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POSITIONS OF IRREDUCIBLE CONTINUA
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Abstract. Let X denote the class of all compact metric con-

tinua K such that there exists a monotone mapping from a com-

pact metric irreducible continuum M onto an arc such that each

point inverse is homeomorphic to K. It is shown that no connected

1-polyhedron other than an arc is an element of 3C, but that X con-

tains certain locally connected continua.

Let X denote the class of all compact metric continua K such that

there exists an upper semicontinuous decomposition G of a compact

metric irreducible continuum M with each element of G homeo-

morphic to K and the decomposition space M/G an arc, or, equiva-

lently, that there exists a monotone mapping from a compact metric

irreducible continuum M onto an arc such that each point inverse is

homeomorphic to K. In 1935, B. Knaster [2] showed that an arc is in

X. It is known that every compact metric continuum can be em-

bedded in a member of 3C. Recently, W. S. Mahavier [4] has shown

that if K is any compact metric continuum there is a monotone open

mapping from a compact irreducible Hausdorff continuum M onto an

arc such that each point inverse is homeomorphic to K. He raises the

question of whether a simple closed curve is in X. Theorem 1 answers

this in the negative. Theorem 2 shows that there are locally connected

members of X which are not themselves irreducible. Theorem 3 shows

that the arc is the only connected finite 1-polyhedron in X. The the-

orems are given in the order in which they were obtained.

Theorem 1 (Transue). No simple closed curve is in X.

Proof. Assume the contrary. Let G be an upper semicontinuous

decomposition of the irreducible continuum M such that the elements

of G are simple closed curves and M/G is an arc, and let / be a re-

sultant monotone map of M onto [0, 1 ] whose point inverses are the

elements of G. Now G is continuous except on a set of the first

category [3, p. 48], so if u is an open subset of [0, l] then there are

two points a and b of u, such that [a, b]Eu and G is continuous at

f~l(a) and f~l(b). It follows that/-l( [a, b]) is irreducible from/-1 (a) to
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f~l(b). E. Dyer [l ] has shown that there is no continuous collection of

decomposable continua, the union of whose elements is an irreducible

continuum. Therefore, G must be discontinuous at each element of a

dense set.

There exist sequences /, h, and F such that:

(1) G is discontinuous at/_1(¿,), i = 1, 2, • • • ;

(2) hi is a proper subcontinuum of f~liti), therefore chainable,

which is the limit (in the Hausdorff metric) of some sequence of ele-

ments of G ;

(3) Vi is the union of the elements of some 1/¿-chain of open sets

covering hi;

(4) tlMCVt;and
(5) Fi+iCF,n/-1((/i+i-(¿ + l)-1,í,+i4-(¿4-l)-i)).

Then nüi Vi=f~l(C\î°-if(Vi)) is an element of G which is chainable,

a contradiction.

Theorem 2 (Fitzpatrick) . There exists a compact locally connected

continuum, not an arc, which is a member of X.

Proof. Consider, in £3, the plane:

{(*,y,0)|(x,y)GP2}.

There exists, in this plane, a dendron (a locally connected continuum

containing no simple closed curve) K with a countable dense subset

C= {ci, c2, cz, • • • } such that if p = ipi, p2, 0) is a point of C, then

K\J\(x, y, 1) | ix, y, 0) G K} \J {(pu ft, t) \ 0 £ / á l}

is homeomorphic to K. Let P denote the Cantor middle-third set on

[0, 1 ]. The elements of G are defined as follows. If tE T is not an end-

point of a component of [0, 1 ]\P, then {ix, y, t) \ ix, y, 0) EK} is an

element of G. If r and s are the endpoints of a component of [0, 1 ]\P

of length 3_n, and c„ = ipi, p2, 0) then

{(x, y, r) | (*, y, 0) G K} KJ {(x, y, s) \ ix, y, 0) G K}

U{iPuP*,t)\r£tús}

is an element of G.

Let M be the union of all the elements of G. Clearly G is upper

semicontinuous, M/G is an arc, and each element of G is homeo-

morphic to K. To see that M is irreducible note that each point

(x, y, t), where (x, y, 0)EK and iGP, is a limit point of the union of

the vertical intervals added in.

Remarks. In trying to obtain such an example where no element of
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G has interior in M, one might simply take the M above, with each

vertical interval collapsed to a point. But then some elements of G

have junction points of Menger order 4 [5, p. 292] and others do not.

This difficulty can be avoided by altering K so that all of its junction

points are of Menger order 4; this can be done in such a way that K

contains a countable dense subset C such that if p — (pi, pi, 0)

belongs to C then the upper semicontinuous decomposition of K

U ( (x, y, 1 ) | (x, y, 0) EK} U } (pu p2, t)\ 0¿/g 1} whose only non-

degenerate element is {(pi, p2, t) | 0í£í ^ 1} is homeomorphic to K.

It should also be clear that a K as in Theorem 2 may be taken to

contain simple closed curves. In fact, the following may be proved by

an argument similar to the preceding, except that the construction

may have to take place in a higher dimensional embedding space.

Theorem 2'. Suppose that K is a compact metric continuum and that

there exists a countable collection C of closed subset (s) of K such that no

proper subcontinuum of K contains all the elements of C and such that if

CE 6 and K' is a copy of K not intersecting K (except perhaps at C)

and C is the induced copy of C in K', then there is an irreducible con-

tinuum I from K to K' such that KC\I=C, KT\I= C, and IUKVJK'
is homeomorphic to K. Then K is a member of X.

Theorem 3 (Hinrichsen). The arc is the only connected finite 1-

polyhedron which is a member of X.

Proof. Assume the contrary. Let F be a connected finite 1-

polyhedron, not an arc, and let G be an upper semicontinuous decom-

position of the irreducible continuum M such that the elements of G

are homeomorphic to Y and such that M/G is an arc. Let p be a metric

on M.

By Theorem 1, Y is not a simple closed curve. Therefore, Y contains

a junction point, i.e., a point of Menger order greater than two. For

each element g of G let Fg denote the set of all junction points of g. Ii

Fg is degenerate, let S„ denote a positive number such thatp(F„, y) >5„

for some y in g. If P„ is nondegenerate let 5„ denote a positive number

such that if x and y are two points of F„ then p(x, y)>2Sg. Let Dg

denote the collection of spherical neighborhoods (in g) of points of Fa

of radius §9; the closures of the elements of Dg are mutually exclusive.

If g is in G there exists a finite point set EB such that g\Eg is the union

of a finite number of mutually separated sets each containing only

one element of Dg.

If g is in G and P is a point of FB denote by t(P) a simple triod with

P as its junction point and lying in the element of Dg which contains
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P, and let P„ = {/(P) | PEF„}. If x is a nonjunction point of a simple

triod t let /» denote the arc of t containing two endpoints of t but not x.

Ii xEgEG, xEFa, let xa denote the component of g\F„ containing x.

x„ is an arc or a simple closed curve.

If each of c and d is a positive integer let 77C(¡ denote the collection of

all elements h oí G such that:

(1) l/c<h;
(2) piEh,Fh)>2/c;

(3) if PEFh and x is an endpoint of ¿(P), then p(¡c, tiP)x)>2/c;

(4) if P£Ft and ïGi(7) and p(x, P) > l/8c, then p(x, ¿(7%) > l/d;
and

(5) ifxGÄandp(x, Fh)>l/8c, thenp(x, h-xh)>l/d.

Note that every element of G belongs to some Hci.

Suppose a is a convergent (in the Hausdorff metric) sequence of

simple triods such that if z is a term of a, there is an element h of HCd

such that z G Pa- The limit L of a is a nondegenerate subcontinuum of

a connected 1-polyhedron, so it is a connected 1-polyhedron. Now L is

not an arc, for suppose it is. Denote by F a linear chain of open sets

covering L each of diameter less than l/c. Some term t of a is a subset

of V* (the union of all the elements of V). But some endpoint x of t is

contained in an element of V which intersects tz, contrary to condi-

tion (3) above. A similar argument shows that L is not a simple closed

curve. Therefore L contains a junction point.

Now consider Hc¿, the closure being taken in M/G. If each 77c,¡ were

totally disconnected then by [5, p. 23, Theorem 57], M/G would not

be a continuum. Therefore some Ha contains an arc 77 of elements of

G. Let H' = HcdC\H, Fh' = Uast/'F*. Let u denote a cut (i.e., separat-

ing) element of 77 that belongs to 77'.

Suppose there exists a sequence a of elements of 77' which converges

to a subset of u containing a point x such thatp(a;, Fu) ^ l/2c and x is a

limit point of the set of junction points of terms of a. Let C denote a

polyhedral chain of open sets in Y irreducibly covering u such that:

each element of C intersects « in a connected set; the diameter of each

element of C is less than l/4d and l/16c; there is a subcollection C of

C irreducibly covering Pu such that no two elements of C intersect

and such that C\C is the union of a finite collection of mutually

exclusive linear chains.

Let z denote the component of uC\Nmdx) that contains x. z is an

arc, since it is a proper subset of xu. z has at least one but no more than

two boundary points with respect to u. Suppose z has two boundary

points with respect to u, qi and q2. Since piz, Fu) > l/8e then

piz, u/xu) > l/d. Assume there is an element v of C which contains qi
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and q2. Since v(~\u is connected, there is an arc of u from qi to q2 lying

in v; this arc must be z. Therefore, z is a subset of v. But the diameter

of z is at least l/4c, and the diameter of v is less than l/8c, an im-

possibility. Let Vi and v2 denote two elements of C which contain gi and

q2, respectively. Since p(z, u\xu) > l/d, the union of the linear subchain

Cn,n oí C from Vi to v2 that contains x does not intersect u\xu. There

exists a term k of a and a point/ of Fk such that kEC* and p(f, x)

<1/I6c. Since each endpoint of t(f) is at a distance greater than 2/c

from/ and diameter Cvun<l/c, then two arcs of t(f) intersect one

of Vi and v2. But then there is a point P of t(f) such that p(P,/)> l/8c

and p(P, t(f)P) < l/4d, contrary to condition (4) above. A similar argu-

ment holds in case z has only one boundary point with respect to u.

Therefore, there exists an arc K of elements of if such that « is a cut

element of K and Fh'C\K*EN1/2c(Fu). Let D denote the collection of

all l/2c-neighborhoods of points of Pu, and D' the collection of all

l/4c-neighborhoods of points of Eu. Let A and P denote the end ele-

ments of K. Let R, respectively P', denote the collection of all l/c-

neighborhoods, respectively, l/2c-neighborhoods of points of Fu.

If kEHT\K and q'ER't one and only one point of Fk belongs to q';

and hence, if k is in K and q is in P, one and only one point of Fk

belongs to q. Let / denote a point of Pu and q¡ and q¡ denote the ele-

ments of R and R', respectively, that contain/. The elements of PUP

are mutually exclusive. Let J = DU(R\qf) and J' = D'KJ(R'\q}). No

point of FHr\K*r\q, is in 7*.

Now let V denote the collection to which v belongs if and only if:

(1) v is the component of the intersection of K*\J'* with an element h

of H'f~\K, and (2) v intersects Fh. Each element h of H'C\K contains

one and only one element of V and that element of V contains one

and only one point of Fh. If v is an element of V and h is the element

of H'C\K that contains v, then

(i) v contains one and only one point P of Fh ;

(ii) the component of vf~\t(P) that contains P is a triod whose

junction point is not in J*;

(iii) each endpoint of »CU(P) is at a distance at least l/4c from the

junction point of v; and hence

(iv) if x is an endpoint of viM(P) then p(x, (t(P)C\v)x)>l/d.

Hence, as before, the sequential limit of a convergent sequence of

elements of F'contains a triod.Therefore, if gEk, only one component

of gC\(K* — J'*) contains a simple triod and this component con-

tains only one point of Ftt.

Let V denote the collection to which v belongs if and only if v is in

V or v is a component of the intersection of an element of K with
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K*\J'* that contains the sequential limit of a convergent sequence of

elements of V. Then V* is closed and intersects each element of K

and is a subset of K*\J'*.

Since M is irreducible, A\JBKJiK*\J'*) is the sum of two mutually

exclusive closed point sets, MA and Mb, containing A and B, respec-

tively [5, p. 15, Theorem 44]. Let Va and Vb denote the set of all ele-

ments of V in Ma and MB, respectively. Let Vi denote the last (in the

arc V in the order from A to B) element of Va, and v2 denote the first

element of VB which follows vu Let gi and g2 denote the elements of G

which contain V\ and v2, respectively, gi^gi, since no element of G

contains two elements of V. There is an element g' of G between gi and

g2; g' contains an element of V between Vi and v2. This involves a con-

tradiction.

Theorem 3'. Suppose K is a compact metric continuum and there

exists a compact metric continuum T which is irreducible from K to a

copy K' of K and such that KKJTVJK' is homeomorphic to K. Then K

belongs to X.

Proof. Suppose 7e0 is the Hubert cube, 700 = [0, 1 ] X [0, 1 ] X • • • .

We may suppose A is a continuum in 7°°. Let C be the Cantor middle-

third set in [O, 1 ] ; for each a in C,

Ka = {(xi, x2, xz, ■ ■ ■ ) | Xi E [0, 1], xi = a, (x2, x3, ■ ■ ■ ) E K} ;

si, s2, S3, ■ ■ • are the components of [0, l]\C, 5¿= (¿I a¿</<&¿}. Then

there exists a sequence of copies of P: Pi, T2, P3, • ■ • each lying in 7",

such that

(1) Tj is an irreducible continuum from Kaj to Kbjt

(2) Kaj{JKbj\J Tj is homeomorphic to K and

(3) the boundary in 7°° of U/l, [T^Ka^K^)] is \JaecKa.

The dendron K in Theorem 2 has uncountably many endpoints.

Using Theorem 3' one can obtain a dendron K in X with only count-

ably many endpoints; let h, t2, t3, ■ ■ ■ denote the endpoints of C

= Cantor set in [0, 1 ] and let

k= {[o, i]x {o}} wu {{/,} xfo,*-1]}.
»=i

One may still wonder whether a 2-cell is in X, or, indeed, whether X

contains every locally connected continuum which does contain two

disjoint copies of itself, and whether X contains any locally con-

nected continuum that does not.
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