ON THE CONVEXITY OF LEMNISCATES

DOROTHY BROWNE SHAFFER!

ABSTRACT. Let L, denote the lemniscate | J]?-1(-8)| =1.
Assume the poles {, are inscribed in the disc Iz <a. Let z0=
n=13 2.1t Conditions for the convexity of L, are established in
terms of ¢ and z,. Sharp bounds are derived for real ¢,.

Let L, be the lemniscate L;: Ip(z)l =]1z. lz—-{;l =1. It was
proved by Erdés, Herzog and Piranian [1] that L; is convex if all
the {; are inscribed in a disc of radius ¢ <sin 7/8/(1+sin w/8). This
estimate was improved by the author [3] to a<2V2—1=.414. It is
the object of this note to improve these bounds; a sharp result is
obtained for the case of a real polynomial.

THEOREM 1. L, 45 convex if 212 —1<a <1/3Y2and

(1) | zol < (1 — 3a2)/(2%/%a) wherezo = n~' Y, ¢
=1

Proor. The author proved [3] that any lemniscate, with its zeros
inscribed in a disc of radius a is convex if it lies outside of a con-
centric circle of radius 2V/2 a. By a lemma due to Pommerenke [2],
L, contains the disc Iz—zol =(1—a*+ | zo] )2 if g2 — |zo| 2<1.

It follows that L, lies outside the disc with center at the origin,
radius

(2) (1 —a+ | 2]|)2 — | 2]
and L, is convex if
@) A —ar+ |22 = | 2] 2 2%

Inequality (3) solved for Izol gives condition (1).

If | Zol =0, i.e. the center of gravity of the zeros is assumed to be the
center of the disc containing the zeros we obtain that L, is convex if
a=<1/3Y2 If 2, is allowed to approach the boundary, lzol =ga, the
previous condition @ £2Y2—1 follows.
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THEOREM 2. Assume in addition all the {; real, then L, 1s convex if
eithera<1/20r1/2=<a=<1/2V2with |zo| <(1-2a?%/2a.

The proof follows from the fact that the author’s proof of the
convexity condition implies that a lemniscate is convex at z if the
angle subtended at z by any pair of zeros is acute. It follows that
for L; with all the zeros on a diameter of the disc, L; is convex if
it lies outside the same disc. Applying condition (2) this will be true
if (1—a?+]|20|?Y2—|20| Za, and the statement of the theorem
follows by solution of the inequality.

These bounds are sharp, they are approached for large m by the
lemniscate Ip(z)l = | (z—-%)"‘(z-i—%)l =1 and for 20=0 by

| 6—2-12) (z+2-112)| =1.
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