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GENERALISATION OF THE MUIRHEAD-RADO
INEQUALITY

D. E. DAYKIN

ABsTRACT. For polynomials fs(x) of » real variables x
= (%1, X2, * * * , %a) of the form

Biej1  Bayeja Bnejn
Jo®) = 22 20 % %o+ * TGy
K3 7
conditions are given which ensure that fa(x) <fs(x) for all x=0.

Let 7 be a positive integer and N theset {1,2, - - - ,n}. LetGbea
group of permutations of NV; so if there are g permutations in G we
may denote them as {(p,—l, pizy * ¢t ,Pin), 1S15g } We write p(z, k) or
pik for the integer p;x of N. Let V be an unordered set of v ordered =-
tuples V= {(ejl, € *, em), 1S7<v} of real numbers e;r. We say
that Vis unaltered by G if it is unaltered by permuting the elements of
every one of its n-tuples by any permutation of G. If 3=(81, 8, - - -,
B.) is an ordered n-tuple of real numbers B we write Hg(8) for the
convex hull of the set {(B,i1, Boizs * = * » Byin), 1=i=g}. Finally if
x=(x1, X2, + * *, Xa) is an ordered n-tuple of positive real variables
x>0 we put

€)) fova®) = X X AR g,
lsisg 1sisv
The object of this note is to prove the
THEOREM. If Vis unaltered by G and if o © H ¢(B) then
(2) fov.e(x) £ fevs(x)  forallx > 0.

ProoF. That «€ H ¢(8) means [1, §6] that there exist real numbers
th=20with

(3) Z =1
lshsg
such that
(4) ay = Z th,Bphk for 1 § k § n.
1shsg
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Thus

G Sowa@) = ZETI( o oy

© =2 E z (L iy

" - SuT TS )
@®) Z 4 E E f:lew RODI xff',f"’_l(”'")
9 _ zh: o a(x)

(10) = fov.5(%).

To get (5) we substitute (4) in fg.v,.(x), which is similar to (1).
Then (6) follows by multiple application of the generalised arithme-
tic-geometric mean inequality [2, Theorem 45 ]. We get equality in (2)
only if we get equality in each of the applications of the inequality.
To get (7) from (6) we permute the factors in the bracket by the in-
verse p~t of (pu1, * - -, paa). Since G is a group, this inverse lies in G,
and applying this inverse to every permutation of G does not change
G, hence we get (8). Because V is unaltered by G, the summation over
j in (8) is simply summation over all the n-tuples of V, and so by in-
spection of (1) we get (9). Then (10) follows from (3), and the theorem
is proved.

When V is the set of all distinct permutations of # given real
numbers, it is clear that V is unaltered by any G. This is true in
particular when 1 <m <% and V is the set of all () permutations of

the n-tuple (1,1, - - -, 1,0, - - -, 0) with m ones. Let Sn(x1, * + -, %5)
denote the mth elementary symmetric function on xj, - - -, %n, SO
Si=x1+x+ - - - +x, and S,=x1x5 - - - x,; this case is the

COROLLARY. If a EH ¢(B) then

(11) ZSm(x:ill) M ) x::n) é ESm(xf;l'l, DY xg:n) for all X > O.

The case m=n of the corollary was proved by R. Rado [4], thus
generalising the case m=#n and G the group of all permutations
which was proved by R. F. Muirhead [3] fifty years earlier. Both
of them proved for their case that (11) implied & H¢(B), but this
is not true in general. For example, if G is the group of all permuta-
tions, and V looks like the unit # X7 matrix, the theorem tells that
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aEHG(ﬁ):Zyaké Zyﬂ" forally > 0.

k=1 k=1
However, with =4 we have (14, 8, 2, 1) H (15, 6, 4, 0), as can be
checked from [4], (3), even though

Y+ = O+ Y+
=1y — D4y + 4y + 3y + 40+ 2 + 20+ 4"+ y
+y0f = 1)+ 20+ DO = 1D+ 20° - DY 20
for ally > 0.

Other inequalities of this nature are given in [5].
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