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Abstract. Let G be a locally compact O-dimensional group, and

let B(G) denote the set of all elements of G whose conjugacy classes

are relatively compact. We proved that the group G has an open

compact normal subgroup if and only if B(G) is open in G.

Though a great deal has been learned about the structure of con-

nected locally compact groups, the structural results on nonconnected

groups seem to be very scarce. One of the reasons for this drawback

seems to be due to the lack of compact open normal subgroups in

general O-dimensional locally compact groups. In this work, we

characterize such groups in terms of orbits under the action of the

group of inner automorphisms. An interesting corollary of this

characterization is given which provides the topological version of a

similar theorem due to B. H. Neumann [2].

1. Lemma. Let G be a O-dimensional locally compact group. Then G

contains a compact open normal subgroup if and only if G contains a

compact invariant subset with nonvoid interior.

Proof. Suppose that A is an invariant compact open subset of

G with nonvoid interior. Then AA~l is an invariant compact neigh-

borhood of the identity. By a theorem of Iwasawa [l], there exists

a compact normal subgroup N such that G/N possesses small com-

pact open invariant neighborhoods. Since G/N is also O-dimensional,

it contains small compact open normal subgroups. Thus the inverse

image of any compact open normal subgroup of G/N under the

canonical homomorphism is then a compact open normal subgroup

of G.
The other implication is a triviality.

2. Lemma. Let G be a O-dimensional locally compact group which does

not possess any compact open normal subgroup. Then, for every compact
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open subgroup K of G, there exists kEK such that the set [gkg~l\ gEG}

is not relatively compact.

Proof. Let K he any compact open subgroup. Since K is not

normal, there are elements kiEK and aiGG such that aikiai1(£K.

Define a decreasing sequence of compact open subgroups P¿, i

= 1, 2, • • -, with Pi = P, and also sequences {a.}, {ki] with the

following properties:

(i) a,GG for all i and £¿GPi\P¿+i, î = 1, 2, • • -,

(ii) aiKi+ia^QKi, *' = 1, 2, • • • ,
(iii) aikik2 • • • kiaü1(£Ri-i, i = 1, 2, • • • ,

where Ri = KiUaikiai1KiU ■ ■ ■ \Ja,kik2 • • • kia~[xKi, with P0 = Pi.

To see these sequences exist, suppose that Pi, P2, • • ■ , P„;

a\, a2, ■ ■ ■ , an and ki, k2, - - ■ , kn have been found subject to (i),

(ii) and (iii). There exists a compact open subgroup P„+i such that

kn(£Kn+i and (anKn+ian^^JKn+iEKn. To see this, let V be an open

neighborhood of 1 contained in P„ — {kn} ■ Since the inner auto-

morphism induced by the element an is continuous, we may assume

that a„Va» 1ÇP„. Then if P„+i be any open compact subgroup con-

tained in V, we have (anKn+iañ1)^Kn+iQKn with kn^Kn+i. Suppose

gkik2 ■ ■ ■ knkn+ig-1ERn for all gEG and all &n+iGP»+i- Then

ki ■ ■ ■ knKn+i is contained in r\geGg~~1Rng- Hence C\geog~1Rng is a

compact invariant subset of G with nonvoid interior, which con-

tradicts the assumption in view of 1. Hence, there exist a„+iGG and

&n+iGPn+i such that <z„+i&i • • • £„+1^+1 (£Pn.

Now let pn = kik2 ■ ■ -kn, « = 1, 2, 3, • ■ • . Since p„EKi, for all

« = 1,2, • • -, and since Px is compact, we may assume, without loss

of generality, the sequence \pn} converges to an element ¿GPi.

We now want to show that the set \gkg~l\gEG] is not relatively

compact, by showing that the sequence \aikaï1\i = \, 2, ■ ■ ■ } does

not contain any convergent subsequence. Since k— lim pn,
n

anka~1 = \im an(ki ■ ■ ■ ki)añl

= lim (anki ■ • ■ knañ )(ankn+i ■ ■ ■ kia~l)Ea„ki ■ ■ ■ knañ1Ku
1

because ankn+x ■ • ■ kíañ1 = (a^+ia"1) • • • (ankia~l)EK. On the

other hand, anki • ■ ■ knañl^Rn_x. Thus aika^^KiC\ajkaJ'Pi = 0

for if*j. Since each coset gKi is open and closed, we see that

{aikai~1\i=i, 2, • • • } does not converge. The same argument

shows that \aika~1\i = \, 2, ■ ■ ■ } does not contain any convergent

subsequence. Hence, {g&iT'lgGG} is not relatively compact.
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3. Definition. Let G be a locally compact group and, for each

xEG, letT(x)= {gxg-^gEG}. Let 5(G) denote the set of x£G with

T(x) relatively compact. Since r(xy)Cr(x)r(y), it follows that 73(G)

is a characteristic subgroup of G.

Now we are ready to present the main theorem of this paper:

4. Theorem. Let G be a O-dimensional locally compact group. Then

the following are equivalent:

(i) G possesses a compact open normal subgroup.

(ii) 73(G) is an open characteristic subgroup of G.

Proof, (i) implies (ii) : Let K be a compact open normal subgroup

of G. Then KEB(G). Hence, 73(G) is open.

(ii) implies (i): Suppose now that 73(G) is open in G. If there is no

compact open normal subgroup of G, then, for any compact open

subgroup K which is contained in 73(G), by Lemma 2, there exists a

kEK such that T(k) is not relatively compact. Hence, k(£B(G)

which is an obvious contradiction. Hence, G must contain a compact

open normal subgroup.

5. Definition. Let G be a locally compact group. An element gEG

is said to be compact, if g is contained in a compact subgroup of G.

6. Corollary. Let G be a locally compact O-dimensional group such

that 73(G) =G. Then the set p(G) of all compact elements of G forms an

open characteristic subgroup of G.

Proof. Since 73(G) =G, G contains a compact open normal sub-

group K by Theorem 4. That 73(G) =G also implies that B(G/K)

= G/K. Thus the conjugate class of every element in the discrete

group G/K is finite. By a theorem of Neumann [2], the set p(G/K)

oí all torsion elements forms a subgroup. Let ir:G—>G/K be the

quotient morphism. Then it is easy to see that p(G) =tr~l(p(G/K)).

Hence p(G) is a subgroup of G. Since there are small compact open

subgroups in G, p(G) is open.
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