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Abstract. We present an action of the integers on a compact

metric space such that in the resulting minimal topological trans-

formation group the proximal relation is an equivalence relation

but is not closed.

The proximal relation in minimal transformation groups with com-

pact Hausdorff phase spaces (here called flows) has been studied in

[l], [3], [ó]. One of the first problems in this area was whether proxi-

mal being an equivalence relation implies it must be closed [l]. We

present an example to show that this implication is not true. The con-

struction of our example is similar to the construction of the Morse

minimal set described in [8] in that it is a group extension of an al-

most automorphic flow with the integers as acting group. An adequate

reference for the notions involved here is [4]. I wish to thank Pro-

fessor H. Keynes for many helpful suggestions.

Let P denote the unit circle in the complex plane, t a rotation so

that (P, t) is a minimal flow. Let h, k2, ■ • • EK so that 0(ki)

= \(ki)Tn\nEZ\ are distinct for distinct i, setP = U,-,0(ki) and assume

lGP- Then there is a minimal flow (X, t) described in [7], and a

homomorphism <p;X—*K such that<p~~l(k) = \k+, k~\ for all kEK and

k+ = k" iff kEK—E, and such that k+ is proximal to k~ for all kEK-

We can describe (X, t) as the factor space of [4, Example 5.29] after

all pairs coming from points inX—<p~1(E) have been identified. Two

important properties of X are: if Limn^±x(k+)Tn' and Lim„^±„(k~)Tn'

exist for some net {«»} in Z then they are equal (cf. [2, p. 613]), and

the proximal relation in X=P(X) — {(xi, x2)\ [xi, x2} = {k+, k~] for

some k EE, or xi = x2}.

It may be of interest to note that although (X, t) is not an expan-

sive flow, it is an inverse limit of expansive flows and a homomorphic

image of an expansive flow. We omit the proof of these facts.

Before constructing our example we discuss proximality in an

arbitrary group extension of X with trivial bundle.

Let G be a compact abelian group,/ a continuous function from X
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to G, Y = XXG, r the homeomorphism of Y defined by (x, g)r =

(xt, g(f(x))). Ufn(x)=Jlî:01f(xri) for re = 0 and fn(x) =UrJ„ f(xr<)
for re <0 then (x,g)r" = (xTn,g(fn(x))). Define:

Pi(k)   = f(k+T*)[f(k-T<)]-\

»-(*) - ft Pi(k) = Mk+rtMk-)]-1    for « = 0,

*.(*) = u kW]"1 = /.i*") [/.i**)]"1    for re < 0.

Then (Y, t) is a (not necessarily minimal) flow, and ir:Y—*X de-

fined by w(x, g) =x is a homomorphism of flows.

Lemma 1. Assume (xi, gi) is proximal to (x2, g2). If x\^x2, then

¡Xi, x2} = \k+, k~\ for some kEK, and if Xi=x2 then gi = g2.

Proof. If xií¿x2 and (xi, gi) is proximal to (x2, g2) then 7r(xi, gi) =xi

is proximal to w(x2, g2) =x2 so {xi, x2} = {k+, k~\ for some kEK. If

xi=x2 then let {re,} be such that Lim,(xi, gi)r"" =Lim„(xi, g^r"". Con-

sidering second coordinates we have Lim,gi/„r(xi) = Lim,g2/„ii(xi), and

letting go = lAm,fnv(xi) we have gigo = g2go so gi =g2.

Lemma 2. P(Y) is an equivalence relation iff lÀm^+xOnty) =£(&)

exists for each k EK.

Proof. Suppose £(k) exists. Let k+^k" and suppose (k+, gi) is

proximal to (k~, g2). We will show that g2 = gi£(&) and this with

Lemma 1 then will imply that P(Y) is an equivalence relation. Let

[re,} be such that Lim,(fc+, gOr"'= Lim,(£_, g^r"', then Lim, gifHp(k+)

= Lim,g2/„F(*-)so

g2 = g1Umfn,(k+)[fn,(k-)]~1 = got(k)-

Conversely, suppose there are nets {re,} and \m,} and kEK such

that

gi = Lim <rn,(k) 7* Lim o-m,(k) = g2.

Since K is compact we may assume that {fe+r"'} and {¿"r""} con-

verge, thus they converge to the same point, and similarly for the net

{»re,}. Then (k+, e) (e is the identity of G) is proximal to (k~, gi)

(along the net {re,}) and to (k~, g2)(along {re?,}). By Lemma 1,

(£~> gi) is not proximal to (k~, g2) so P( Y) is not an equivalence rela-

tion.
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Corollary 1. £(k) exists iff for each g EG there is a unique giEG

such that (k+, g) is proximal to (k~, ggi). If ¡¡(k) exists then gi=Ç(k). If
%(k) exists then ¡;(krm) exists for all m.

Proof. The first two statements follow from the proof of Lemma 2.

The third follows from the first because P( Y) is invariant under r.

Lemma 3. Assume %(k) exists for all kEK- Then P(Y) is closed iff:

Lim„ £(&,) =gfor {kr} a net of distinct elements implies g=e.

Proof. Suppose the condition holds. By Corollary 1, in order to

show P(Y) is closed we need only prove the following: suppose

(k?, gy) is proximal to (k~, g,%(k,)) and (xi, gi) =Lim»(^+, gi), (x2, g2)

= Lim„ (k~, g,^(ky)), then (xi, gi) and (x2, g2) are proximal. Since

Lim„g„=gi and Lim„ gv%(ki) =g2 we must have g2 = giLim„ £(kr). If

the \ky] are distinct then xi=x2 and by our assumption Lim £(ki) =e

and g2 =gi. If the kv are all equal to a certain k, then (xi, gi) = (k+, gi)

and (x2, g2) = (k~, g%(k)) and we invoke Corollary 1 to see that these

points are proximal.

Conversely, let [k,} he distinct elements of K with Lim,£(&„)

= gi?£e. We may assume Lim, kf =Lim„ k~ =xi. If P(Y) is closed

then (xi, e)=Lim,(kl¥, e) is proximal to Lim„(£,r, k(ki)) = (xi, gi),

contradicting Lemma 1.

Now to define/: define an order on K— {1} by: if k, mEK, then

k^mii 1 is not a member of (k, m), the arc traversed clockwise from

k to m, and define [k+, m~]=<p~1((k, m))\j{k+, m~\. Then the in-

tervals [k+, m~] are clopen sets. Pick G to be the complex numbers of

modulus 1. If «2:1 pick p(n, j)EZ for j=+l, +2, • • • , ±n and

define knj = (k„)Tp(n'>~> so that

(a) p(n,j) ^ 0   if/ ^ 0,

(b) Lim k„,i = 1    for all i,
(1) n-»«o

(O   £i,i < k2,i <   ■  ■  ■   < £„_i,„_i < kn,i < kn,t <   •  •  ■  < kn,% * • *

and kn,~n  <   •   •   ■   <  ¿n,-2  <  kn,-l  <  ¿n-l,-(>t-l)   <   •  •  •

<   kl,-\  <  kl,\.

These choices can be made because 0(kn) is dense for each «. Define:

Ao = {[ki,-i,ki,i]},    and for « 2: 1,

(2) A„ = {[kn,i, k„,2], [kn,i, k„,t], ■ ■ ■ , [k„,„, ¿n+i.i]}    and

A— n  =   { [kn+i,—i, kn,—n], [kn,—n, kn,—n+lj,  " "  * j  [*n,-t, «»,-lj J •
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Note that by (l)(b),X-U {Am\mEZ} = {1 }.Setim=exp(\/(-l)A»)

EG and define f:X—*G by

(a) /(x) = l for xE[K-u *iii].
(b) If [a, b]EAm and *+, k~E [a, b] then require/(*+) =f(k~).

After this identification [a, b] is homeomorphic to a closed

(3) arc in K, and we map it to [em, 1 ] (clockwise arc from em to

1) if m^l and to [l, em] if mg-1, with /(a) =«„, f(b) = 1

if «el, and/(ffl) = l,/(6)=€mif f»á-l.

(c)/(l)-l.

Since the intervals in the Am are all distinct and clopen / is con-

tinuous on U \Am\mEZ}, and / is continuous at 1 by inspection, so/

is continuous.

We make a number of observations, which lead to the fact that

P(Y) is an equivalence relation but is not closed: (a) f(k+) =f(k~) if

£^£«,.1 for some re, j; (b) By (3)(b), if i=p(n,j)>0 then p¡(kn) =f(k»j)

[KKJ)]~1 = tn; (c) Similarly if i=p(n, j) <0 then p¡(¿„)=€_„;

(d) By (a), pi(kn) =e for i^p(n, j) for all re, j; (e) By (b) and (d)

if m>p(n, j) for all j then am(kn) = (€„)" = ei; (f) By (c) and (d) if

m<p(n, j) for all/ then <rm(kn) =((f_„)-1)" = ei; (g) By (e) and (f),

s(^n) = «i for all re; (h) By (g) and Corollary 1, £(&) exists for kEE;

(i) If &££ then k^kn,j for all re, j so, by (a), p,(fc) =e for all ¿ and

t(k)-e.
By (h) and (i), ¡t(k) exists for all k so P(Y) is an equivalence rela-

tion. Limn-.*, £(&„) = Lim„_»00 ei ¿¿e so P(F) is not closed.

In our example V. F—>X is a group extension [5, Definition 11.4] by

the group G if we take the action of goEG on points (x, g) £ F to be

(x, g)—*(x, ggo). As in any flow, there must be a minimal subset M of

Y. (In fact F is a union of minimal subsets by [5, p. 31].) The next

lemma shows that such an M provides our desired example.

Lemma 4. Let (X, t) be minimal, and let ( Y, t) be a group extension

of (X, t) by the compact group G. If P( Y) is an equivalence relation

which is not closed then the same is true of P(M),for any minimal sub-

set M of Y.

PROOF. Let the extension be denoted by ir: F—*X so ir(y) =ir(y') iff

y' =yg for someg£G. Let M denote a minimal subset of Y.

ll y, y'EY are proximal and y £ M then y' is in the orbit closure of

y, which is M. Thus P(M) is an equivalence relation if P( Y) is.

Nowir(M) = .Y since A" is minimal, so if y £ Y there must be g EG with

ygEM. Assuming P(Y) is not closed there are (y„ y',)EP(Y) with

Lim,(y„ y',)(£P(Y). Choose g.EG so that yvgrEM then y'vg„ being
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proximal to yvg„ (since r commutes with the action of G), will be in

M by the preceding paragraph, so Lim,,(y„g„, y'„g,) = (yg, yg') (£P(M),

so P(M) is not closed.
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