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GENERALISATION OF THE MUIRHEAD-RADO
INEQUALITY

D. E. DAYKIN

Abstract.   For   polynomials  fß(x)   of   n   real   variables   x

= (xi, xi, • ■ • , x„) of the form

JßW  =  2-, ¿-i *P('M) *p<«.2> -  -  - *;>(•'.»>,
i      i

conditions are given which ensure that fa(x) S/s(x) for all x^O.

Let« be a positive integer and A the set {1,2, • • • , n}. Let G be a

group of permutations of N; so if there are g permutations in G we

may denote them as {(pa, pi2, • • ■ , p¿n)> 1 =ièg} ■ We write p(i, k) or

pik for the integer p,t of N. Let V be an unordered set of v ordered n-

tuples V— {(e,i, ej2, • • • , ejn), 1 újúv} of real numbers ejk. We say

that Fis unaltered by G if it is unaltered by permuting the elements of

every one of its «-tuples by any permutation of G. If ß = (ßi, ß2, • • • ,

ßn) is an ordered «-tuple of real numbers ßk we write Ho(ß) for the

convex hull of the set {(ßPn, ß„i2, • • • , ßPin), láíág}. Finally if

x = (xi, x2, • ■ • , x„) is an ordered «-tuple of positive real variables

Xfc>0 we put

,.\ , ,   s V"> V*       ßie'1   ß*''* Pn'jn

(1) fa,vAX)   =      Lj Zj    XPH    XPii       "   '   "   XPin     •
lítífl    lsjáw

The object of this note is to prove the

Theorem. // Vis unaltered by G and if o¿EHg(/3) then

(2) fa,v,a(x) è fa,v,ß(x)       for all x > 0.

Proof. That aEH0(ß) means [l, §6] that there exist real numbers

4^0 with

(3) £ th - 1

such that

(4) ak =   ¿Z  thßphk        for 1 g k ^ n.
lih%g
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Thus

(5) fa.v.aix) = 2^ 2-, 11 Wi      • " - *«»•»    )

(6) = 2^ 2^ 2^ 4(*p.-i    • ■ • *p¿»   )
i       J       A

l'J =   2*1 lh 2~i  2s Xp(i.p  '(A,l))   •   •   •  «Mi,« '(A.n))
»        3

pVj'P     U.l) 0nej'P     U.7>)
X0in(8) =Z^ZZ4t

/i i       j
(9) = Z hfa.rAx)

h

(10) =fa,r,ß(x).

To get (5) we substitute (4) in fG,v,a(x), which is similar to (1).

Then (6) follows by multiple application of the generalised arithme-

tic-geometric mean inequality [2, Theorem 45 ]. We get equality in (2)

only if we get equality in each of the applications of the inequality.

To get (7) from (6) we permute the factors in the bracket by the in-

verse p~1 of (phi, ■ ■ • , Phn). Since G is a group, this inverse lies in G,

and applying this inverse to every permutation of G does not change

G, hence we get (8). Because Fis unaltered by G, the summation over

j in (8) is simply summation over all the w-tuples of V, and so by in-

spection of (1) we get (9). Then (10) follows from (3), and the theorem

is proved.

When V is the set of all distinct permutations of n given real

numbers, it is clear that V is unaltered by any G. This is true in

particular when l^m^n and V is the set of all (Jj\) permutations of

the «-tuple (1, 1, • • • , 1, 0, • • ■ , 0) with m ones. Let 5m(xi, • • • , x„)

denote the mth elementary symmetric function on Xi, • • • , x„, so

«S'i = Xi4-Xj-t- • • • +xn and Sn=xix2 ■ ■ ■ x„; this case is the

Corollary. IfaEHoiß) then

(11) 2~L Sm(x„ii, ■ ■ ■ , Xp,"„) ̂ 2~3 Sm(xPa, • • • , x"in)        for all X > 0.
i i

The case m = n of the corollary was proved by R. Rado [4], thus

generalising the case m = n and G the group of all permutations

which was proved by R. F. Muirhead [3] fifty years earlier. Both

of them proved for their case that (11) implied aEHG(ß), but this

is not true in general. For example, if G is the group of all permuta-

tions, and V looks like the unit nXn matrix, the theorem tells that
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a E Haiß) => ¿ yk á ¿ /*        for all y > 0.
k=l k=l

However, with « = 4 we have (14, 8, 2, 1)EHg(IS, 6, 4, 0), as can be

checked from [4], (3), even though

ylS    _|_    y»    _|_    yi    +    yO    _     (yU    +    3,8    +    y,2    +    yl)

= i(y - l)2{4y13 + 4y12 + 3yu + 4y10 + 2y9 + 2y8 + 4y7 + y

+ y(y* - I)2 + 2(y + l)(y4 - l)2 + 2(y« - l)2j ^ 0

for all y > 0.

Other inequalities of this nature are given in [5].
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