corollary 4. If « = 3S5'3:1 and r = 2", then every irreducible factor

o/x1+r+r2+r3+x + l over GF(2) has degree 15w.

For example, x685+x + l is the product of 13 irreducible factors of

degree 45 over GF(2).
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