AN EQUIVALENT FORM OF LEVY'S AXIOM SCHEMA

MURRAY JORGENSEN

ABSTRACT. A generalized notion of ordinal inaccessibility is de-
fined. A characterization of this notion in terms of normal ordinal
functions yields as a consequence that a schema analogous to a
form of Tarski’s Axiom of Inaccessible Cardinals is equivalent to
Lévy’s axiom schema under the axiom of choice.

This note supplies proof to the result announced in [1]. Using ele-
mentary ordinal theory alone we derive a schema that is equivalent
to that of Lévy in the presence of AC (the axiom of choice) and that
has a simple relationship to Tarski’s Axiom of Inaccessible Cardinals.
R. Montague has obtained another equivalent form of Lévy’s schema
as a consequence of a model-theoretic lemma proved in Montague
[3]. It turns out that our form and Montague's form of the Lévy
schema correspond to the two commonly stated forms of Tarski’s
Axiom of Inaccessible Cardinals. We make use of the notation and
definitions of Lévy [2], in particular we borrow the illegitimate con-
venience of speaking of functions with domain the class of all ordinals.
Actually, all our “functions” will be of this kind and instead of or-
dinal-valued function defined for all ordinals we will write simply func-
tion. A canonical example is the ordinal successor function. By weakly
(strongly) inaccessible we shall mean im weiteren (im engeren) Sinne
unerreichbar in the sense of [4], but snaccessible (unqualified) has the
sense of [2].

1. Three schemata. Consider the following three statements:

(1) Every normal function has at least one inaccessible number in
its range.

(2) Every normal function has at least one regular number in its
range.

(3) Given a function f and an ordinal §8 there is a regular ordinal «
greater than § such that v <« implies f(y) <a.

In Bernays-Godel set theory we can express these statements as
single sentences by quantification over “functions,” but in Zermelo-
Fraenkel set theory we must regard (1), (2) and (3) as schemata.

(1) is the original axiom schema M introduced in [2] and (2) is a
weakening of it. The property
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vy < a implies f(y) < «

enjoyed by « in (3) may be regarded as asserting the inaccessibility of
o with respect to the function f. We term this property f-inaccessibil-
ity, so (3), then, asserts the existence of arbitrarily large regular f-
inaccessible numbers for every ordinal function f.

We shall prove the equivalence of (2) and (3) without the aid of the
axiom of choice, and the equivalence of all three schemata with that
axiom.

2. A characterization of f-inaccessibility.

LEMMA. Let v be any ordinal. If f is a function such that f(u) >p
for every ordinal u, then there exists a unigue normal function ¢; such that

&+ 1) = f(¢:,(5),  ¢/(0) =

Proo¥. Veblen [5, Theorem 2].

Subject to some natural restrictions on f, the regular f-inaccessible
numbers greater that v will be just the regular fixed points of ¢;. This
follows from the following, more general

THEOREM. If f and ¢y are as in the lemma, and for all ordinals v', n
1 <n implies f(n') = f(n)

then ¢ is f-inaccessible and greater than v iff there exists a limit ordinal
\ such that ¢ =¢,(N).

PROOF. As ¢y is normal ¢;(¢) =¢ by [5, p. 283]. If ¢,(¢) =¢ the re-
sult follows as 7 <{ implies n+1 <f(n) <{ by the f-inaccessibility of ¢,
so that ¢ is a limit ordinal. If ¢;({) >¢, let u be the least ordinal such
that ¢y(u) >¢, then u=p’+1 for if p is a limit ordinal then we can find
'’ <u such that ¢;(u'") >¢.

Further ¢,(u") ={ as if ¢;(u') <¢ then ¢;(u) =f(¢;(1")) <{ (contra-
diction).

Finally u’ is a limit ordinal, as if w'=N+1 then ¢,(\") <¢ and
&r(u’) =f(¢s(N\")) <¢ (contradiction).

Conversely if {=¢,(\) where \ is a limit ordinal then if <{ we
can find u <X\ such that ¢;(u) >7, so

f@) = f(&r(w) = & +1) <& =¢

and so ¢ is f-inaccessible.

COROLLARY. With the above notation and assumptions on f, { is regu-
lar, f-inaccessible and greater than v iff ¢ is a regular fixed point of ¢;.
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If f lacks the properties
1 <ft), 2 <a=)@)=fk),

we can consider the function f* defined by
f'(n) = max (Supf(&‘), u+ 1) .
§<p

Then f’ has the required properties and all f’-inaccessible numbers are
f-inaccessible.

The equivalence of (2) with (3) is now immediate: if we are granted
(2) and given an ordinal » and a function f, a simple argument like
that of [2, Theorem 1] shows that ¢, has regular fixed points. These
are f-inaccessible and greater than ».

If we are granted (3) we must notice that any normal function ¢
can be written as ¢, for some f, e.g. f(£) =the least member of range
¢ greater than £ The above corollary, with (3), yields a regular fixed
point of ¢.

3. Some consequences. By taking f to be (a) the cardinal successor
function, (b) the function f(£) =2¢ (cardinal power), we obtain as con-
sequences of our schema (3): (a) the existence of arbitrarily large
weakly inaccessible numbers and (b) the existence of arbitrarily large
strongly inaccessible numbers (if granted AC).

Lévy proves [2, p. 228] that (1) is equivalent to the conjunction of
(2) with the statement “there exist arbitrarily large inaccessible num-
bers”. As the axiom of choice implies that “strongly inaccessible” and
“inaccessible” are the same thing [2, p. 226] it is a consequence of
the above remark that (1), (2), and (3) are equivalent under this
axiom.

4. Closure principles and Montague’s schema. Tarski’s Axiom of
Inaccessible Cardinals can be stated in two forms:

(Closure Form.) For every set M there is a set R such that

(i) MER,

(i) X&€Y and YER implies XER,

(ili) X &R implies 2XER,

(iv) if XC R and no function maps X onto R, then X &R.

(Inaccessibility Form.) For every cardinal 8 there is a strongly in-
accessible cardinal « greater than 3.

In [4], the two forms are shown to be equivalent under the axiom
of choice. The closure form actually implies this axiom. Our schema
(3) can well be regarded as the “inaccessibility form” of Lévy’s
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schema. R. Montague, in [3], considers a schema which can be re-
garded as a closure form of Lévy’s schema:

(4) For every set 4 there is a set B such that

(i) ACB,

(ii) if XC B and no function maps X onto B then {(X) EB.

Here { is any term of ZF in which the variable B is not free. Itis a
consequence of the results of Montague that (4) is equivalent to (1),
(2) and (3) under the axiom of choice. Actually Montague proves that
a variant of (4) is equivalent to a variant of (1) without AC. It is
further pointed out in [3] that (4) yields the closure form of Tarski’s
axiom upon suitable choice of 4 and {. Hence (4) itself implies AC,
and the implication (4)—(3) can be proved without invocation of
AC. However the reverse implication (3)—(4) cannot be established
without the axiom of choice for A. Lévy (in a private communica-
tion) has supplied me with a simple forcing argument demonstrating
the consistency of (2), and hence (3), with the negation of the axiom
of choice.
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