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ON TWO PARAMETER SINGULAR PERTURBATION OF
LINEAR BOUNDARY VALUE PROBLEMS

W. M. GREENLEE!

ABSTRACT. A two parameter perturbation estimate for solutions
of a functional equation in Hilbert space is derived. The estimate
is applied to two parameter singular perturbation of elliptic
boundary value problems with homogeneous Dirichlet boundary
data.

1. Consider the boundary value problem
eAu + uCu + Bu = f = f.,,

for 0<e=e¢p and 0 =pu =po, where 4 and B are linear elliptic differen-
tial operators of respective orders 2m’>2m over a bounded domain
D; and Cis a linear differential operator of order =<2m’. The solution
u of the above equation is to be compared with the solution % of
Buo=fo where f—f, as € | 0 and u | 0. In particular, bounds of the
form Iu—uolm,p=o(ef) +o0(u?) in the Bessel potential space P™(D)
will be derived, assuming a like bound for the P~"(D) norm of f—f.

For the one parameter problem obtained by setting C=0 above,
corresponding bounds have been obtained by Friedman [4], Green-
lee [5] and Huet [8], [9]. Extensive studies in multiparameter singu-
lar perturbation theory have been carried out by O’Malley, cf. [12].
In Greenlee [6] a two parameter perturbation problem analogous to
the above, but with C a quasilinear differential operator of order
=< 2m, was considered.

In this paper a perturbation theorem for a functional equation in
abstract Hilbert space is proven. The theorem is then applied to
differential problems of the type described above. The notation and
methods of this paper are similar to those used in [5] and [6].

2. Let V and V, be complex Hilbert spaces with VC.Vy, and V
dense in V,. Denote by |v| v, (0, W)y, |v| o the norms and inner prod-
ucts in V and V, respectively. Let a(v, w), ¢(vy, w) be continuous
Hermitian bilinear (sesquilinear) forms on V and let b(v, w) be a
continuous Hermitian bilinear form on V. Further assume that:
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(1) there exists 8> 0 such that | (v, v)| 28|v|3 for all vE V,; and,
(2) for 0<e=<ep and 0=u=<p, there exist a(e, u)>0 such that
a(e, u)—0 as € | 0 and §>0 such that

| ea(v, v) + pc(v, v) + b(v, v)l = ale, u) | v|:- + 6! ”I: forallvE V.

According to a theorem of Hausdorff (cf. Aronszajn [3]) the in-
equality in (2) holds if and only if there is an angle ¢ =y (¢, u) such
that

Re{ew[ea(v, v) + uc(v, v) + b(v, v)]} = ale, u)| v I; +4|v Izo

The dependence of the angle ¥ on € and u does not seem easy to
analyze. Simpler conditions implying (1) and the inequality in (2)
are (cf. Huet [7, Theorem 1.4]) the existence of a fixed angle ¢ such
that

(i) Re(eb(v, v)) 2B|v|3

(ii) Re(e**¢c(v, v)) =0, and

(iii) Re{e* [ea(v, v) +b(v,v) |} Zk(e)|v|¥, k(e)>0.

For differential problems (i) and (iii) are strong Girding type in-
equalities.

Let Vg be the antidual of V,, and let Ley,=L, 0<eS€, 0= =,
and L, be given in V;. It follows from the Lax-Milgram lemma that
the equation

3) b(uo, v) = Lo(v) forallv €V,

has a unique solution %,& V,. Similarly denote by x the unique solu-
tion in V of

4 ea(x, v) + uc(x, v) + b(x,v) = Lo(v) forallv EV,
and by # the unique solution in V of
(5) ea(u, v) + pc(u, v) + b(u,v) = L(v) forallv E V.

In each of (4), (5) itis assumed that 0 <e=epand 0 =pu = pu,.

Asin [5, p. 142], let @ be the operator in V, associated with a(v, w)
relative to b(v, w), i.e., @ is defined by b(Gv, w) =a(v, w) for all W&V
on D(@) = {vE€ V:w—a(v, w) is continuous on V in the topology of
Vo}. @ is a closed densely defined operator in V, (cf. [5, Propo-
sition 2.1]). Moreover, D(@), provided with the graph norm
(|v|3+]| @v|3)V2, is a Hilbert space, Vi, which is dense in V and whose
norm and inner product will be denoted by |v| 1, (9, W), respectively.
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The interpolation spaces by quadratic interpolation between V; and
Vo will be denoted by V,, 0=<7 =1, (cf. Lions [10]) with norm lvl,.

Now let C be the operator in V, associated with c¢(v, w) relative to
b(v, w) and assume that

(6) D(C)DD(@), and

(7) there is a yE€[0, 1] and 2> 0 such that

| Cvlo = k| 0|, forallv €V, = D(@).

It follows from (6) that for e (0, o] and u€ [0, o], €@ +uC+1 is the
operator in V), associated with ea(v, w)4uc(v, w)+b(v, w) relative to
b(v, w). Furthermore, e@4+uC+1 is a closed operator in V,y which is
a topological isomorphism of its domain, D(@®), onto V,.

For a real valued function g(e, n) the notation g(e, u) =o0(e) +0(u)
will signify that |g| is dominated by the sum of a function of e which
is o(¢) as € ] 0 and a function of u which is O(u) as u | 0. Then the
following rate of convergence theorem describes the behavior of «
(and x) ase | 0 and u | 0.

THEOREM. Assume hypotheses (1), (2), (6), (7) and let uo, u be the
solutions of (3), (5) respectively. Then one has:

(1) #f uweEV1=D(Q) and ”L—-Lo” =0(e) +0(u), then |u—uolo
=0(e) +0(u);

(i) if YE[0, 1) and for fixed rE [v, 1), ueEV, and |[L—L|| =o(¢")
+O0(u), then |u—uo|o=0(e) +0(u);

(ili) if for fixed TE[0, v), ue€EV, and HL-—LoH=o(ef)+o(,u’/"),
then Iu—uo! o=0(€") Fo(ur').

ProoF. Subtraction of (4) from (5) yields
ea(u — x,9) + pc(u — x,0) + b(u — 2,v) = (L — Lo)(v)
for all »E€ V. By letting v=u—x it follows from (2) that
alew)|u—aly+8|lu—axlo<||L—Lj | u—x|o
Hence |u—x|o=<(1/8)||L—Lo||, and so V
®) | 4= wolo = A/DIL = Lol + [ 2 — uolo

It is thus sufficient to prove that (i)—(iii) hold with u replaced by x.
For this purpose observe that by (4), (6) and the definitions of @
and C, x is the unique solution in Vi=D(@) of

© (€@ + pC + Dz = u,.
Now with A=@*@+1 and S=AY?, (eS+uS*+1I)"! is a bounded
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linear operator on V. Let y be the unique solution in D(S) =D(Q) of
(10) (65 + wS*+ D)y = u,.
An estimate of the form

| # — uo| o < (constant) |y — ug| o, €€ (0, &), u€ [0, nol,

will now be derived.
First observe that by (2) and (6), if M is a bound for b(v, w) then

(1) (@ + uC + D100 = (M/0)[0]e, vE Vo
Also, by the definitions of @ and S,

(12) |as—|o= |v]ey v EV,,

and it follows from (7) that (since IvI =] S"v[ 0)

(13) s mlo 2 k|v]e, v E V.

Now, (9) implies that
x = uy — (e@ + pC)(e@ + uC + I)7u,
and by (10)
y = uo — (5 + uS") (S + uS* + I)"uy,
S0
£— o= (eQ@+uC) (e@+uC+I)"H(SHuST+I)(S+nS") " (y—u0).
Thus, using (11)-(13), '

e — w0 |6 = |(e@+1C)(e@+nC+I)~(y—u0) |o

+ |(e@+1C) (e@+uC+I)~1(S+uST) " (y—u0) |o

= | y—uo— (e@+uC+I)"(y—u0) |o
+ | (e@+C+I)~1(e@+uC) (eS+uS") "1 (y—0) |o

(14) <[1+M/8)] | y—uo|oF (M /) | @S eI +uS™Y) " (y—u0) |o

+ (uM /5) | CS=1(6S™7+uI) " (y—u0) o

< [1+(M/8)]| y—uo o+ (M /) | (I +uST1) = (y—20) o
+ (ukM/5) | (57 +uI)~ (y—uo) |0

<1+ &+2)M/8] | y—woo.

It remains o estimate |y —uo|o. Let o€V, with 7€[0, 1] and let
E be the resolution of the identity for the selfadjoint operator S. Then
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|3 = tofo= | [(S+uS"+ D7 = Iualg
* (At )

= | s (B@u,

fo (ex + pAY + 1)2 (E(dN\)mo, %0)o

< 27 “ 27 (e>\)2_27
=< 2 A m (E(d\)uo, 0)o
0

2 2'y
r2f i (B @, e

Now uoE V,=D(S") if and only if [§ N (E(dN\)ue, %o)o< ©. So by
Lebesgue’s dominated convergence theorem, the first term on the
right-hand side is O(e?) if =1 and o(e¥) if 7<1, and if T=v the
second term is O(u?). If 0 =7 <+ the second term on the right-hand
side is dominated by

2,2l w)\zf (uh7) =2 ]y . |
* 0 (uAY + 1) @r—2y ( Uo, Uo)o

which is o(u?/7). The theorem follows from (8), (14), and these esti-
mates.

Observe that an explicit estimate for |#—uo|o in terms of given
parameters, |%o|,, and |#o|, is obtainable from the proof of the
theorem.

3. The preceding theorem will now be applied to singular perturba-
tion of elliptic boundary value problems with homogeneous Dirichlet
boundary conditions. The terminology of the theory of Bessel poten-
tials will be used (cf. Aronszajn and Smith [2], and Adams, Aronszajn
and Smith [1]).

Let m’ =1>m be nonnegative integers and let D C R* be a bounded
domain of class C?™'. Recall that for such domains and any a20 the
Bessel potential spaces P*(D) and P*(D) coincide up to equivalent
norms (cf. [1]). Denote the closure of Cg (D) in P*(D) by P&(D) and
the antidual of Pg(D) by P~*(D). P~*(D) can be realized as a space
of distributions on D. For v, wE P (D), let

o(v,w) = 2 a:j(x) Dy Dawdx

Il,lilsm’ ¢ D

with a;;E€C'¥(D) and

c(v,w) = > ¢ij(%) DjpDswdzx

li,1jl=t ¥ D
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with ¢;EC(D). For v, wEP™(D), let

b, w)= > bij(x) DjvDswdx

Ish.1jlsm v D

with b;;E€CVI(D).

Let feu=f, foEP~™(D) and let |v I.,,D, (v, w)a,p denote the norm
and inner product in P2(D) respectively. Let V=P% (D), Vo=P%(D)
and assume that (1) and (2) hold. It follows that there is a unique
solution ¥ E P (D) of

ea(u, v) + pc(u,s) + b, v) = (f, v)—mp = L), vEPF(D),
and a unique solution u(&E Py (D) of
b(uo, v) = (fo, ©)-mp = Lo(®), 2EPHD).

According to [5, Proposition 6.1 and Theorem 6.2], Vi=D(Q)
is P?-m(D)N\Pg(D) with an equivalent norm and, for 0=57<
1/4(m’' —m), V, is Pmt2m’'=mr(DYN\PF(D) with an equivalent norm.
Similarly, D(C)DP2m(D)N\Py(D) and C maps P-m(D)N\P4(D)
into Pg(D) continuously. Thus (6) is satisfied and so is (7) with
vy =(l—m)/(m’—m). Moreover, for any 8€ [0, 1/2), if fo&P-™+(D)
then u,EP»H(D)NPF(D) (cf. Lions and Magenes [11]). Hence it
follows from the above theorem that if € [0, 1/2), fe&P-"+(D),
and | f—- fOI —m,p=0(&12m'=m)) | o(y8/2G=m))  then

I U — %o lm,D = o(/2m'—m))  o(ud/20-m)),

The theorem also applies to other differential problems with
smooth boundary conditions for which the conditions (6) and (7) are
satisfied.
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