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THE CENTER OF THE FREE PRODUCT OF
DISTRIBUTIVE LATTICES!

RAYMOND BALBES

ABsTRACT. The object of this paper is to show that for members
L and M in the class of distributive lattices with zero and unit, the
center of the free product of L and M is the free product of their
centers.

We can assume that L and M are subalgebras (that is (0, 1)-
sublattices) of their free product, which we denote by L+*M. This
means [2] that L\U M generates L*M and for a,, a2 EL, by, bEM:

(1) dlbx é as + bz 1mphes ay é as Or bl é bz.

Since the center C(L) of L is exactly its subalgebra of comple-
mented elements [1, p. 67], we have immediately that C(L)*C(M)
CLxM. But an element x=E§’,1 ab;, where p=1, a;EC(L), b;
€C(M), has a complement, namely []%.; (a/+b}), where a/ is the
complement of ¢; in L and b; is the complement of b; in M. So C(L)
*C(M)SC(LxM).

To prove the reverse inclusion, it suffices to show that if x& C(L*M)
and

(2) x= aby, p=1, ab;*0, a,EL, b;EM,

then any a; that appears in (2) can be replaced by a member of C(L)
and still leave (2) valid. Indeed, if this replacement is possible then
each a; can be successively replaced by members of C(L) and then the
whole process repeated for each b;; thus showing that x &€ C(L)*C(M).

Now to prove that this replacement is possible suppose x 0, 1 has

the representation in (2) and that x’ is the complement of x in
C(L*M). So

q

& =D a8 forsomeg=1, ; E L B; E M.

i=1
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We will replace a, by an element of C(L). If a; € C(L) we are finished
so suppose a; C(L). Noting the convention D, @& =0 and the fact
that (1) implies that for each jE {1, - - -, ¢} either a;a;=0o0r 5,8,=0,
we have:

(al + ib;) + (2 {ai| a1e; = 0} + 2 {8;] 8:8; =0})

=2

©)

=x+a =1

Now a, ), {a,~| a10;=0} =0s0a,+ ), {ajl aa;=0} 1. Applying (1)
to (3) we obtain Z?-z b+ 2 {leblﬂ,:O} =1. This implies

P
(4) b < D bs.
=2
Let {Sy, - - -, S,} be all subsets S of {bs, - - -, b,} with the prop-
erty that b, < Y, (S). Note that from (4) and (2), =1 and S;#=J,
forj=1, - - -, 7. Set Tj={as| s €ES;} forj=1, - - -, r. We will show

that therequired replacementfora,is 4 =a,+[[(T) + - - - +[[(T)).
Clearly x<Ab;+ab:+ - - - +azb,. On the other hand, for each

jeft, -, L ILT0sIT(T) 2 (S) = X {aubi| b€ S, } <x. So
Aby=xand
(5) x = Aby + abo+ - - - + a,,b,,.

It remains to prove A € C(L). Let 3 be the family of all sets 7" which
consist of exactly one member from each of thesets Ty, - - -, T,. For
sucha T'€3, (5) yields

A+X D+ T {b|lacE T,iz2))

+ (2 fai| 40 = 0} + X2 {8, 048, = 0})
Now if > {b:|a:@ T, i=2}+ D {Bi|6:8;} =1 then
by < 2 {bi|ai € T,i =2} so {b:i]ai & T,iz2} =5

(6)

v

2+ =1.

for some jE {1, cee, r}. But this is impossible, for by the definition
of T, there is a member a;E T;MNT, where 4,22, so

bi €85 — {bi| ai € T,i 2 2} = &.
By applying (1) to (6) we obtain for each TE3J:
A4+ 2 (D + X {ai| 4dey=0} = 1.
Thus,
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1=4+I[{ ZD|TE 3} + X {ai] 4a; = 0}
=4+ L@ + - - + II@) + X {a;] 405 = 0}
A+ Y {a;| 4aj = 0}.

This means that 4 and 2, {a;| Aa;=0} are complements in L, which
completes the proof.

REFERENCES

1. G. Birkhoff, Lattice theory, 3rd ed., Amer. Math. Soc. Collog. Publ., vol. 25,
Amer. Math. Soc., Providence, R.1., 1967. MR 37 #2638.

2. G. Gritzer and H. Lakser, Chain conditions in the distributive free product of
lattices, Trans. Amer. Math. Soc. 144 (1969), 301-312. MR 40 #4176.

3. R. Sikorski, Products of abstract algebras, Fund. Math. 39 (1952), 211-228. MR
14, 839.

UNIVERSITY OF MissOURI AT ST. Louis, St. Louls, Missourt 63121



