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PSEUDO-COMPLEMENTS IN POSETS!
P. V. VENKATANARASIMHAN

ABSTRACT. In this paper a theory of pseudo-complements is
developed for posets (partially ordered sets). The concepts of ideal
and semi-ideal are introduced for posets and a few results about
them are obtained. These results together with known results about
pseudo-complements in distributive lattices lead to the main re-
sults. It is proved that if in a pseudo-complemented semilattice or
dual semilattice every element is normal, then it is a Boolean
algebra. Using this result new proofs for two known theorems are
obtained. The existence of maximal ideals in posets is established
and it is shown that the dual ideal of dense elements of a poset
with 0 is the product of all the maximal dual ideals.

Already, there exists a theory of pseudo-complements for lattices.
Frink [5] has obtained a generalisation of the theory for semilattices.
In this paper we extend some of the results of Frink [5] and Bala-
chandran [1] to posets (partially ordered sets). We obtain these
extensions by using the concept of semi-ideal, which we define in §2.

This paper consists of three sections. In §1 we summarise some
known results which we use in later sections. §2 deals with some of the
properties of semi-ideals and ideals in posets. Our definition of poset
ideal is different from that introduced by Frink [4]; however in a
lattice our definition is equivalent to the usual definition. Using the
results obtained in §2, we develop a theory of pseudo-complements
for posetsin §3.

1. Preliminaries. We shall denote the ordering relation in a poset
by =.

Let A= {a;IiEI} be a subset of a poset P. Then the least upper
bound (l.u.b.) and the greatest lower bound (g.l.b.) of 4 are also
called the lattice-sum and the lattice-product of the a,; they are
denoted by D :er a; and ILier a: respectively. When 4 is finite, say,
A= {al, as, - - - ,a,,},the lattice-sum and the lattice-product of the a;
are denoted by a1+as+ - - - +a, and a1- . . . -a, respectively. The

Received by the editors February 3, 1970.

AMS 1969 subject classifications. Primary 0620; Secondary 0630, 0635.

Key words and phrases. Poset, lattice, semilattice, Boolean algebra, ideal, semi-
ideal, complement, relative-complement, pseudo-complement, quasi-complement,
normal element, dense element.

1 This paper is a part of the author’s Ph.D. thesis prepared under the guidance of
Professor V. S. Krishnan and Professor V. K. Balachandran.

Copyright © 1971, American Mathematical Society

9



10 P. V. VENKATANARASIMHAN [April

least and greatest elements of a poset, when they exist, are denoted by
0 and 1.

A subset of a lattice L which contains the lattice-sum in L in every
pair of its elements is called an additive subsystem of L. A multi-
plicative subsystem is defined in a dual fashion. A subset of a com-
plete lattice L is called a Z-subsystem of L if it contains the lattice-
sum in L of any number of its elements. Dually we define a II-sub-
system. A subset of a complete lattice L which is both a Z-subsystem
and a Il-subsystem is called a complete sublattice of L.

In a lattice L, a sum Eiez a; is said to be distributive if for every
belL, b'zie[ ai=2 cr b-a:. A latttice in which every sum is dis-
tributive is called a Z-distributive lattice. II-distributively is defined
dually.

We shall denote the pseudo-complement of an element a in a lattice
L by a*. The pseudo-complement of a* will be denoted by a**, that of
a** by a*** and so on.

LEMMA 1 [2, p. 49]. If P is a poset with O in which every nonvoid
subset has a l.u.b. (or dually) then P is a complete lattice.

LEMMA 2 [2, p. 148]. In a distributive lattice L closed for pseudo-
complements, the following results hold :

(i) a=a** for everyacL.

(ii) a =b=a*=b* fora,b&L.

(iii) a*** =a* for everya &L.

@iv) (a+b)* =a*-b* for every paira,b& L.

) (@a-b)*=(a*+b*)** for every paira, bEL.

(vi) (a-b)** =a**-b** for every paira,b& L.

(vii) The set N of normal elements of L forms a Boolean algebra under
the same ordering relation as in L. Further N is a multiplicative sub-
system of L and the lattice-sum a®b of any pair a, bEN is given by
a®b=(a+b)**.

REMARK. By finite induction the results (iv), (v) and (vi) of the
above lemma can be extended to any finite number of elements.

LEMMA 3 [3]. 4 set S is a Boolean algebra if and only if it is closed
under a binary operation (-) and a unary operation (*) satisfying the
following postulates:

(1) a-a=aforeveryaES.

(ii) a-b=>b-a for every paira,bES.

(iii) a-(b-c)=(a-b)-cfor everytriplea, b, cES.

(iv) There exists an element 0 in S such that a-b*=0<a-b=a for
a,bES.
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LEMMA 4 [2, p. 147]. A Z-distributive complete lattice is closed for
pseudo-complements.

2. Semi-ideals and ideals. A nonnull subset 4 of a poset P is
called a semi-ideal if aEA4, b<a (bEP)=bEA. A nonnull subset 4
of P is called an ideal if (i) 4 is a semi-ideal and (ii) the lattice-sum of
any finite number of elements of 4 whenever it exists, belongs to 4.
Dual semi-ideal and dual ideal are defined dually. The set of all
elements x of P such that x <a for some fixed a EP forms an ideal of
P. Itis called the principal ideal generated by @ and is denoted by (a].
Dually we have the notion of the principal dual ideal [a) = {xl x=a }
By a maximal ideal (maximal dual ideal) of a poset with 0 (1) we
mean a maximal element of I, (1) (for the definitions of I, and I, see
Theorem 2).

In this paper, set-inclusion, set-union and set-intersection will be
denoted by C, U and N respectively.

The following result is easily proved.

THEOREM 1. The set S, of all semi-ideals of a poset with 0 is a com-
plete Z, Il-distributive lattice under < as ordering relation. If A
= {A;I iEI} is any subset of S,, Uier A: and Nier A; are respectively
the l.u.b. and the g.1.b. of A. Similar result holds for the set S, of all dual
semi-ideals of a poset with 1.

COROLLARY. S, is closed for pseudo-complements and quasi-com-
plements.

The above result follows immediately from Theorem 1, Lemma 4
and its dual.

The psuedo-complement of a semi-ideal 4 in S, is denoted by A4 *.
It is easily seen that A*= {x|(x]N\(a]=(0] for every a€4}. Since
the set-intersection of any family of ideals of a poset P with 0 is an
ideal and P itself is an ideal of P the following theorem is clear from
Lemma 1. '

THEOREM 2. The set I, of all ideals of a poset P with 0 is a complete
lattice under set-inclusion as ordering relation and I, is @ multiplicative
subsystem of S,.. Similar result holds for the set 1, of dual ideals of a
poset with 1.

We shall denote the lattice-sums in I, by the symbol /.

LEMMA 5. In a poset P, a lattice-product H,'ez a; (lattice-sum
D ier ai) exists if and only if Nier (a:] (Nier [as)) is a principal ideal
(principal dual ideal). Also whenever [| a; & a.) exists N(a:] =] a:]
(N[as) =2 a2)).
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Proor. Suppose [ ] a; exists. Then clearly (] ¢:]<N(a:]. Also if
xEN(a;], then x<a; for every 1€I and so x<]] a:. Hence N(a:]
(T as]. It follows that N(a:] =T a:].

Conversely, if N(a:] = (x], then x Za; for every i€ 1. Also if y=<a:
for every i€1, then yEN(a;] = (x] and consequently y <x. It follows
that]] a:exists and ][] a;=x. The second part is proved along similar
lines.

LEMMA 6. In a poset P a finite lattice-sum ar+as+ - - - +an (@
finite lattice-product ar-as- . . . -a,) exists if and only if (a1]V (a:]
V- V@] ([a) VeV - - - Vaw)) is a principal ideal (principal
dual ideal). Also whenever a14a.+ - - - +a, (@1-62- . . . -a,) exists
@]V@]V - - - V]=@+tat - +a.] (a)V ][V - - - Vaa)

=la1, az- . . . -a.)).

ProOF. Suppose ai1+as+ - - - +a, exists. Since ai, a3, - - -, @a
E@]V(@]V - V@l atat - - +a.E@]Vie]V - --
V(a.]. Clearly (a1]V (@:]V - - - V(a.]S(a1+a:+ - - - +a.]. Hence
(@]V(a]V - - - V(@.]=(a1+a;+ - - - +a.]. Conversely, if (a1]

V(a:]V - - - V(a.]=(x], then clearly x=ai, as, - - -, an. Also, if
yZay, as - - -, @, then y2(a1]V(@:]V - - -V (an]=(x] and so y 2.
It follows that a;+a:+ - - - +a, exists and a1+a;+ - - - +a,=x.

The proof of the second part is similar.

THEOREM 3. Given an ideal (a dual ideal) A of a poset P and an ele-
ment b&E A (bEP), among all ideals (dual ideals) containing A and not
containing b there exisis a maximal one.

PRrOOF. It is easily seen that the set-union of any totally ordered set
of ideals (dual ideals) is an ideal (a dual ideal) and is the l.u.b. of the
set. Hence the result follows by Zorn's lemma.

COROLLARY. Any ideal (dual ideal of a poset P with 1(0) is contained
in a maximal ideal (maximal dual ideal).

Taking b=1 (b=0) in Theorem 3, we get the corollary.

3. Pseudo-complements in posets. An element a of a poset P with
0 is said to have a pseudo-complement a* in P if there exists in P an
element a* such that (i) (@]N(e*]=(0] and (ii) for bEP, (a]N (6]
=(0]=(b]< (a*]. It is clear that the pseudo-complement of an ele-
ment, whenever it exists, is unique. A poset is said to be closed for
pseudo-complements if it has 0 and every one of its elements has a
pseudo-complement. The concept of quasi-complement is defined in an
obvious way using principal dual ideals. An element a of a poset P
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with 0 (not necessarily closed for pseudo-complements) is said to be
dense if a* =0. Clearly this means (¢ |\ (] =(0]=(b] = (0], for bEP.
As in a lattice, an element a of a poset P closed for pseudo-comple-
ments is said to be normal if ¢ =a**. The notions of dually dense
element and dually normal element are defined in a dual fashion.

REMARK 1. From Lemma 5 it is clear that our definition of pseudo-
complement coincides with Frink’s definition in a semilattice.

REMARK 2. There exist posets closed for pseudo-complements
which are neither lattices nor semilattices. The poset represented by
the diagram given below is an example of such a poset.

1
¢ f
b e
a d
0

LeMMA 7. In a poset with O the pseudo-complement a* of an element a
exists if and only if (a|* is a principal ideal. Further whenever a* exists

(@]*=(a*].

PRrROOF. Suppose a* exists. Then by definition (a]N(a*]=(0].
Hence (a*]< (a]*. Now, if xE(a]*, then (a]N\x]S(@]N(a]*=(0]
and so (x]< (a*] by the definition of a*. Consequently (a]*C (a*]. It
follows that (a ]* = (a*].

Conversely, if (a]*=(b], then (a]N(]=(0]. Also, if xEP and
(@]N(x]=(0], then (x]<(a]*=(]. It follows that a* exists and
a*=b.

THEOREM 4. In a poset P closed for pseudo-complements, the follow-
ing results hold:

(i) a=Za** for everya EP.

(ii) a =b=a*=b* fora, bEP.

(iii) a*** =a* for every a CP.

(iv) P hasa greatest element 1 and 1 =0*.

ProoOF. (i) Since a** is the pseudo-complement of a* and (a*]
N(@**]=(0] = (a*]N(a] the result follows from the definition of a**.
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(i) a<b=(@]Z(®]=(a]*D((®]* (applying (ii) of Theorem 2 to
S.). Hence by Lemma 7, a £b=a* 2 b*.

(iii) Replacing @ by a* in (i) we get a* =a**. Also asa <a** by ()
a* Za*** by (ii). Hence (iii).

(iv) If x is any element of P, clearly (0]N\(x]=(0] and so by the
definition of 0%, (x]Z(0]* = (0*]. Hence x <0* so that 0*=1.

THEOREM 5. In a poset closed for pseudo-complements the following
results hold:

() If a finite product a1-as- . . . -@, exisis in P, then so does the
productay™-ay*- . .. -ay*. Further
sk kk sk sk
(@1°a2° ... @) =a1 "Gz ... @
* %k *%k *%k %k
and (a1°a2° ... @) =(a1 ‘G2 ... ) .

(i) If a sum D ier a; exists in P then the product | [icr a exists in P
and Q_ a)*=]] .

Proor. (i) By Lemma 7,
((@1-az- . . . - @)*™] =(a1-az- . . . - @ )* = (@] N (@] N - - -N(a.])**
(by Lemma 5)

=@ N @ N - O]
(by (vi) of Lemma 2 applied to S, and the remark under Lemma 2)
=@ N @ 1N Na"]

(by Lemma 7). By Lemma 5 it follows that a;*, a;*. ... -a)*
exists and (a1-@s- . . . -@.)¥*=a;*-a;* . .. -a)*. Hence by (iii) of
Theorem 4,

(a1az-. .. - a)* = (ai*-as**- ...  a}"*

(i) Now Z a;=Za; for every 1€1 and so by (ii) of Theorem 4,
(E a)*=Za; for every iEI. Also if xEP and x<Za; for every 1E€1,
then a;<a/*<x* by (i) and (ii) of Theorem 4 and so Y a;<x*.
Hence by another application of (i) and (ii) of Theorem 4, we get
x=<x**< (> a)*. It follows that [] a;" exists and [] a)=C_ ai)*.

THEOREM 6. Let P be a poset closed for pseudo-complements. If a
subset N of normal elements of P is closed for pseudo-complements, con-
tains 0 or 1 and is a semilattice or a dual semilattice, then N is a Boolean
algebra.
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PRoOOF. Let N be a semilattice satisfying the other conditions. In
view of Lemma 3, it suffices to prove that a-b*=0<a-b=a for
a,bEN. Now if a-b*=0, thena Zb**=basb&EN, and soa-b=a. On
the other hand, if a-b=a, then a-0*=a-b-6*=a-0=0. Thus a-b*
=0=a-b=a.

Now suppose N is a dual semilattice satisfying the other conditions.
Definea-b=(a*+b*)*, 4+ denoting the lattice-sum in N. Then as N is
closed for (*) and (+), a-bEN. Also a=a**= (a*+b*)* by (ii) of
Theorem 4 as a* <a*+b*; thatis a=a-b. Similarly b=a-b. If xEN
and x <a, b, then by (ii) of Theorem 4, x* Za*, b* and so x*=a*+5b*.
Consequently as x&N, by (ii) of Theorem 4, x=x**=<(a*+4b*)*
=a-b. Thus it follows that a-b is the lattice-product of @, b in N.
Hence the result follows by the first part.

REMARK. The above theorem is a generalisation of the following
theorem of Frink [5]: The normal elements of a semilattice closed for
pseudo-complements form a Boolean algebra.

COROLLARY. If in a semilatiice or a dual semilattice S closed for
pseudo-complements, every element is mormal, then S is a Boolean
algebra.

The following theorem is due to Varlet [7], but the proof given here
is different from his proof.

THEOREM 7. A uniquely complemented lattice L which is also closed
for pseudo-complements is a Boolean algebra.

ProoF. Let a €L and a’ the unique complement of a. Thena-a’=0
and so @’ <a* where a* is the pseudo-complement of @ in L. Hence
a-+a*=1. Similarly a*+a**=1. Also a-a*=0=a*-a**. Thus ¢ and
a** are complements of a*, and so, as L is uniquely complemented
a=a**. Now the result follows by the corollary to Theorem 6.

We give below a new proof of a known theorem (cf. [6]).

THEOREM 8. A uniquely complemented lattice L which is also rela-
tively complemented is a Boolean algebra.

ProoFr. Let e &L and b an element of L such thata-b=0. Letc be a
complement of a+b in [b, 1]. Clearly a<a-+b and b=<c. Hence
a-c=a-(a+b)-c=a-b=0 and a+c=a+b+c=1. Thus as L is
uniquely complemented, ¢ is the unique complement of @ and so it is
independent of b; that is, if x is any element such that a-x =0 then
x=c. Hence c=a*. Thus L is closed for pseudo-complements. Now
the result follows by Theorem 7.
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LemMA 8. If {A:|iE1} is a family of ideals of a poset P then
Vdi={z] (]S @a] V @a] V - -V (@al, i € 4u}.

A similar result holds for dual ideals.

The proof of the above lemma is similar to that of the correspond-
ing result for lattices.

The following theorem generalises the corresponding result for
lattices, due to Balachandran [1].

THEOREM 9. The set D of all dense elements of a poset P with 0 is a
dual ideal of P. Further D is the product of all the maximal dual ideals
of P.

ProoF. For proving this, first we observe that x€ D& (x]*=(0].
Now suppose x ED, xENM,, M; being the maximal dual ideals of
P. Then x& M, for some maximal ideal M of P. Hence M\/ [x) =P

and so by Lemma 8, there exist elements a1, @y, + + -, ¢.EM such
that [0)C[x)V [a)V [a:) V - - - V[a,). By Lemma 6, it follows that
x-@1-0s- . .. -a,=0. Consequently (a:1]V(a:]V - -+ V(@.]Z(x]*
=(0] as xED. Hence by Lemma 5,a:-a;- . . . -a,=0 which is absurd
as a1+ @z . . . -a,&M#P. It follows that x€NM; and so

6)) DCNM..

On the other hand, if x¢E D then (x]*>#(0] and so there exists an
element y (#0) in P such that (x]"\(y]=(0]. By Lemma 5, x-y =0.
Since y#0, by the corollary to Theorem 3, there exists a maximal
dual ideal M such that yEM. As x-y=0, x& M. It follows that
x€NM;and so

2 NM; < D.

The second part of the theorem follows from (1) and (2). Since the
intersection of any family of dual ideals is a dual ideal, the first part
follows from the second.
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