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OPERATORS WHOSE ASCENT IS 0 OR 1

P. B. RAMANUJAN AND S. M. PATEL

Abstract. An operator T on a Hubert space H is said to be of

ascent 0 or 1 if the null spaces of T and T"2 are equal. Let ft denote

the collection of all operators on H which have ascent 0 or 1. The

object of this note is to study some properties of operators in ft.

The main results obtained are the following.

1. The direct sum of a collection of operators is in ft if and

only if each of these operators is in ft.

2. If rSffi and T has finite descent, then the range of T is

closed.

3. If rEft and the range of T is not closed, then T is a com-

mutator, that is, T is expressible in the form AB—BA for some

operators A and B on H.

4. The set of all operators in ft with descent 0 or 1 is closed in

the norm topology of operators.

5. If TG.&,, and T has finite descent and further Tk is compact

for some k, then T is a finite-dimensional operator.

Let T be an operator (a bounded linear transformation) on a

Hubert space H. Let Oi(T) and 31(7") denote its range and null space.

The ascent a(T) of T is the least nonnegative integer such that

9l(r*) = 3l(r*+1) for all k^a(T) and the descent 8(T) of T is the

least nonnegative integer such that (R(Tk) = (R(Tk+x) for all k^ô(T).

Let ft denote the collection of all operators on H whose ascent is 0 or

1. The object of this note is to obtain some properties of operators of

this class.

It is clear that an operator T belongs to ft if and only if

(R(r*) = (R(r*2)

where T* denotes the adjoint of T. We can verify that the class ft

includes all invertible operators, all isometric operators, all operators

of class (N; k) introduced by Istrafescu (hence all hyponormal

operators) [3] and all quasi-Hermitian operators of Dieudonné.

Warner [5] has shown that all operators of the form a/— T where T is

symmetrizable and a is a scalar such that ima^O are included in ft.

It is easy to see that ft is closed under the operation of scalar multi-
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plication and is similarity invariant. Also the product of any two

operators in class ft which commute is in ft.

We now prove the following theorems on operators in class ft.

Theorem 1. A direct sum T\®Ti®Ti® ■ ■ -of operators on H

belongs to ft if and only if r„£ft, for each n;n = 1,2, 3, • • •.

Proof. If T\, r2, • • • are all operators belonging to ft, then their

direct sum taken as the infinite operator matrix
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vanishes at that vector. This proves that the direct sum is in ft. Con-

versely, if the direct sum is of ascent 0 or 1, then T\xk = Q, xi¡(E.H,

implies
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which gives TtXt = 0. This proves the theorem.
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Theorem 2. Let 7"£ft and 5(7") be finite. Then (R(7") is closed.

Proof. By our hypothesis, it follows that a(T) and 5(T) are equal

and that H= 31(7") @ <R(T) ; (see [4, Theorem 5-41-G]). Since the null

space 31(7") is always closed, the closedness of (R(7") is a consequence

of Theorem IV.l.12 of Goldberg [2].

Theorem 3. If 7"£ ft and (R(7") is not closed, then T is a commutator.

Proof. Assume, to the contrary, that T is not a commutator. Then,

by the well-known characterization of commutators given by Brown

and Pearcy [l], 7" can be expressed in the form a-\-C, where a is a

nonzero scalar and C is compact. But then, by Theorem 5.5 E of [4],

a(7")=5(7"), whence Theorem 2 implies that Gt(7") is closed. This

contradiction proves the theorem.

Theorem 4. The set of all operators with ascent and descent 0 or 1 is

closed in the norm topology of operators on H.

Proof. We first observe that for any operator A, (ñ(A) is closed if

and only if (R(A*) is closed. Thus if <R(A) is closed, then A (and

hence A2) has ascent and descent 0 or 1 if and only if A * (and hence

A*2) has ascent and descent 0 or 1. If, now, {7"n} is a sequence of

operators such that a(Tn) = 5(7"„) =0 or 1, for each », such that

|| Tn- 7"||-»0, then by virtue of Theorem 2, (ft(7"*) = (R(7"*2), so that

T*x = 0=> (Tx, y)  = lim (Tnx, y) = lim (x, Tty) = lim (*, T?z)

= lim (tIx, z) = (0, z) = 0,       for all y G H => Tx = 0.
n—*<o

Thus 7"£ ft. Applying the same argument to T* instead of 7" we ob-

tain (R(T) = (R(7"2) and we are done.

Theorem 5. If T has ascent and descent both equal to 0 or 1 and Tk is

compact for some k, then Tis a finite-dimensional operator.

Proof. It is clear from the hypothesis that a(Tk) =5(7"*) =0 or 1

and that (R(7"*) = (R(T). It only remains to observe that in virtue of

Theorem 2 and compactness of 7"*, (R(7"*) is finite dimensional.

The authors are indebted to Dr. B. S. Yadav for his kind guidance

and encouragement during the preparation of this note.
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