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ON POINTWISE PERIODIC TRANSFORMATION GROUPS

S. K. KAUL

Abstract. Let X be a connected and metrizable manifold with-

out boundary, and (X, T) a transformation group. We prove that

if T is countable and pointwise periodic then T is periodic. This is

a generalization of a result of Montgomery, which says that if h is a

pointwise periodic homeomorphism of X onto itself then h is peri-

odic.

We give in the following a generalization of a theorem of Montgom-

ery (see [2]). For notation and terminology in the following see [l].

Throughout we denote by X a metric space with metric d, and by

(X, T) a transformation group. We also assume that T is countable.

We say that T = EA is a decomposition of T for xEX if E, A are

subsets of T, xE=x and A is compact. T is periodic at xEX if there

is a decomposition of T for x; T is pointwise periodic if it is periodic at

each point of X; T = EA is a decomposition of T for FÇX if itisa

decomposition of T for each y in Y; T is periodic if there is a de-

composition of T for X. The main result we wish to prove is the

following.

Theorem A. Suppose X is a connected manifold without boundary.

If T is pointwise periodic then it is periodic.

1. For the purposes of this article assume further that T is point-

wise periodic. If T — EA is a decomposition of T for some xEX, then

xT = xEA =xA is a compact and countable subset of X. Hence some

point of xA is an isolated point of xA, and since T is transitive on

xT, each point of xA is an isolated point of xA. Hence xA, being

compact, is finite. Let Z denote the set of all positive integers with

the order topology, and define a function <f>:X—+Z by setting, for

any xEX, xd> to be the cardinality of xT. We agree to denote a ô-

neighbourhood of xEX by U(x, $).

Lemma 1. Let xEX and T = EA be a decomposition of T for x.

Given any e>0, there exists a 6>0, such that, for any fEA, U(x, d)f

ÇI U(xf, e) and for any f, gEA, if xf^xg then U(x, S)ff\ U(x, ô)g = 0.

Proof. Let xT=xA = {x,:l ^i^n}, and 3?; be the least of all the

Received by the editors April 13, 1970.

A MS 1969 subject classifications. Primary 5482.

Key words and phrases. Transformation group, manifold, pointwise periodic,

periodic, equicontinuous, lower semicontinuous.

Copyright © 1971, American Mathematical Society

391



392 S. K. KAUL [February

real numbers {d(xi, x3) : 1 ¡g«, j^n, i^j} and e. Since A is a compact

subset of F, it is equicontinuous at x. Hence there exists a 5>0, such

that, for any/G^4, U(x, 8)fQU(xf, r])QU(xf, e). If Xi = xf^xg=x¡,
for some/, g in A, then d(xi, x,) ^3r; and therefore U(x, 8)fC\U(x, 8)g

= 0. This completes the proof.

Theorem 1. <b is lower semicontinuous on X.

Proof. Let xEX, x<p = nEZ, and xT= {xi'A ^i¿n}. Let e

= min{d(xi, Xj):l ^i,j^n, i^j}, and S>0 be as in Lemma 1. Then,

since for any yGc7(x, 5), each U(xí, e), l^i^n, contains at least

one element oiyT, ycp^n. This completes the proof.

Theorem 2. Suppose X is locally connected at xEX. If d> is con-

tinuous at x, then T is equicontinuous at x.

Proof. Let e>0 be given. Let T = EA be a decomposition of T

for x, xT= {xi'A^i^n}, and Ai= {fEA :xf=Xi], l^i^n. Since

<t> is continuous at x there exists a Si>0, such that, U(x, 8i)<p = n. Let

Ô2>0 be as in Lemma 1 with respect to e/2. Let F be a connected

open set Ç U(x, 8), and containing x, where S = min(Si, 82), and Wi

= VAi, l^i^n. Then {Wi'.l^i^n} is a disjoint family of open

sets, and the diameter of each Wi is less than e (see Lemma 1).

Let yEV, and T = FB be a decomposition of T for y. Then y^4

ŒyT = yB. Since yAiQWi, l^i^n, the cardinality of y^4^w. But

since n is finite, and y<p = n, for 8^81, we must have the cardinality

of yA =«. Hence yA=yB. Thus yT = yBÇ.\J\Wi'.l^i^n}. Since

yEV above was arbitrary, VTQ U {Wi : 1 ̂  i g n}.

Let f ET be arbitrary. Then f = ghi, where gEE and hiEAi for

some i. Since Vf is connected, and VfC\Wij¿0 and {Wi'.l^i^n}

is a disjoint family of open sets covering Vf, it follows that F/ÇIF,-.

Since the diameter of 1F¿ is less than e, for any yEV, d(yf, xf) <e.

Since V is open, it follows that T is equicontinuous at x. This com-

pletes the proof.

Lemma 2. Let xEX be a point of continuity of <p and of equicontinu-

ity of T. Then there exists a 8>0, such that, for any two points of

U(x, 8) the decomposition of T for one is a decomposition of T for the

other.

Proof. Let T = EA be a decomposition of T for x, xT =

{xill^i^n}, and Ai= {fEA:xf = Xi}, lgig». Let 2e be the
smallest of all d(xi, x¡), l^i,j^n, i^j. Then from the continuity of

<p and the equicontinuity of T at x, there exists a 8>0, such that,

U(x, 8)<p = n, and for any f ET, U(x, 8)fQU(xf, e). Let U(x, 8) = U.
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Let/G£ and yE U. If yf^y, then U(xi, e), where x,=x, contains

two distinct elements y and yf. But each U(xi, e), l^i^n, contains

at least one element of yT, and any two of them are mutually dis-

joint, implying that y<p>n. This is a contradiction since yEU.

Hence yf = y. Since yEU and fEE were arbitrary T = EA is a de-

composition for U.

Let Wi=UAi, l^i^n. From the choice of e and S above, IFi

(~\Wj = 0 if iVj, 1 ̂ i,j^n. Let/GF. Then from the decomposition

T = EA, f = hk, where hEE and kEA. But from the last paragraph

above hEE implies that h is the identity on U. Hence f = k on U.

Now if for some yEU, yf = y, then UkC\U9£0. Since UÇ.U(x, e)

and UkÇ. U(xk, e), it follows that UkQ U(x, 2e).

Hence from the choice of e, xfc=x, and consequently xf = x. This

implies that any decomposition of T for y G U is also a decomposition

for x.

The above two results imply the statement of the lemma and

complete the proof.

Theorem 3. Suppose R is a connected open subset of X on which d>

is continuous and T is equicontinuous. Then any decomposition of T

for any point of R is a decomposition for R.

Proof. For each xER there exists an t?(x) as in Lemma 2. Con-

sider the open covering { U(x, rj(x)) :xER} of R. Let y be any given

point of R, and T = EA be a decomposition of T for y. Since R is

connected, given any zER, there exists a finite set, y = xi, x2, ■ • ■ ,

x„=z such that

U(xi, r](xi)) f~\ U(xi+i, ri(xi+i)) t¿0,       iá»á»-i.

Hence from Lemma 2 it follows, inductively, that T = EA is a de-

composition of T for z. Since zER was arbitrary the decomposition of

T for y is a decomposition for R. This completes the proof.

The following is a consequence of Theorems 2 and 3.

Theorem 4. Suppose X is locally connected, and M is the set of all

points of continuity of <p. Then the decomposition of T for any point of

a component R of M is a decomposition for R. Indeed T is periodic

on each component of M.

2. Proof of Theorem A. Let M= [xEX:<p is continuous at x}.

Then M is everywhere dense in X, and since Z is discrete, it is also

open in X. Let R be a component of M. Then from Theorem 4 there

is a decomposition T = EA of T for R. Let fEE. Since T is periodic

at each point xEX, it is easy to see that / is also periodic at each
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point of X. Hence, from Montgomery's theorem [2],/ is periodic on

X. But then Newman's Theorem 1 [3] implies, since / is the identity

on a connected open set R in X, that/is identity on X. Hence T=EA

is a decomposition of T for X. This completes the proof.

Remark. Suppose T is not necessarily countable as assumed above.

Define T to be discretely periodic at xEX if there exist subsets E, A

of T, such that, T = EA, xE = x and A is finite. We say that T is

discretely periodic if there exist subsets E, A of T, such that, T = EA,

A is finite and xE = x for each xEX. Then each result in §1 above

can be proved for T which is discretely periodic at each xEX, and

consequently the following:

Theorem B. If X is a connected manifold without boundary, and

T is discretely periodic at each point of X, then T is discretely periodic.
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