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COMPLEMENTS TO SOLVABLE HALL SUBGROUPS!
ROBERT GILMAN

ABsTRACT. A Hall subgroup H of a finite group G is a subgroup
whose order is relatively prime to its index. We show that if H is
solvable and if the way prime power elements of H are conjugate
in G is restricted, then G has a quotient isomorphic to H.

Suppose H is a Hall subgroup of G. Let = be the set of prime di-
visors of the order of H. A number is 7 if all its prime divisors are in
« and 7’ if none of them are. The index (G:H) is n’. If H has a normal
complement in G, then any two elements of H conjugate in G are
conjugate by an element of H;i.e. H is ¢-closed. Taking H to be the
permutation group on four letters and G to be the one on five letters
shows that a c-closed solvable Hall subgroup need not have a normal
complement. However if H has a normal complement we also know
that for any subgroup D of H the centralizer in H of D is a Hall sub-
group of the centralizer of D. Thus we have

(1) If H has a normal complement, then H is c¢-closed and
(C(D):Cy(D)) is .

If H is a solvable Hall 7 subgroup satisfying (1), then by Proposi-
tion 1, H has a normal complement. Propositions 2 and 3 give other
sufficient conditions. From now on we assume H is a solvable Hall 7
subgroup of G.

ProposiTiON 1. If for every xEG and prime power element h&EH
such that h*=x"'hx ©H there exist elements y, - - - yx and subgroups
By - - - By satisfying

(@) x=y1 - - - yg,

(b) ¥s&B:H, the set of products of elements from B;and H,

(c) BiCC(h), B;CC(hvr-v) for 251k,

(d) (B.:Hf\B.) is ',
then H has a normal complement.

Proor. By Corollary 1 to Theorem 9 and the corollary to Theorem
10* of [2, §5] or by a transfer argument we can find N normal in G
such that HN =G, N#G. Let M =HNN, C;=B:\N. We claim that
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if x€ N, then (a) through (d) still hold if we substitute M for H and
C;for B.. Itis easy to see that (a), (c) and (d) are valid; we prove (b)
by induction on k. Since (G:N) is w, we have by (d) B;=Ci(B:N\H)
and B;H=C;H. If k=1, nEBHNN implies y:€EC1 M. If k=2, let
z2=9; - - - 1. By (b) and (c) A*EH, and so by induction y;EC;M
CN. As before y,=2"'x&EBHNN implies y,EC: M.

If we restrict k to be 1, then Proposition 1 and (1) give the follow-
ing corollary:

CoOROLLARY 1. H has a normal complement 1ff
(a) any two prime power elements of H which are conjugate in G are
conjugate in H,

(b) for any p.p. element hEH, (C(h): Cu(h)) is'.

We remark that if H is not a solvable Hall subgroup of G, but
(G:H) is w’ and the other hypotheses of Proposition 1 hold, then the
proof yields that the maximal solvable 7w quotients of G and H are
isomorphic.

COROLLARY 2 (BRAUER AND Suzuki). H has a normal complement
if

(a) any two p.p. elements of H which are conjugate in G are con-
jugate in H,

(b) any subgroup E which is the product of a cyclic p group and a q
group for p, Em has a conjugate in H. '

Proor. We show that the hypotheses imply that (b) of Corollary 1
holds. Let E be the direct product of the cyclic group generated by
k and a Sylow ¢ subgroup Q of C(k) for any ¢&r.

By (b), E=CH. Hence »*CH and h*=h* for some kEH by (a).
Taking y=xk~! we have Q*CEvCHNC(h¥) =Cyu(h). The converse
follows from the Schur-Zassenhaus Theorem.

Let H* be the subgroup of H generated by all intersections
HNH*, xée N(H). If H is normal in G set H*=H. Note that N(H)
CN(H*).

PROPOSITION 2. Suppose G=RSR for two subgroups R and S satis-
fying N(HY)CRCN(H*), HCS. If H has a normal complement in R
and in S, then H has one in G.

ProoF. We apply Proposition 1.

Suppose k, k*EH. If héE H*, then xER and by (1) we can take
y1=x, Bi=Cg(h). Otherwise x=rst, 7, tER, s&S and &', h*EH. In
this case y1=7, y2=s, ys=t and By1=Cgr(h), Bo=Cs(k"), Bs=Cr(h™).
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Because Proposition 1 refers to conjugation of prime power ele-
ments, we can apply Alperin’s results on fusion. From the definition
of a conjugation family [1, Definitions 5.1, 5.3] we obtain:

PRropOSITION 3. For each pEm pick a Sylow p subgroup H, of H
and a con]ugatwn family for H,. Let F= {(D,, T.)} be the union of
these families and the set {(H,, N(H,))}. If for each (Di, T:) EF and
hED; there exists a subgroup B; satisfying T.CB:H, B:CC(h),
(Bi:HNB,) is ', then H has a normal complement.

In particular for the conjugation family of [1, Theorem 5.1] we
have the following result:

COROLLARY 1. If for each p En and p subgroup D C H, we have
(@) (C(D):Cu(D)) is ',
(b) N(D)=C(D)Ng(D) if Cg, (D)LD,

then H has a normal complement.
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