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A NOTE ON THE INHERITANCE OF PROPERTIES OF
LOCALLY CONVEX SPACES BY SUBSPACES

OF COUNTABLE CODIMENSION

MARK LEVIN AND STEPHEN SAXON

Abstract. A locally convex space E is said to be ¡¿-barrelled if

every countable weak* bounded subset of its topological dual E' is

equicontinuous; to have property (C) if every weak* bounded sub-

set of E' is relatively weak* compact; to have property (S) if E' is

weak* sequentially complete. If a locally convex space possesses

any of the above properties, then so do all of its linear subspaces of

countable codimension. Examples are furnished to show that the

mentioned properties are distinct from each other.

In [4], the authors proved that a linear subspace of countable

codimension in a barrelled space is barrelled. In this paper, we see

that the properties of a space being w-barrelled and having weak*-

sequentially complete dual are inherited by subspaces of countable

codimension. Only a partial result is obtained concerning the seem-

ingly most important property, that of being a Mackey space. The

paper concludes with examples to demonstrate that the various

concepts discussed are, in fact, disjoint.

1. The notation will be essentially that used by J. Horváth [3].

If (£, F) is a dual pairing (£ and F not necessarily separating points),

then (r(£, F) will denote the topology on £ of pointwise convergence

on F. The polar A° of a subset A of £ is the set {/££: | (a,f)\ ^ 1 for

all aEA }. r(7, E) will denote the topology on 7 of uniform conver-

gence on (r(£, 7)-compact subsets of £. The vector space of con-

tinuous linear functionals on a locally convex space £ will be desig-

nated £'. A (not necessarily Hausdorff) locally convex space £ is said

to be barrelled if every closed, balanced, convex, absorbing subset of

£ is a neighborhood of 0 or, equivalently, if every cr(£', £)-bounded

subset of £' is equicontinuous. A locally convex space £ is said to be

co-barrelled ii every countable, a-(£', £)-bounded subset of £' is equi-

continuous; to have property (C) if every c(£', £)-bounded subset of

£' is relatively cr(£', £)-countably compact; to have property (S) if

£' is <r(£', £)-sequentially complete; to be a Mackey space ii it has

the topology r(£, £')• The codimension of a linear subspace M of
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vector space E is the (algebraic) dimension of the quotient space

E/M. os will stand for the set of natural numbers.

2. We first state the following consequence of the main lemma

of [4]:

Lemma. Let E be a locally convex space with property (S). Let M be

a dense linear subspace of countable codimension in E. If a subset B of

E' is a(E', M)-bounded, then B is or(E', E)-bounded.

Proof. The polar B° of B in E is a balanced, convex, closed subset

of E. Since B is a(E', Af)-bounded, it is true that MEsp(B°). By

Lemma 3 of [4], sp(5°) is closed. Since M is dense in E, sp(B°) con-

sists of all of E. Then B is a(E', £)-bounded.

Our first step to the desired result is the

Proposition. Let M be a dense linear subspace of countable codimen-

sion in a locally convex space E. If Eis (¿-barrelled, has property (C), or

has property (S), then M has the corresponding property when furnished

with the relative topology.

Proof. M' can be canonically identified with E'. Suppose E is

co-barrelled. Let B be any countable a(E', 7U)-bounded subset of E'.

By the lemma, B is o-(E', £)-bounded. Since E is co-barrelled, B is

equicontinuous with respect to E, thus B is equicontinuous with

respect to M. Then M is co-barrelled.

Now suppose E has property (C). Let B be any a(E', M) -bounded

infinite subset of E'. By the lemma, B must also be or(E', £)-bounded.

Then B has a <j(E', E)-accumulation point fEE'. f must then be a

or(E', .^-accumulation point of B. Therefore M has property (C).

Finally, suppose E has property (S). Let {/„}nsw be a a(E', M)-

Cauchy sequence in E'. The set {/n:w£co} must be a(E', M)-

bounded, and by the lemma, a(E'', £)-bounded. Let X be a countable

subset of E such that M\JX spans E (algebraically). Then {fn(x) }„eu

is a bounded sequence of scalars for each xEX. By diagonalization,

a subsequence {£&}&£„ of {fn}nsw can be obtained such that {gi}ieu

is cr(£', E)-Cauchy. The subsequence therefore converges in a(E', E)

to some. fEE'. Since {fn}nsa is <r(£', ikf)-Cauchy, it also converges

in <r(E', M) to/. Then M has property (S).

3. We now turn our attention to closed subspaces of countable

codimension.

Proposition. Let M be a closed linear subspace of countable codimen-

sion in a locally convex space E. If E is (¿-barrelled, has property (C),
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or has property (S), then M has the corresponding property when fur-

nished with the relative topology.

Proof. Let P he any algebraic projection of £ onto M. Suppose £

has property (S). Let {/„ J„e» be a <r(il7', M)-Cauchy sequence in M'.

By Lemma 2 of [4], the sequence j/,oP)„e« is in £'. It is easily seen

that {/noP}„e„ is<j(£', £)-Cauchy. There must exist g££' such that

{/„ o P}neo, converges to g in o(E', £). Let/ be the restriction of g

to M. Then {fn}nSw converges to/ in cr(il7', 717). Then M has property

(S). The other assertions of the proposition follow similarly.

4. The results of §§2 and 3 can be summarized in the following.

Theorem. Let M be a linear subspace of countable codimension in a

locally convex space E. If E is ^-barrelled, has property (C), or has

property (S), then M has the corresponding property when furnished

with the relative topology.

5. The inheritance of the Mackey topology does not seem as

certain as the inheritance of the before-mentioned properties. Our

partial results are contained in the following

Proposition. Let M be a linear subspace of countable codimension

in a Mackey space E. Either of the following two sets of conditions is

sufficient in order that M be a Mackey space when furnished with the

relative topology.

(a) M is closed in E and E possesses property (S), or

(b) M is dense in E, is separable, and E possesses property (C).

Proof. If condition (a) is satisfied, then M is a direct summand

of £ by Proposition 2 of [4]. Since £ is a Mackey space, M must then

be a Mackey space.

If condition (b) is satisfied, M' can be canonically identified with

£'. Let B he any a(E', il7)-compact subset of £'. B is a(E', M)

bounded, and by Lemma 2 of this paper, B is <r(£', £)-bounded, so

B is <x(E', £)-precompact. Suppose {/„} aei> is a <r(£', £)-Cauchy net

in B. Since B is a(E', J7)-compact, there exists fEB such that

{/a}aez> is o"(£', .M)-convergent to/. Suppose there were to exist Xo

in £ such that {/a(x0) Ken does not converge to/(x0). Then there

exists e>0 such that the formula |/«(xo)—/(xo)| è« would be true

for frequently many a. Let {x„:m£co} be a countable dense subset of

M. By diagonalization, there would exist a sequence {ay}¿ew in D

such that the following statement would hold :

\imfaj(xn) = /(*„)     for w £ to,  and   | faj(xo) — f(x0) I   ^ e for/ E «•
t
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If {/aj:/Gco} were infinite, since it is a(E', £)-bounded, then prop-

erty (C) implies that it would have a o(E', E)-accumulation point

gEE' such that the formulas

«W = f(x„)       for m G co,    and    | g(x0) - f(x0) |   è e

hold true. If {faj'jEu} were finite, there would exist ¿Gco such that

the formulas

fak(xn)   = f(Xn) for » G CO,       and        | fak(x0)   — f(x0) |     ̂    €

held true. Then let g=fak. In either case, g—f would be a continuous

linear functional on E which vanished on a dense subset at a dense

subset of E. Then g —f would be identically zero. This would contra-

dict the inequality | g(x0) — f(x0) | ^«. Then the <r(£', iU)-limit of

every o(E', £)-Cauchy net of B is also its <r(Ji', £)-limit. B has now

been shown to be <r(E', £)-compact. B is therefore equicontinuous

with respect to E and is all-the-more-so equicontinuous with respect

to M. Then M is a Mackey space.

Corollary. Let M be a linear subspace of countable codimension of

a Mackey space E. If M is separable and E has property (C), then M

is a Mackey space when furnished with the relative topology.

Remark. The following example shows that condition (b) of Prop-

osition 5 cannot be weakened to the condition that M be a dense

linear subspace of a Mackey space. Let E be any quasi-reflexive

Banach space (see [l]) such that J(E) is of codimension 1 in E",

where J is the canonical imbedding of E into E". J(E) is cr(E", E')-

dense in E", so J(E) is t(E", J£')-dense in E. J(E) is complete in

t(J(E), E'), but is not complete in the relative t(E", E') -topology.

The two topologies must then be different, so J(E) is not a Mackey

space with the relative r(E", E')-topology.

6. The following examples demonstrate the independence of the

several properties discussed in this paper. Consider the vector space m

of all bounded sequences with the topology 3 =r(m, h).

Proposition, (m, 3) is a Mackey space with property (S) but not

property (C).

Proof, h is a(li, w)-sequentially complete (see [2, Chapter IV,

Table IV, A, p. 374]) so (m, 3) has property (S), (m, 3) is certainly a

Mackey space. Let B= {en'.nE<¿} be the canonical Schauder basis of

h; en is the sequence of all zeros except the nth term, which is 1. B is

a(h, w)-bounded,  but has no a(h, ?w)-accumulation   point  in   h.
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For suppose y Eh- There exists a sequence <pEm of the form <j>

= (0, • • • , 0, 2, 2 • • • ) such that | {<b, y)\ <l. Thus (<b, en-y)

= (4>, en) — (4>, y)>l holds true for n big enough that (<£, en) = 2. Then

en—yE{(j>}° for at most finitely many w£co. Therefore y is not a

o(h, m) -accumulation point of B.

We now show that there exist w-barrelled spaces which are not

barrelled. Then the results of this paper do not reduce to those of

[3]. Let £ be a vector space with uncountable algebraic (Hamel)

basis B. Let 7 be the subspace of the algebraic dual E* of £ consisting

of fEE* such that f(x) 9i0 for at most countably many xEB. Then

(£, 7) is a dual pairing separating points. Let 30 be the topology on £

of uniform convergence on countable cr(7, £)-bounded subsets of F.

It is true that 30 is compatible with the dual system (£, 7). First, it is

clear that 3oD<r(£, F). On the other hand, let /0 be a 30-continuous

element of £*. There must then exist a countable, a(F, £)-bounded

subset AEF such that |/o(e)j:£l for every eEA°. Let Bi

= {xEB:f(x)9£0 for some fEA}. Bi is necessarily countable. If

x£i3~i3i, \xEA° for all scalars X. Then |/o(Xx) | ;£ 1 for all scalars X,

and we deduce that /0(x)=0. Then foEF. We have shown that

3oO(£, F). Since the polars of countable <r(7, £)-bounded subsets of

F are 30-neighborhoods of 0, they are also t(£, 7)-neighborhoods of 0.

Proposition. (£, t(£, 7)) is an w-barrelled Mackey space which is

not barrelled.

Proof. We now only need to prove the assertion that (£, t(£, F))

is not a barrelled space. Let fJ be the family of finite subsets of B. For

each CE*5 let/c be the functional in 7 such that/c(x) = 1 for xEC,

fcix) =0 for xEB~C. The set A = {fc:CE$} is a <r(7, £)-bounded

subset of F. The functional g££* such that g(x) = 1 for all xEB is

the o-(£*, £)-limit of a net in A. A cannot be equicontinuous then,

for otherwise g would be r(£, 7)-continuous, which it is not.

Proposition. (£, 3o) is an w-barrelled space which is not a Mackey

space.

Proof. Let V be the set of elements y of £ such that if we write

y = Z*es Xi x, then | Xx| Ú1 for all xEB. F is a barrel in £. Let U be

any 3-neighborhood of 0. There exists a countable subset B0EB such

that Xx£L7 for all scalars X and all xEB^Bo- Let/be any element of

£*~7. Then there exist uncountably many elements x of B~Bo

such that fix) ^0. Then there exists an e>0 such that for infinitely

many elements x of B~B0, it is true that |/(x) | =: e. It follows that/ is

unbounded on VC\ U. V is therefore a r(£, 7)-neighborhood of 0. It
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is also true that V contains no line. On the other hand, since B is

uncountable, the polar of any countable subset of F must contain a

line. Therefore, Fis not a 30-neighborhood of 0, and 30 is not r(E, F).

Proposition. Let E be any infinite dimensional vector space with

algebraic dual E*. Then (E, a(E, ttE*)) has property (C), but is not co-

barrelled.

Proof. Every o-(E*, E) bounded subset of E* is relatively o-(E*, in-

compact, so (E, a(E, E*)) has property (C). Let B be any Hamel

basis of E. Let B0 be a countably infinite subset of B. For xEBo, letfx

be that linear functional in E* such that

/.(*)-l,   /.(y) = 0    for   yEB~{x}.

The set A = {fx:xEBa} is a countable, a(E*, £)-bounded subset of

E*. A° contains no finite-codimensional subspace of E. Then A is not

equicontinuous and (E, o(E, E*)) is not co-barrelled.

As a final example, let c0 be the normed space of real sequences

convergent to zero. Then (h, t(J\, Co)) is an example of a Mackey space

which does not have property (S).

7. It is apparent that if £ is a locally convex space, then E is

barrelled implies E is co-barrelled ; E is co-barrelled implies that E has

property (C) ; E has property (C) implies that E has property (S). It

can be shown that, moreover, if E is metrizable, then E has property

(S) implies that E is barrelled. The examples in §7 show, however,

that if E is not metrizable, even though E might be a Mackey space,

E has property (S) does not imply that E has property (C) ; E is co-

barrelled does not imply that E is barrelled. If E is not a Mackey

space then E has property (C) does not imply that E is co-barrelled.

The authors do not know if a Mackey space with property (C) must

be co-barrelled.

The authors are very grateful to the referee for his helpful sugges-

tions.
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