
ON A SYSTEM OF INTEGRAL INEQUALITIES1

S. G. DEO2 AND M. G. MURDESHWAR

Abstract. The present note obtains a vector extension and a

further generalization of Bihari's Lemma on an integral inequality.

The inequality proved can be used in the study of the component-

wise behaviour of solutions of differential systems.

The theory of integral inequalities plays a vital role in the study of

the stability properties of differential and integral equations. In par-

ticular, Bihari's integral inequality continues to be an effective tool

to study sophisticated problems such as stability, boundedness and

uniqueness of solutions [2], [3]. The statement of this lemma is as

follows :

Lemma (Bihari). (i) Let x and F be nonnegative continuous functions

on [O, a), and

(ii) G) a positive nondecreasing continuous function on (0, °°) suchthat

x(t) á k + M f F(s)u(x(s))ds,       t G [0, a),

where k and M are positive constants. Then

*(0 ̂  G-1 ÍGO) + M J F(s)ds\       t G [0, ai),

where

dt

and G~l is the inverse function of G and

ru   d.
G{u) =   I      —->        u ^ uo > 0,

ai = sup ït G [0, a) :G(oo) è G(k) + M f    F(s)ds\.

In this note we shall present (i) an extension to systems and (ii) a

further generalization of the above lemma so that it will be effective

in more delicate situations.
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Let i?" denote the ra-dimensional Euclidean space and x\,x-¡, ■ ■ • , xn

are the components of an element xGi?". Assume that, whenever the

subscript i occurs, it takes the values from 1 to n. Suppose that

loGC[Rn, Rn] and the functions ci>¿(«i, u2, • • ■ , un) >0 are nondecreas-

ing in Mi, Ui, ■ ■ ■ , u„. Assume that lim Wi(wi, m2, •••,#,-,••• , un),

as each component except w¿ tends to <*>, exists and is denoted by

úi(u¡). Now we prove the following theorem.

Theorem 1. //

(i) Xi, F i are nonnegative continuous functions on [O, a), and

(ii) the vector functions co and ¿>, as described above, are such that

(1) Xi(t) Ú h + Mi f Fi(s)a>i(x(s))ds,       t G [0, a),
J 0

where k¿ and Mi are positive constants, then

(2) Xi(t) á Gr1 (Ciiki) + Mij Fi(s)ds\,        / G [0, a),

where

fUi    dyi
(3) Gi(ui) =   I      ——— >        Ui ^ Uio > 0,

aw¿ G¡~1 î's í/ze inverse function of G i and [O, ä) = min¿[0, ai) where

a,- = sup G [0,a):Gi(») =1 <?«(**) + Mif F¿s)ds\.

Proof. Let the right-hand side of (1) be denoted by z,(/). Then

z[ it) = MiFi(t)o>i(x(t)) ^ MiFi(t)¿¿i(Zi(t))

which in view of (3) reduces to

(4) dGi(zi)/dt ^ MiFi(t).

Now the conclusion (2) follows on integrating (4) from 0 to t. The

domain of the function G~l is obvious (cf. [3]).

Remark 1. It is easy to prove the following inequality. Let the

assumptions (i) and (ii) of Theorem 1 hold. If the inequality (1) is

replaced by

Xi{t) ̂kt-Mi f Fi(s)œi(x(s))ds,       t G [0, a),

then
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Xi(t) è GT1 Gi(ki) - M f Fi(s)ds~\

on [O, a) =miní[0, ai), where

ai = sup i G [0,a):Gi(ki) > Mi f Fi(s)ds

This extends the inequality proved in [4]. Now we obtain a gener-

alization of the same lemma.

Theorem 2. Let the assumptions (i) and (ii) of Theorem 1 hold and f

be a strictly increasing and continuous function on [O, <x>) such that

/(0) = Mio, /( °° ) = °° , and

(5) /(*<(<)) S ht + Mi f Fi(s)a>i(X(s))ds,        t G [0, a),
J 0

where k¡ and Mi are positive constants. Then

(6) f(xi(t)) Ú GT1 (Ciiki) + Mij Fi(s)ds\       t G [0, a),

where

(7)
/««

dyi
Ui 2: mo > 0,

and Gi~l is the inverse function of G¿ and [O, a) =min,-[0, a,-) wÄere

a¿ = sup t G [0, a):Gi(co) £ <?,(*<) + M¿ J /^Md/l.

Proof. Let the right-hand side of (5) be denoted by z,-(i). Then,

it is easy to observe that

Jf<F,(0<a«(*o)) £ MiFi(t)¿a(t\Zi(t)))

which in view of (7) can be written as

dGi(zi)/dt g MiFi(t).

The conclusion (6) is now clear.

Remark 2. The inequality (5) is much stronger than the inequality

(1). In fact, if f~1 = g and the function g is subadditive then the in-

equality (5) takes the form

Xi(t) £ v< + gÍMij Fi(s)ui(x(s))ds) ■
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This inequality is much more general and it includes the inequalities

proved in [l], [2] as special cases.

Remark 3. It has been established in [3] that the comparison

method provides a powerful tool for obtaining bounds for solutions

and it is a unified approach to many similar problems. The compari-

son equation employed in [2], [3] is a scalar one. It is now possible to

extend these results where a scalar equation can be replaced by a

system. This approach will facilitate the study of the componentwise

behaviour of a solution of a differential system. The details are omitted.
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