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CONCERNING DIAGONAL SIMILARITY OF
IRREDUCIBLE MATRICES

D. J. HARTFIEL

AsstrACT. If 4=(a;;) is an #Xn irreducible matrix, then
there are positive numbers dy, ds, « - -, d, so that Y i digixdi’
=Dk draridi ' for each i€{1, 2, - - -, n}. Further, the numbers
dy, dy, - - -, d,are unique up to scalar multiples.

Introduction. Sinkhorn and Knopp in [4] as well as Brualdi,
Parter, and Schneider in [1] have shown that if 4 is a fully indecom-
posable matrix then there are diagonal matrices D; and D, with posi-
tive main diagonals so that D4 D. is doubly stochastic. Further, in
each paper D; and D, are shown to be unique up to scalar multiples.

In this paper we prove what is considered the analogue of the above
result in terms of irreducible matrices. That is we show that if 4 is an
nXn irreducible matrix then there is a diagonal matrix D, with posi-
tive main diagonal, so that

D digadit = Y, diagidit
k k
for each i€ {1, 2, « + -, n}. Further we show that D is unique up to
scalar multiples.

Definitions and mnotation. Let #=2 be an integer. Let
N= {1, 2, -+, n} An nXn nonnegative matrix 4 is said to be re-
ducible if there is a permutation matrix P so that

A O
PAPT = )
B A,
where A; and 4., are square. If 4 is not reducible we say that A4 is ir-
reducible. By agreement each 1 X1 matrix is irreducible. Denote

m(4) = min > ai, M) = > aij

¢ #=MEN ieM;jeM iEN;JEN

Fiedler [2] refers to m(A4) as a measure of the irreducibility of 4. It
should be clear that 4 is irreducible if and only if m(4)>0. Let

A= {n Xn nonnegative matrices 4 with Y az= 2 az; for each iEN}
: k k
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and
D = {(dy, dg, - + -, da) 50 that d >0
for each ¥ € N, and at least one d; = 1} .

For A irreducible we denote by S(4) a positive number so that
S(4) m(4)—M(A4)> M(A). Further we define

fa@y ds, - -+, dn) = max | D duydit— 3 diaydy!
d#MeN | ieMm;jEN iEN; JEM

= max Z d.-a.-;d;“ - z d.'d.'jd}'l
¢#MeN | ieM;jeM i€M;jEM

where each dy >0, kEN.
Results.
LEMMA 1. If (di, ds, - « -, ds) ED and maxiey dr = S"(4), then
fa(dyy doy -+ -y da) > fa(1,1, -+, 1),

Proor. Reorder (di, ds, - - -, d.) to (d{, d7, - - -, di) where
d{ 2d7 = + -+ =d,. Let s denote the smallest positive integer such
that d, /d;;,> S(4). That there is such an s follows since if for each
ke{1, ..., n—1}, we have that d{/d,,,<S(4), then df/d.
=172} @) /diyy) £S*1(4). But df = - - - =d,!, and some df =1
Jimplies d, <1. Hence di=<5"1(4)d,<S*'(4). Since S(4)>
2M§(A-)/m(A)§2, S=1(4)<S*(4). It would therefore follow that
max; di =d] <S"(4), a contradiction. Let M = {ig|d;, =d% for each
RE{I, 2, -, s}} Then

fa(l, 1, -+, 1) < M(4) < S(4) -m(4) — M(4)
S @)t X es— X ey

IEM;jeM 1EM;JEM

< z: diaidit — Z diadit S fA(dlr dyy - v vy dn).

EM;jeM 1EM;JEM

LEMMA 2. If (dl, dz, + -+ ,d,) ED and miney dk§S-"(A) then
fA(dl’ dZ’ Ty dn) >fA(1, 1’ IR 1)'

Proor. If for each k€{1, - .-, n—1} we have that dy/d},,
=S5(4), it would follow as in the proof of Lemma 1 that min; d;
=d, >S5 "(4). Hence for this case there is also a smallest integer s
such that d; /d;4,> S(4). The rest of the proof is identical with that
of Lemma 1.
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LEMMA 3. fA()\dl, )\dz, coeey, )\d”) =f4(dx, dz, sy, d») for A>0.

LEMMA 4. fa(dy, dy, + - -, d,) achieves a minimum for some (d,
dz, A ,dn)eg.

Proor. Since S(4)>2, (1, 1, - - -, 1) belongs to the compact set
X={(d, -+, d)ED|S™(4) < min; di S max; dp S S*(4)}. By
Lemmas 1 and 2, Infg f4 =Infx f4, and the result follows.

LEMMA 5. Let (d1,ds, « + +,da) ED. Suppose

fA(dl, dz, R d,.) = max
o Mg N

Z dia"jdj-l - Z dia,',dj_l

IEM;jeM TEM;jEM

is achieved on My= {41,142, - - %, }. Then

{ > diaadit — Y daridi| i € Mo}
k k

.

contains no sign changes and { Dok diaadyt — 2ok drarid;! | iEM o}
contains no sign changes.

Proor. Let M| = {te Mo' Zk d,-a.-,,d;l - Z" dkak,-d{1 > 0} and Mé,
= {iEM,| Xr digadi* — Dk draridi ' <0}. If both M{ and MY are
nonvoid, then we would have

Z diaadi 1— Z drardi?

IEMgKEN IEMgKEN

< max[ > dwadit— Y diadi

IEMgkEN {EMgkEN

E diapdit — E diaadi I:I ’

{EMykEN {EM{kEN
a contradiction. The proof of the other half of the lemma is similar.
THEOREM 1. If A is irreducible, then there is a
D = diagonal (d1, ds, -+ * -, d»)
with (di, dy, + + +, dn) ED so that DAD'CA,.

Proor. We first prove the theorem for a positive matrix 4. Suppose
fa(dy; da, + - -, dy) achieves a minimum at (43, d3, - - -, d3)ED.
Suppose
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it )= | F dad - T dasd]

€M JEN 1EN;JEMy

We shall prove that f4(d3, - - -, d3) =0.

Then X iemjen diai(d)~'— X ienjen dia;(d)1=0 for any M
where ¢# M N. The result follows by taking M= {k}, for each
kE {1, - - -, n}. Hence suppose that f4(d?, - - -, d2)>0. Without
loss of generality suppose d{a;;(d;)~! = b;;and EkEN ba— ZkeN bei>0
for each i€ M, Let Mi={i| D ten b= D sen bis} and My=N
—(M,\J M,).

In view of Lemma 5, it must be that D, by — D & bis <0 for all
1E& M. In particular, M, is nonempty.

Consider (d;, ds, - - -, d,) defined as follows:

=10+ ifke M,
=1 if k € My,
=1+ if £ € M,, where 0 <e<1.

Now suppose M{ € M;. Then consider

g0 = 2 dbudit— X dibud

iIEM UM JEN IEN;JEM UM,

= > (A+9%;+ 2 (4o i— D (14 &by
1E€EM;JEM, 1EM g JEM 1EM,;7EM,

- 2 Q49%;+ X (A+ebs+ X by
€My jEM, iEMy;iEM, 1EMy; JEM

+ X A+9i— X (4o
IEMY;JEM, €M g JEM,

—_ E b.‘j —_ Z (1 + €)bij.
IEM;iEM] iEM 5 JEM|

Hence g’(0) <0. Therefore there is a number ¢ so that, if 0<e<g¢,

max( Y dbadit— Y dkbk,-drl) < faldy, ds, - - -, dy)
My iGMoUM;;kEN iGMoUM’l;kEN
and

Do dbadit — Y dibid >0 fori € M.

kEN KEN

Similarly, for M{' C M;, consider
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h(e) = — Z dibijdj_l + Z d,'b,'jdfl
iEM UM/ JEN iIEN; JEM,UM{’
= 2 (+9%;+ 2 (1+97%;
1EM ) 1EM IEM;/EM
- 2 U+9%s;— X (A+eby
€M 9 iEM, iEM 9 JEM,
+ X 4ot X by
i€EMg; jEMy iEMy;jEMY
+ X A+9bi— 2 (1+eby
€My jEMY IEMy';JEM,
- X b= 2 (1497
iEM{; JEM, iEM{';JEM,

Hence %’(0) <0. Therefore there is a number € so that, if 0<e<e,

max( Z d}cbkidi_l - Z dibikdk_l> < fA(d;)) d:’ Ty d:)

My IEMUMY kEN iEMUM,";kEN

and

Z dkbk,'d,'_l - Z dib;kdk_l >0 for ¢ & M.

kEN kEN

Therefore for ¢ =min(e, &) and 0 <e<e; we have in view of Lemma 5,
any set M for which

Ja@y, -y dn) = | 2 diaidi' — Y diagdi?

iEM; jEN iEN;JEM

must necessarily be of one of the two forms M\JM{ or M,\J M|’ for
some M{ C M, or M|’ C M;. Therefore

fa(didy, duds, - - -+, dudn) < fa(dd, dsy - - -, du).
But (1, d{ '(d))~'dedd, - - -, di (d))~1d.d2) €D, and since, by Lemma 3,

FQ, d1 () dads, - - -, di (d1) dudn) = f(drds, dod, - - -, dudn),

fa would not be minimal at (d?, - - -, d2). This contradiction shows
thatfa(d?, - - -, d2) =0 as was to be proven.

Now suppose 4 is irreducible. Let 4, be a positive matrix for each
positive integer m, and limp., An=A. Then for each m there is a
diagonal matrix D,,E€ D so that D,,4 D, EA,. In the proof of Lemma
4, S"(A,) Smin; d™ <max; d™ £ 5"(4,,). Prudent choices for each
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S(4.) indicate that the di® are bounded from above and away from
zero as m— . Hence {D,} has a limit point D and D is nonsingular.
Let {D,} be a subsequence of {D,} so that limu ., D, =D. Then
limmae DmrAme D} = DAD! and the result follows.

COROLLARY 1. If for some permutation matrix P, PTAP is a direct
sum of irreducible matrices then there is a D =diagonal (d,, ds, - - -, da)
with (dy,ds, - - -, dn) ED suchthat DAD'EA,.

We might remark here that the result essentially characterizes
irreducibility, in the sense that if 4 is a nonnegative n X # matrix then
there exists a D=diag(d,, - - -, da), (d1, - - -, da) ED and DAD™!
€A, if and only if there exists a permutation matrix P such that
PTAP is a direct sum of irreducible matrices. The converse part of
this statement follows readily from the normal form of a reducible
matrix [3, p. 74].

THEOREM 2. If A is irreducible, ACA,, BEA, and D is a diagonal
matrix with positive main diagonal so that DAD'=B, then A =B and
D =N\I for some\> 0.

Proor. Without loss of generality we may assume

D = diagonal (dy, ds, + - -, d») whered, 2 d. = - - - 2 d,.

If d, =d. then we are through. If d,7#d,, then let s denote the smallest
integer so that d,>d,y1. Let M= {l, 2, - -, s}. If i€M, kEM,
di>d; and so diaad;'2aq, the last inequality is strict for some
1E M, k& M due to the irreducibility of 4. Thus
2 diadi'> X aa= D, aa
iEM;kEM EMkEM JEMKEM
Similarly 3 ieamen aa>2 ieamren diaads* and, therefore,
ZiEM;keMdiaikd;l >Z.'eM;kEM diaads?, ie.
Z diandi ! > Z digadi?

IEM;KEN 1ENkEM

which gives us a contradiction. Therefore d; =d, and D =\I for some
A>0.

CoROLLARY 2. If A s irreducible and D a diagonal matrix with
DAD &€ A, then D is unique up to a scalar multiple.
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