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QUOTIENTS IN NOETHERIAN LATTICE MODULES
J. A. JOHNSON!?

ABSTRACT. In this paper we obtain a generalization of the fact
that if M is a maximal (proper) ideal of a Noetherian ring R, then
the ring M/MA is a vector space over R/M for all ideals A4 of the
ring R.

1. Introduction. In a recent paper [1] Bogart proved the following
result ([1, Theorem 3.1]):

(1.1) A lattice L may be represented as a Noetherian lattice with
the trivial multiplication if and only if L is a finite-dimensional
modular lattice in which every element except the unit element is a
join of atoms.

Among other things, he wanted to use this result to prove a gen-
eralization of the well-known fact that if M is a maximal (proper)
ideal of a Noetherian ring R, then the ring M/MA is a vector space
over R/M for all ideals 4 of the ring R. His generalization stated
that if M is a maximal (proper) element of a Noetherian lattice, then
the quotient sublattice 4/MA is a complemented modular lattice
for all 4 in L. The proof given is valid for local Noetherian lattices,
and the hypothesis that L is local, or at least that 4 <M, is used in
line 4 on p. 133 of Bogart’s paper. Bogart did in fact intend for L to
be local in his theorem. In this paper we show that this hypothesis is
needed in order to use Bogart’s construction to prove the theorem,
and show that an equally simple method does suffice to prove the
theorem. We then develop enough of the theory of Noetherian lattice
modules to use methods analogous to Bogart's to prove the following
generalization of (1.1) and Bogart’s Theorem 5.1.

(1.2) Let L be a modular multiplicative lattice with maximal
(proper) elements. Let M be a complete modular lattice with more
than one element. Then M can be represented as a Noetherian
L-module with the trivial multiplication if and only if L has only one
maximal element and each element of M is a join of atoms.

(1.3) Let L be a modular multiplicative lattice with maximal
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elements, let M be a Noetherian L-module, let m be a maximal ele-
ment of L, and let 4 be an arbitrary element of M. Then

(i) A/mA is a Noetherian L/m-module,

(ii) A/mA is a finite-dimensional complemented modular lattice.

2. Preliminary remarks. In this section we shall use the termi-
nology of §5, Theorem 5.1 of [1]. Thus L is a Noetherian lattice, 4
is an arbitrary element of L and M is a maximal (proper) element of
L. In the proof of Theorem 5.1 Bogart wants to show that the set L’
consisting of I and the elements of 4/4 M forms a Noetherian lattice
with the trivial multiplication. He defines the multiplication “o” in
L'byXoY=XYVAM,forall X, Yin L' If thisis the trivial multi-
plication, then X o Y=XV\VVAM=AM forall X, Vin A/AM. Thus
XY=ZAM. In particular, A4 EAM =M. Since M is prime in L, it
follows that 4 = M. Thus this multiplication is the trivial multiplica-
tion if and only if 4 = M.

Assume for a moment that there is a multiplication, denoted by
“x” on L', such that L’ is a Noetherian lattice with “*”, We shall
show that “«” must be the trivial multiplication. It will then follow
that L’ with “o” is a Noetherian lattice if and only if 4 <M. Thus
Bogart’s construction does not hold for arbitrary 4. Since L’ is local,
the only idempotent elements are AM and I. Thus B2=A4 M for all
atoms B in L’. Since B * CSB/A\C=A4 M for all atoms B, Cin L’ with
C#B, it follows that all products and powers of atoms in L’ are equal
to A M. Because each element of L’ different from I or A M is a finite
join of atoms of the form E\/AM, where E is principal in L [3,
Theorem 1.2], it follows immediately that “+#” is the trivial multipli-
cation.

A simple proof of Theorem 5.1 of [1] is as follows. Since each ele-
ment of 4/4 M different from 4 M is a finite join of atoms of the form
E\/AM, where E is principal in L [3, Theorem 1.2], in particular, 4
is a finite join of such elements. Since 4/MA is modular it follows
immediately that A/4 M is a complemented modular lattice which
satisfies both chain conditions and is thus finite dimensional (see for
example [2]).

3. The general case. Let L be a multiplicative lattice and let M
be a complete lattice. Elements of L will be denoted by a, b, ¢, -
with the exception that 0 will denote the null element of L and I will
denote the unit element of L. Elements of M will be denoted by 4,
B, C, - - - with 0 also denoting the null element of M. The usage of
0 will make it clear which null element is intended. In [3], M is de-
fined to be an L-module in case there is a multiplication between
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elements of L and M, denoted by a4 for ¢ in L and 4 in M, which
satisfies: (i) (ab)A =a(dA4), (ii) (Vaaa)(Vs Bs)=Ve,psaaBs, (iil) T4
=4, and (iv) 04 =0, for all @, a., b in L and for all 4, Bg in M.

Let M be an L-module. For B, C in M, B:C will denote the largest
d in L such that dC<B. An element 4 in M is said to be meet prin-
cipal in case

(3.1) (BA(B:4)A =bAAB
for all b in L and for all B in M; 4 is said to be join principal in case
(3.2) b\ (B:4) = (B\ bA): 4

for all b in L and for all B in M; and, 4 is said to be principal in case
A is both meet and join principal. M is said to be Noetherian if M
satisfies the ascending chain condition, is modular, and every element
is a join of principal elements. M is said to be an L-module with the
trivial multiplication if IB =B, for all B in M, and if ¢B =0, for all
B in M, where a#1I. For other properties and definitions concerning
Noetherian lattice modules, the reader is referred to [4] and [5].

In [5, Lemma 2.1], we gave the lattice-module analog of the char-
acterization of principal elements used in the proof of Theorem 3.1
of [1]. Thus the methods of Theorem 3.1 of [1] may be used to prove
the following theorem.

THEOREM 3.3. Let L be a modular multiplicative lattice with maximal
(proper) elements, let M be a complete modular lattice with more than
one element. Then M can be represented as a Noetherian L-module with
the trivial multiplication if and only if L has only one maximal element
and each element of M 1is a finite join of atoms.

ProoF. Suppose M is a Noetherian L-module with the trivial
multiplication. As in [1], every nonzero principal element of M is an
atom. Since M is Noetherian and every element of M is a join of
principal elements, every element of M is a finite join of atoms.

The remainder of the proof consists of substituting a for 4 and b
for B in the first part of the proof of Theorem 3.1 of [1] and substi-
tuting m for M and b for B in the second part of the proof of Theorem
3.10f [1]. Q.E.D.

We can now prove the following theorem.

THEOREM 3.4. Let L be a modular multiplicative lattice with maximal
(proper) elements, let M be a Noetherian L-module, let m be a maximal
(proper) element of L, and let A be an element of M. Then

(3.5) A/mA is a Noetherian L/m-module, and

(3.6) A/mA is a finite-dimensional complemented modular lattice.
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Proor. For a, b in L/m, define a o b=ab\/m. For C in A/mA and
bin L/m, define b * C=bC\/mA. It is easily verified that these defini-
tions of multiplication make L/m into a multiplicative lattice and
A/mA into a Noetherian L/m-module. Thus (3.5) is satisfied. In
addition, it is easily seen that “x” is the trivial multiplication between
L/m and A/mA. Thus, A/mA is a Noetherian L/m-module with the
trivial multiplication. It then follows from Theorem 3.3 that each
element of M is a finite join of atoms. Hence M is a finite-dimensional
complemented modular lattice and (3.6) is established. Q.E.D.
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