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CONCERNING DIAGONAL SIMILARITY OF
IRREDUCIBLE MATRICES

D. J. HARTFIEL

Abstract. If A — (ai¡) is an nXn irreducible matrix, then

there are positive numbers d¡, dt, • • • , dn so that Jjfc diaitdk '

= ¿Ik dkaicidï1 for each ¿G {1, 2, • • • , n}. Further, the numbers

di, ¿2,  • • •, dn are unique up to scalar multiples.

Introduction. Sinkhorn and Knopp in [4] as well as Brualdi,

Parter, and Schneider in [l ] have shown that if A is a fully indecom-

posable matrix then there are diagonal matrices 7>i and D2 with posi-

tive main diagonals so that DiAD2 is doubly stochastic. Further, in

each paper Di and D2 are shown to be unique up to scalar multiples.

In this paper we prove what is considered the analogue of the above

result in terms of irreducible matrices. That is we show that if A is an

»X« irreducible matrix then there is a diagonal matrix D, with posi-

tive main diagonal, so that

z2 diaikdkl = zJ dkCtkidT1
k k

for each iE {1, 2, • • • , n}. Further we show that D is unique up to

scalar multiples.

Definitions and notation. Let w = 2 be an integer. Let

N= {i, 2, ••-,«}. An «X» nonnegative matrix A is said to be re-

ducible if there is a permutation matrix P so that

(Ai    0\
PAPT = ( )

\B     AJ

where .4i and A2 are square. If A is not reducible we say that A is ir-

reducible. By agreement each 1X1 matrix is irreducible. Denote

miA) =   min       ¿^    an,       MiA) =    ]£   a¡¡.

Fiedler [2] refers to miA) as a measure of the irreducibility of A. It

should be clear that A is irreducible if and only if miA) >0. Let

A„= -JwX« nonnegative matrices A with 2 a»'*= z^, akiîor eachiEN>
\ k k )
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and

3D = {(¿i, di, • • • , dn) so that dk > 0

for each k E N, and at least one dk = 1}.

For 4 irreducible we denote by 5(4) a positive number so that

5(4) -m(A) - M(A)> M (A). Further we define

/¿(¿ii d2, • • ■ , dn) =   max
*r*M£N

=   max

2_,    dtaijdjx —     ¿J    diaijdjl

¿2    diaijdf1 —     ¿2    diaijdj1
iS.M;j$M i€M;j£M

where each ¿*>0, kEN.

Results.

Lemma 1. If (di, d2, • • • , d„)E£> and max^ev dk^Sn(A), then

fA(di,d2, • • ■ ,dn) >/a(1, 1, •••,!).

Proof. Reorder (di, d2, ■ • • , dn) to (d{, d2 , • • • , d„) where

di ~^d2' ̂  • • • ^dB . Let s denote the smallest positive integer such

that d¡ /d's+1>S(A). That there is such an s follows since if for each

kE{i, '■', n-l}, we have that d¿/dk+1£S(A), then di/dn'

=11^1 (d¿K+i)^S^(A). But die •• • £<**', and some d¿ =1
.implies ¿„^1. Hence ¿i" g 5"-1 (4 Kg S""1 (4). Since 5(4)>

2M(4)/w(4)è2, 5n-1(4)<5"(4). It would therefore follow that

rñax¿ dk = d[<Sn(A), a contradiction. Let M= {in\diR=d'R for each

FGJl, 2, • • • ,s}}. Then

/a(1, 1, • • • , 1)< M(A) < S(A)-m(A) - M(A)

Ú (d',)(d't+i)-1    2    au -    2    aa
iGM;j$M i£M;j£M

g     ¿2    diaijdj-1 —     23    diaijdr1 ̂  fA(di, d2, • • • , dB).

Lemma 2. // (¿1( ¿2, ■ • • , dn)E%> and min*ev dk^S~n(A) then

fA(di,d2,- ■ -,dn) >fA(i, 1, • -.,1).

Proof. If for each ¿E{l, ■ • • , n — l} we have that dk'/d'k+l

SS(A), it would follow as in the proof of Lemma 1 that min* d*

= dn >S~n(A). Hence for this case there is also a smallest integer 5

such that di /d's+1>S(A). The rest of the proof is identical with that

of Lemma 1.
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Lemma 3. fA(\di, \d2, • • • , Xd„) =fA(du d2, • ■ • , dn) for X>0.

Lemma 4. fAidi, dj, • • • , dn) achieves a minimum for some (di,

dt, ■ ■ • ,dn)E£>.

Proof. Since SiA) > 2, (1, 1, • • ■ , 1) belongs to the compact set

3C= {(¿i, • • • , dn)E£>\S-niA) ¿ min* d* ¿ max* d* ¿ SniA)}. By

Lemmas 1 and 2, lni$)fA = Inf gç fA, and the result follows.

Lemma 5. Letidhd2, • • • ,dn)E%>- Suppose

/a(¿i, di, • • • , dn) =   max 2j    diaijdjl —     2    diaijdj '

ii achieved on Mo = {*i, ¿2, ■ ■ • , ¿« J • 7Aew

< £ diaidk1 — 2 dka/cidr1 \ i E M0>
,\    k k )

contains no sign changes and   { ̂ k diaikdkl — ̂ k dkakidJl\i^Mo\

contains no sign changes.

Proof..Let M¿ = {iEM0\ Std.-a,-^1 -^kdkakidll>Q} and M¿'

= {iEMo\ ¿\jk diancdü1 — Yi,k dkakidîl<Q}. If both M¿ and M'd are
nonvoid, then we would have

¿J     diaikdjr1 —     ¿_,    dkakid~x
iest0;kSN ieM0-,kEN

< max 23     diaudir1 —      2     dkakidTl,
L iejtf(i;*eiV í6Afí;*eiV

2      dkakidîl —       2      diancdiT1   ,

a contradiction. The proof of the other half of the lemma is similar.

Theorem 1. 7/^4 is irreducible, then there is a

D = diagonal (di, d2, • • • , d„)

with idi, d2, ■ • • , d„)GSD so that DAD~XEK-

Proof. We first prove the theorem for a positive matrix A. Suppose

/¿(di, d2, • • • , dn) achieves a minimum at (dj, d\, • • ■ , d„)E^>-

Suppose
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/a(¿i, d2, ■ ■ ■ , dn) = 2_     diaij(dj)     —     ¿-t    diaij(dj)~
i£M0;j£N ieN-jeMt

We shall prove that/¿(¿?, • • ■ ,dn)=0-

Then E¿e.M;¿e;v- d?a,y(¿?)_1 — ̂ ísn-j&m d^aij(d°)-1 = 0 for any M

where cß^MQN. The result follows by taking M= {k}, for each

¿E{1, • • • , ra}. Hence suppose that fA(d\, ■ ■ ■ , d°n)>0. Without

loss of generality suppose d°a„(d°)-1 = ba and E*ew bik — ̂ ken bki>0

for each iEM0. Let Mi= {i\ E*e¡v bik= E*£-v ^*»} and M2 = N
-(MAJMi).

In view of Lemma 5, it must be that E* ¿>í* — E* bki<0 for all

iEM2. In particular, Af2 is nonempty.

Consider (¿1, d2, • ■ • , dn) defined as follows :

dk = (1 + e)-1 if k E Mo,

= 1 if k E M1,

= (1 + í) if k E Mi,    where 0 < e < 1.

Now suppose Mi QMi. Then consider

g(t) = E        dibijdr1 - E       dibijdj1

=      E      (l+i)-1èiy+      E      (i+e)-2bij-      E      (l+t)bv
iGM0;jGMi iGMtfjeiií iGMi;jBM0

- E   (i + *)2bii +    E    0 + «)&«• +   E    ft«
t'eAf2;iejií0 «eMíijEAío iGMljeMi

+       E       (1 + O"1*« -       E       (1 + O-1*«
t£¿fí;/€Afi ¿eAfoiJ'e-Wí

- E     »« -      E     (l + «)&*/■
íElMx;jE:M[ iEMî.jEMi

Hence g'(0) <0. Therefore there is a number «i so that, if 0<e<íi,

I v1 v* \ 00 0
maxl 2-¡       dibikdf1 —        ¿_        dkbkidTl 1 <fA(du d2, • • ■ , dn)
M[    \iE.MjJM'¿k£.N teAf0UAf';*ejV /

and

E dibikdiT1 — E dkbkidf1 > 0        for i E Mo-
k£N k£N

Similarly, for M['QMi, consider
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*(«) = -      E     ¿«Mr1 +     E     ¿«Mr1

=       E      (l+«)-26«+       E      (1+*)-1*«
iSM q\ jSM 2 iSM i; jE\M 2

-    Z   (i + «)**« -    E   (i + «)*<*
iSiiiayejiii, ¿eM2;jeAíi

+    E    (i + «)-l&« +    E    J«

+    E    (i+«)»«-    E    (! + «)*«
iGM$jEM{' iEM{';jEM„

E   *«-    E    (î+i)-1*«.
î'EMi'îyGAfi iGAfi';yGJlf g

Hence Ä'(0) <0. Therefore there is a number €2 so that, if 0<e<e2,

ax( Z       dkbkidTx — Z        àibikdkx J < fA(du d2, ■ ■ ■ , d„)
,"     \ ¿£AI2Uaíi';*eiV iEAf JJM{';l¿Elt /

max

and

E dkfoidj-1 - Z dibiicdf1 > 0       for i £ M2.

Therefore for e3 = min(ei, e2) and 0 < e < é3 we have in view of Lemma 5,

any set ~M for which

/¿(di, • • • , dn) = E    d¿ayd3- t —     Z _ d<Mi '
iEM-JEN iEN-JEM

must necessarily be of one of the two forms M0^JM{ or M2\JM" for

some Mi' QMi or MI'QMl Therefore

fA(didi, d2d2, • • ■ , d„d«) <}A(di, d2, ■ ■ ■ , d„).

But (l.dr'fd?)-^^, • • • , df^dï^dnd^ESD, and since, by Lemma 3,

/(l, di (di)   d2á2, di (di)   dBd„) =/(didi, d2d2, • • ■ , d„d„),

/a would not be minimal at (d?, • • • , d„). This contradiction shows

that/a (d?, • • • , d¡J) = 0 as was to be proven.

Now suppose A is irreducible. Let Am be a positive matrix for each

positive integer m, and linw«, Am = A. Then for each m there is a

diagonal matrix DmED so that DmAmDñlE^-n- In the proof of Lemma

4, S-^Jgmin* df g max* di"0 á 5" (^m). Prudent choices for each
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S(Am) indicate that the dtm are bounded from above and away from

zero as m—> oo. Hence j Dm} has a limit point D and D is nonsingular.

Let {Dm>} be a subsequence of {Dm} so that limn,'.»,,, Dm> =D. Then

lim™-...,, Dm'Am'D~} =DAD~l and the result follows.

Corollary 1. If for some permutation matrix P, PTAP is a direct

sum of irreducible matrices then there is a D = diagonal (di, d2, ■ • ■ , dn)

with(dud2, ■ ■ • , dn)E£> such that DAD-1 EA-n-

We might remark here that the result essentially characterizes

irreducibility, in the sense that if 4 is a nonnegative n Xn matrix then

there exists a D=diag(di, • • • , d„), (dh • • • , dn)E£> and DAD'1

EA„, if and only if there exists a permutation matrix P such that

PTAP is a direct sum of irreducible matrices. The converse part of

this statement follows readily from the normal form of a reducible

matrix [3, p. 74].

Theorem 2. If A is irreducible, A £An, F£An and D is a diagonal

matrix with positive main diagonal so that DAD-1 =B, then A=B and

D = hi for some X > 0.

Proof. Without loss of generality we may assume

D = diagonal (dh d2, ■ ■ ■ , d„)        where di ^ d2 ^ • ■ • è dn-

If di=dn then we are through. If di9¿d„, then let s denote the smallest

integer so that d,>d,+i. Let M= jl, 2, • • • , s}. If iEM, k(£M,

di>dk and so d.aa^'à^t*, the last inequality is strict for some

iEM, kEM due to the irreducibility of 4. Thus

E    dißikdk1 >      E     aik =      E     a¿*-
iGM;k€M i&M;k<iM i<iM;ke.M

Similarly ^ntM;kSM ai^^nM-.keiu diaikdll and, therefore,

¿_,i<=M;k€Mdiaikdt   >2_ti$M;kGM dia,kdt , i.e.

E    diaikdk1 >     E    diaikdk1
iGM-.k&N iSN;kEM

which gives us a contradiction. Therefore di=dn and D = Al for some

X>0.

Corollary 2. If A is irreducible and D a diagonal matrix with

DAD-1 GAB, then D is unique up to a scalar multiple.
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