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ON DIFFERENTIABILITY OF MINIMAL SURFACES
AT A BOUNDARY POINT!

TUNC GEVECI

ABSTRACT. Let F(3) = {u(3), v(z), w(z)}, |2 <1, represent a
minimal surface spanning the curve T': { U(s), V(s), W(s)}, s being
the arc length. Suppose T" has a tangent at a point P. Then F(z) is
differentiable at this point if U’(s), V'(s), W'(s) satisfy a Dini con-
dition at P.

Let T be a closed rectifiable Jordan curve in Euclidean 3-space, and
let F(z) = {u(z), v(2), 'w(z)}, defined in the disk {z:lz[ <1} z=x+iy
=re%), represent a generalized minimal surface spanning T, i.e.

(i) u(z), v(2), w(z) are harmonicin I z| <1and continuousin [zl =1;

(ii) x,yare isothermal parametersin IzI =1,ie.

2 2 2 2
O IRFim el R
(2) F.-F,: = uu, + v0, + w,w, = 0;

(iii) F(e®?), 0=<6<2m, is a homeomorphism of [zI =1 with I".
The components %, v, w of the vector F are the real parts of analytic
functions in |z| <1:

Mz) = u(z) + iw*(z), n(z) = v(z) + iv*(2), v(z) = w(z) + w*(2).

Recently various theorems dealing with the boundary behavior of
conformal maps in the plane have been extended to minimal surfaces
by J. C. C. Nitsche [2], D. Kinderlehrer [1], S. E. Warschawski [3],
and other authors. Nitsche’s paper contains a survey of prior work on
the boundary behavior of minimal surfaces. The purpose of this note
is to present a local result concerning differentiability of minimal sur-
faces at a given point on the boundary. In fact, our result extends a
theorem of Warschawski on conformal mapping in the plane, namely
Theorem 1 in [4].

THEOREM. Suppose { U(s), V(s), W(s)} denotes the parametric repre-
sentation of T in terms of arc length. Assume Py= { U(so), V(so), W(so) }
is a point of T and that T has a tangent at Py, i.e. U'(so), V'(s0), W' (s0)
exist.?
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Suppose that there exists a mnondecreasing, continuous function
w(t)20,0=t=a (¢>0), such that

f:git—)dt<oo

and
| U'(s) — U'(s))| S w(]|s—so]),
| V/(s) = V'(so) | S w(]s—s0l),
| W'(s) — W(s))| So(]s—sl),

for all points {U(s), V(s), W(s)} in a neighborhood of Py at which

U'(s), V'(s), W'(s) exist.?
Let F(e®)=Py. Then
. A3 — (20
lim ————

z—z0 Z — %

=XN(z0) (20 =e%)

exists for unrestricted approach in | z[ =1 (z#20), and
lim A'(2) = N (20)

z2—2zo

for z in any Stolz angle with vertex at zo. The same holds for u(z) and
v(z).4

Proor. Without loss of generality we may assume U’(so) =1,
V’'(so) =0, W'(s¢)=0. Under the conditions of the theorem War-
schawski proved the following facts (see [3, Part II, §§2-7]):

There is an interval [0y, 6;] containing 8, in its interior, a constant
a>1, and a sector S= {z=re?:0<r<1, 6,<0<0,} such that, if ¢(¢)
maps || <1 conformally onto S (¢(1) =e®) and

)

= Loglou+ ) ol = Loglhu+a] (= 3*(3'0#))
then lim;.; Im f({) exists for unrestricted approach in | ¢ | =<1 as
well as lim,;; f(p) =f(1). The same holds for ig=1[us/MNe+a)]o e
=i [@s/(o+e) ] and ih=i- [va/No+a) | oo =1- [/ Ae+a) |.¢ Let B(5)

3 It should be noted that under the hypotheses of the theorem one can show the
existence of a subarc vy containing Py in its interior and having the following property:
As Sc(P1P3)~ where ¢ is a constant, ¢>1, As is the length of the subarc of y between
P,, P;E+~, and (P, P3) is the chordal distance.

4 The author wishes to express his indebtedness to the referee for his remark
simplifying the statement of the theorem.

5 Isothermal relations (1) and (2) are essential in obtaining these results.
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=&,({)+i®,({) (@®1=Re ®, &,=Im &) be holomorphic in |{| <1.
Assume

3) lim ®(p) = ®(1) = &:1(1) + i®9:(1)
ptl
exists, and
) lim @5(¢) = ®(1)
-1

for unrestricted approach in [§‘| <1. Then by a theorem of War-
schawski [5, p. 315, Theorem II] one has

1 0
B) @) lim — | {exp[®(e®*) — ®(1)]}et dt = 1
1-0 1 Jo
and
1 )
(6) (ii) lim— | {exp[®i(e*) — ®:1(1)] — 1} dt = 0.
n—0 1) 0

Also, it is readily seen from the proof of this theorem that

There exists a subarc ¥ of ]; ] =1 with midpoint ¢{=1
(iii) such that lim,y; ®(peit) =B (e™) exists for almost all e*E 7,
®(e™) is integrable along ¥, and

(M (v) 1im—1— f ' | ®(eit) — &(1) |2 dt = 0.
70 7 0

Since ¢’(¢) #0, we can define log ¢'({) as a single valued analytic
function in |§‘ | <1. By our remarks at the beginning, ®0(¢) =f({) +
log ¢’ (¢) satisfies (3) and (4) and we can apply (5) to ®4(¢) to obtain

1
lim — | {exp[Log(Re(eit) + @) + log ¢'(e')

=0 7 v o
— Log(hs(1) + @) —log ¢’ (1)]}eit dt = 1

which implies

L[ Gule) + o)

lim—

o1 Jo (e(1) + a)e’(1)

dt = 1.

Letting ¢(e™) =¢®* and changing the variable of integration (p(e*)
=¢%) we readily obtain
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E()\,(c") + a)e? df = (Ng(e?°) + a)e.

@®) Elf-'r?o E— 6V,
Now,
em[W“) - x(w”o)]

1 ¢ 1 H
= —— | Xe(e®)(e? — e®) df + f)\e"’e"do,
o) e — e ao o | e

0

since N(e®) is absolutely continuous [3]. By (8), the second term in (9)
approaches the limit Ag(e®)e®, and the first term approaches 0 as
£—0,, since

ot — odo|

1 ¢
—l‘E——o—rf l )\o(e"’) l I e¥o — e"’] de = l )\o(e"’) I do
— Vo 6y

- 00 0y
and Ng(e?) is integrable. Therefore,

(10) lim Me®) — Me™) = Do(e?).
E—00 &— 6o

From (10) it follows that

Ae?) — \(e¥o
(11) hm M = )\’(eiﬁo)
PN e — gifo

exists.

The function (A(z) —N(e*))/(z—e*) is holomorphic in |z| <1 and
by (11) and by the fact that A(2) is continuous on Iz[ =1 it is bounded
on | z| =1. The continuity of AM(z) in | 2| <1 also ensures that

M=o( ! ) for [z <1.

g — e | 3 — e

Therefore, by a theorem of Phragmén-Lindelsf
((A(2) = N(e®))/(z — €™)
is bounded in | z| <1. Hence, by a theorem of Lindelsf,
A(z) — A(eo
lim ___—(z) (e™) = N (e#)

tet®o g — gif0

for unrestricted approach in |z| 1. The second equation,
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lim,.., A'(2) =N'(20) in any Stolz angle with vertex at z, is a well-
known consequence of the first.
We can apply (7) to Z(¢) and obtain

1 it 1
(12) im L [ _ ﬂf(e ) m()
Mle) +a A1) +

70 7

2

dt = 0.

Also, we can apply (6) to 2f(¢) and conclude that

No(ett 2
(13) lim "{ M) Fa)® 1}» dt = 0.
= 7 J0 UN(1) + @ .
Thus,
1 L]
(14) l—l—f l No(e®) + alz dt <M,
n 0

for ln| =<mnoand some constant M.
By Schwarz's inequality,

1 L]
— [ e Go0) + @) — B Rule) + )|
nvo

o QS L)

1 1/2
(13w + b= [t + dt) ,
N Yo

B m()
Xa(e“) +a XQ(I) + a

(12), (14) and (15) imply
1

L]
(16) lin; — | | Be(e®) (A1) + @) — Bo(1) (Ro(e™) + )| dt =
=0 N Jo
Since ¢’(¢) is bounded in a neighborhood of { =1, we also have

an lim — f | Ba(e®) ho(1) + ) — A1) (r(e®) +a) | | &(e%)] dr=0

Changing the variable of integration, as in the case of N\s(e*®), one
concludes from (17) that

(18) lxm

f | ua(e®) (ho(e®) + ) — ws(e™) ha(e®) + )| d6 = .

Thus,
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14
(oe#) + o) lim —— [ (%) do
§2008 — UpV gy
(19) e
= pp(e¥°) lim (s(e®) + ) db.
E0008 — Up gy
By (10)
&
(20) lim (Me(e?) + a) db = Ne(e?) + a,
E"’o°£_ 0 8y
and N(e®) +a#=0.

Therefore (19) and (20) imply

(21) lim

€-—*00£ - 00

¢
f uae®) d0 = pa(e™).
o

From (21) one infers that

. u(2) — u(e™)
lim —mM8M—

2o g — g

exists for unrestricted approach in | zI =1, exactly the same way as we
showed this limit exists in the case of A(z). We deal with »(z) in a
similar fashion.

It should be noted that one may assume only the subarc ¥ to be
rectifiable and obtain the same result with slight modification of our
proof.
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