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QUATERNIONS AND BINARY QUADRATIC FORMS

BART RICE

ABsTRACT. Methods are discussed for studying binary quad-
ratic forms by use of quaternions derived from the ternary quad-
ratic form f=x?—yz. In particular, Gauss composition of binary
quadratic forms may be achieved by factoring and multiplying
quaternions in a natural way.

1. Introduction. In this paper we show how quaternions obtained
from a certain ternary quadratic form f may be employed in the
study of binary quadratic forms. We use the form f=x2—yz because
d=4(det f)= —1, whence all binary quadratic forms are open to
scrutiny. The same methods may be applied using other ternary
forms f, only the condition |d| >1 precludes application of the meth-
ods to binary quadratic forms of certain discriminants. The tech-
niques of this article borrow from a procedure introduced by Gordon
Pall in [5] which uses quaternions in the familiar Lipschitz ring of
integral quaternions to study the representations of a positive integer
as a sum of three squares. I wish to thank Professor Pall, my teacher,
for his suggestions concerning this material.

2. Preliminaries. An integral ternary quadratic form f= D _; ; a:jxx;
(the sum is taken from 1 to 3, as will be the case with all sums hence-
forth) gives rise to a quaternion algebra % =R(f)=Q[1, 41, %2, 1]
(Q =rational numbers) and an integral order R=R(f) = Z[1, j1, j2, js]
contained in R. The basal elements 13, 75, 73 have the multiplication
table given by Pall in [6]; to wit,

2

iy = — Ay, r=1,23;
ir'i: = - An + E alct'ik; ’icir = - Acr - Z aldik;
k k

where (4;) =adj (as;), and (7, s, £) is a cyclic permutation of (1, 2, 3).
Also, ji=1+%e, k=1, 2, 3, where €, €, € are chosen 0 or 1 accord-
ing as 2ax, 2013, 2a1; are even or odd, respectively. An element
a=2 2 ER such that xy, %, x:E Z, is said to be “purely integral”;
“purely primitive” if, in addition, (%1, %2, ¥3) = 1. In the case f =x%—1ysz,
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fi=10+%, jo=1s js=1;, and adj f= —1(x?—4yz). Thus the “Brandt
norm-form” of R (cf. [6]) is given by

F=(v0+3Y me) +adjf = o+ xot1 + o3,

which is the “norm” Ne of a=%xo+ 2 %ijs. F is indefinite and funda-
mental, and thus, since d= —1 (cf. [6], Theorem 3 and the remark on
p- 293), given an integer m and a quaternion « ER such that m] Na,
there is a unique (up to left unit factors) element BER of norm m
such that B is a right divisor of a. The multiplication in R is as fol-
lows: If a=uo+ >, wxjr, B=vo+ 2 viji, then

aB = ugwo — usvz + (uo'vl + w1y + w1vo + uovs — u37)2)j1
+ (uovz + uvo + uzvl)jz + (uo‘vs + usvo + ul‘l’s)js-

3. Purely primitive sets. Let n= D xi4; be a purely integral qua-
ternion. Define [n]= {#n8: N0=1, € R}. Notice that u€ [5] implies
Np=Nn, and if 9 is purely primitive, so is u. Thus we will call [g]
“purely primitive of norm ¢” if # is purely primitive and Nnp=gq.
Let ¢ = [a, b, c] be a primitive binary quadratic form of discriminant
d=>b%*—4ac= —n. We now define a process by which ¢ carries each
purely primitive [5] of norm n/4 (0) into a unique purely primitive
[¢] of the same norm.

N@®/2+n) =%02+n)=ac, so b/24+nER. Hence we may write
b/24n=0r, where No=¢, Nr=a, and o, TER. Let {=m7/a=70
—b/2. It follows easily that { is purely integral. Also, { is purely prim-
itive; for if { =2, yix and p| yi, k=1, 2, 3, then p] a since an=7¢{7 and
(21, %2, x3) =1. Also, pl n, since 2 —4y,y3= —n. Because b2+n =4ac,
pl b. Since g{'¢ =cn and 7 is primitive, p] ¢. This contradicts the prim-
itivity of ¥. Also, if 7 is replaced by 67, N@=1, { is replaced by 6¢4.
If 5 is replaced by 698, N9 =1, then { is unchanged, since b/2-018
=0078, (1/N(18))78(098)07= (1/N7)rg7=¢.

(3.1) LEMMA. The process associated with the primitive form

V= a, b, c] is the same as that for the following forms equivalent to -
la, b+2ah, c+bh+ah?], [c, —b, a].

PRroOOF. See Lemma 14 of [5]. Q.E.D.

3.2) COROLLARY. Any two equivalent formsy determine the same
q
process.

Proor. (_?5) and matrices of the type (31) generate SL.(Z).
Q.E.D.
Thus we may speak of a class C of primitive forms taking [5] to

], “I15 [
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(3.3) Lemma. If [1]S[¢], [£]B €], then [n]S5[£].

The proof involves united forms (i.e., concordant forms in the
Dedekind sense, see [3, p. 69]). The reader is referred to [5, p. 496].

(3.4) LEMMA. There is at most one primitive class of discriminant —n
carrying any given purely primitive [n] of norm n/4 into a given purely
primitive [¢] of the same norm.

PRrooF. Suppose C, D take [g] into [{]. Then both CD-! and the
principal class E carry [7] into [n]. Suppose m is primitively repre-
sented by CD~1. Then m can be made the first coefficient of a form
Y= [m, b, c]JECD-L. ¢ takes [n] into [n], so there is an integral
quaternion 7 &R satisfying Nr=m and 97 =my. From this follows
™ =77, an expansion of which yields x;;=xt;, ¢, j=1, 2, 3, where
77"“27: Xite, T=bo+ Ek bejr. Since (x1, %2, x3)=1, we can find an
integer g such that t, = gxx, k=1, 2, 3. Thus m = N7 =5 +x1t0g + %2382
Clearly [1, x1, ;] EE, and thus E represents every integer repre-
sented primitively by F= CD~!. Since E is ambiguous (cf. [3, p. 64]),
E=F, C=D. Q.E.D.

4. The process and composition. We now turn to the equation
rai =B, where TER and a= Y axix and 8= D biix are purely inte-
gral. By direct computation,

2
by = 2titsas — 2tt3a2 + toas + fotiar + 28etaa5 — tatsan;

A1) by = aste + autels + asts;
by = ax(—1t3)% + ar(—1:)(to + 1) + as(to + 21)2

Thus, for 7 =to+ D& &ji, the equations (4.1) imply that if

to —13
T = T(s) =
() [12 to + tl]’

then det T=N7 and T’AT =B, where A, B are respectively the
matrices of the forms ¢ () = [as, a1, as], ¢(8) = [bs, b1, bs]. Conversely,

if
]
S3 84
satisfies S’AS=DB, then o=0(S) =514 (ss—s1)j1+ 532 —s2js satisfies
oag=p. Thus, in particular, a set [7] “corresponds” to a class C(y)

in the sense that { € [n] if and only if ¢({)~¢(n) EC(y). Moreover,
if ¢ =[a, b, c] is primitive of discriminant —n, then a@y) =bi;+ai,
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+ci3 is purely primitive of norm n/4. Also, a(p(n)) =1, ¢(a®@)) =v,
o(T(r)) =7.

Let a(C) denote a representative of [a(y)], where ¢ €C. As before,
let E denote the principal class of discriminant —#n= —4Nn, where
7= Zk %t is purely primitive. Then 5’ =y +12+420230E [a(E)],
since surely [1, x;, x.x;] EE. By direct computation, x1/24%' =0T,
where o =x1/1+7.+%37: (No=x3), and 7=x4+ (1 —x2)j1 (N7=x,), and
™'F =xm. Hence C(n) takes [a(E)] into [r].

(4.2) THEOREM. There is a one-to-one correspondence between purely
primitive sets [n] of norm n/4 and classes of primitive binary quadratic
forms of discriminant —mn. Also, given any two such purely primitive
sets, [n] and [¢], there is a unique class C taking [n] into [¢]. If B, C, D
are primitive classes of discriminant —n, then BC=D 1if and only if

[a(B)]S [a(D)].

ProoF. The first statement has already been established as fact.
From the preceding, [a(E)]-5"[n], [«(E)]-£25[¢]. Thus,

[ S Cn)~'C() Dkl

Uniqueness has already been established. Suppose that [7]5[¢]. The
commutativity of the diagram

c
[7] — [¢]
Clp~N 7C®

[«(B)]

yields the validity of the last sentence in the theorem. Q.E.D.

Thus composition of primitive binary quadratic forms may be
achieved simply by multiplying quaternions! The correspondence
between this method and composition by united forms may be
gleaned from the formulae

b/2 4 biy + ayiz + asciz = (bjl + a15: + st)(az + (1 - dz)jl);
(a2 + (1 — a2)j) b1+ arje + cjs) = b/2 + biy + a1a482 + cis.

For the connection between this “quaternionic composition” and
composition by bilinear substitution, we turn to Gauss. Specifically,
we answer the question, “Given a quatermomc composition BC=D
determined by [a(B)]Z [a(D)], f/EC, is there in evidence a Gaussian
bilinear substitution which yields F=ff’, fEB, FED?” . .. And the
converse question as well.
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Thus suppose that f=[a, b, ¢]EB, f'=[a’, ¥’, ¢/]EC. Suppose
further that ?'/24a(f)=0¢r, Nr=da/, No=c, T=t+ >k tdr,
o=uo+ D wjr, ¢=(1/a)ra(f)i=10—b'/2, and ¢(¢)=F. Then
F=ff’". That is, Fis a composite of f, f’ in the Gauss sense. The reader
is invited to verify that the appropriate bilinear substitution is given
by T'(e, 7), where

o+t uo t3 —us :I

T(o,7) =
(,7) [—t2 us ty w0+ wm
Use of this matrix is prompted by the equations 7{7 =d’a(f), o
=c'a(f), and the famous equations [1]-[9] of article 235 of Gauss’
Disquisitiones arithmeticae [4].

Conversely, suppose F=ff’ via the bilinear substitution

T=[p1> ? p]’

q ql qll qlll
and that all three forms are primitive of discriminant d. Butts and
Estes in [1] pointed out that pqg'’—gp” =a’, p'q"""—¢'p"’ =¢'. And,
in fact, if we choose o, 7 by T=T(0, 7) (i.e., to=¢q", uo=p', h=p—¢",
uy=q"" —p’, etc.), then No=c¢’, Nr=da’, b'/24+a(f) =07, and Ta(f)7
=a'a(F).

We remark in passing that, evidently, quaternionic and Gaussian
composition coincide over every domain which admits composition in
the Gauss sense. The following lemma allows us to identify quaternion
and Gaussian composition even in the case when discriminants are
not equal.

(4.3) LEMMA. Let p be a prime, n=0 or —1 (mod 4). Every purely
primitive { of norm pn/4 is of the form ¢ =mn7, where NT=p and
Nn=mn/4. Further, T and 1 are unique apart from insertion of umnit
factors. Thus every purely primitive [¢ ] of norm p*n/4 is derivable from a
unique purely primitive [ of norm n/4.

Proor. Suppose p is odd. Choose j=0 or 1 such that pj/24¢ is in
R. Then N(pj/2+4¢) =p2(j+n)/4. Hence pj/2+¢ =01, where Nr=p,
o primitive (mod p). If o7 =, with u, vER and Nu=p, then gor=0
(mod p). Since 7 is necessarily primitive, jo=0 (mod p). Therefore,
o and o7 have the same left divisors of norm p. But or=pj/24¢
=7(rj—a). Thus o=y, pj/24+¢='t, {=7("—j/2)r=%y7. The
factorization is necessarily unique (cf. [6]). If p =2 the above applies
with j chosen 0 or 1 accordingasz=0o0r —1 (mod 4). Q.E.D.
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5. Other applications. The techniques developed in this paper may
be applied to the study of the quadratic orders

Ra = {20+ %10aix0, 21 € Z},
where
(5.1) wa= (e ++3d)/2, = Qor1accordingasd = Oor1 (mod 4).

We illustrate by using these methods to derive some results obtained
by Butts and Pall in [2].

We can, in view of (4.3), map a given primitive class C of binary
quadratic forms of discriminant dv? onto a unique primitive class D of
discriminant d; simply take D= C(3), where a(C) =797, Nr=9v>0.
An easy argument shows that this factorization is essentially unique.
According to Theorem 2.5 in [2], this corresponds to the function
C—>CL1

Now suppose that d'=dv? (v>0), and that 4’, A are invertible
fractional ideals in Ry, Ry respectively. To study the equation 4
=A'R,, we may assume 4 = [m, r+w], A'=k[m’, v’ +w’], k rational,
m,m’,r,rEZ, m[ N(r+w), m’l N(r'+w’), where w =wq4, 0’ =wa as in
(5.1). Associated with the invertible fractional ideals 4, A’ are the
primitive forms

Y(A)=[m,2r + ¢, N(r+ w)/m], ¥(4') = [m',2¢' +€,N(' + ')/m']

of discriminants d and dv? respectively. Hence we may associate with
A, A’ purely primitive sets [n], [7’], wheren=a(¥(4)),7" =a(¥(4")),
of norms —d/4, —dv?/4 respectively. According to Theorem (5.1) of
[2], A = A’R;implies the existence of a matrix

e h
H=|: ], en; = v,
0 71

such that k(m’, ' +w’) =(m, r+w)H. It follows that ¥ (4)Z =V (4’),
and thus 7 =1', where 7 =¢-+ (n1—e)j1—hj; has norm en;=v. Con-
versely, if 4 is an invertible ideal in R4, and 4’ is an invertible ideal
in Ry obtained from 7 =%', Nr =v, then A'R;=A.

Now let p be a prime. Then there are p+1 ideals (r] of norm
N7=pin R (refer to [6]). Those for which 797 =0 (mod p), Na=n/4,
are precisely the right divisors of x¢/2+7, where (x3+n)/4=0
(mod p), and thus are 14+ (—n/p) in number. Also, if 7 and 7’ are not
left associates, then 797 and 777’ are not in the same purely primitive
set [¢], from the uniqueness feature of (4.3). Thus a given purely
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primitive [7] of norm n/4 gives rise to (p+1)—(1+(—n/p))=p
—(—n/p) purely primitive sets [¢] of norm p?n/4. We obtain easily,
then, that the number N of purely primitive sets [¢] of norm nv?/4,
v>0, obtainable from a given purely primitive set [7] of norm n/4 is
given by

5.2) N =I5 i = (=n/p),

t=1

where v=27 - - - py is a factorization of v into distinct primes. Hence
we deduce Theorem 5.2 and Corollary 5.3.1 of [2], namely:

(5.3) THEOREM. Suppose A is an invertible fractional ideal in R,
whered= —n, and d’' =dv?,v>0. Let v=2p% - - - pf" be a factorization of
v into distinct primes. Then the number of invertible fractional ideals A’
in Ry such that A'Ry= A is given by (5.2).
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