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REPRESENTATIONS OF EULER CLASSES

howard osborn1

To Professor S. S. Chern on his sixtieth birthday

Abstract. For any endomorphism K of an oriented module F

with inner product there is an element pf K in the ground ring R,

a constant multiple of the classical pfafhan in the case F=R2n.

If R is the algebra of even-dimensional differential forms on a

smooth manifold, and if F is the tensor product of R and the

module of sections of an oriented 2«-plane bundle, then any con-

nection in the bundle induces a curvature transformation K:F->-F

for which (477)-" pf K represents the Euler class. Properties of

Euler classes are immediate consequences of corresponding

properties of pf.

1. Pfaffians. Let R be any commutative ring with unit. An P-module

F is orientable if Am F is free of rank 1 for some m>0; according to [4]

there is at most one such integer m, and throughout this note we assume

that m is an even integer 2n. An orientable module F is oriented by assign-

ing a generator SeA2" F.

An inner product on F is any nondegenerate symmetric bilinear map

( , ):FxF->R, not necessarily positive-definite in any sense. An inner

product on F induces inner products on F for p=0, ■ ■ ■ , 2n in the

usual fashion, and we assume (S, S)=±l for the orientation S; the ±

sign depends on ( , ). The Hodge operator *: A" F-+A" Fin dimension n

is given by requiring

(*t A • • • A en,        A ■ • ■ A/J) = <ex A • • • A en A/i A • • • Afn, S)

for any eu • • • , cB,/1, • • ■ ,fneF.

Definition 1.1. For any endomorphism K of F the pfaffian is the

element pf K={— 1)"<»-d/* tr *°A" K~, where *°An Kis a composition of

endomorphisms of A" F and "tr" means "trace".

Let *K denote the transpose of K: (e, tRJ) = (Ke,f).

Proposition 1.2.  pf K=pf(—tK).
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Proof. One easily computes '*=(— 1)"*, and since '(A™ K)=

iVQK) it follows that tr *°A" K=tx An K°*=tr '(A" K°*) =

tr <*°((A" K)=ti *°A" ( — *K).
We shall need the following two properties of *.

Lemma 1.3.   A" f^°*oA" ^ = (det A)* for any AeUom(F, F).

Proof.

(ex A ■ ■ ■ a en, (A" *A o * o A" A)fx a • • • a/„>

= a • • • a ,4e„, *L4/i a • • • a ,4/J>

= (^e, a • • • a /4en a 4/i a ■ • ■ a /4/„, S)

= (det        a • • • a e„, *(fx a • • • a/J).

Lemma 1.4. For any invertible Aeüom(F, F) let {,)' be the inner

product given by (e,f)' = (Ae, Af); then the corresponding Hodge operator

*': A" f-+A" F satisfies *'=A" A~^ * oA" A.

Proof.   For S'=(A2" A'^S one has

(5", S'Y = <(A2" A)S', (A2" yi)S'> = (5, S) = ±1;-
hence

(e, a • • • a e„,        a • • • a/J)'

= (ex a ■ • ■ a en Afi a ■ • • Afn, S'Y

= (Aex a • • • a y4e„ A Afx A ■ ■ ■ A Afn, S)

= (Aex A • • • A Aen, *(Afx A ■ ■ ■ A AfJ)

= (ex A ■ ■ ■ A en, (A" A-io«o A" A)fx A ■ ■ ■ Afn)'.

Proposition 1.5.  pf(/l°AV,4)=(det A)x,{ K.

Proof.   Lemma 1.3 gives

tr(* o A" {A oKoU)) = tr(* o A" A ° A" K ° A" '^)

= tr(A" *A° * ° An Ao An K)

= (det ^) tr(* o A" K).

Corollary 1.6.  IfK=AoJo'A then (pf .K)2(det/)=(pf/)2(det K).

Proof.   Both sides are equal to (det ^4)2(pf J)2(det J).

If E and F are oriented inner product spaces of dimensions 2p and 2q

then the direct sum E®F is also an oriented inner product space with

respect to the obvious definitions. Let *" be the resulting Hodge operator

on Ap+9 (E@F), this module being canonically isomorphic to the direct

sum 2r+s=»+a Ar E® A" F. If i and p are the injection and projection for
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the summand A" E®A9 F then for the Hodge operators * and *' on

Ap£and A" F one easily verifies 0o*"ot=(—1)»"*®*'.

Proposition 1.7. For any J:E-^-E and K:F-^-F it follows that

pf(J®K)=(PU)(pfK).

Proof. *"°Av+a (J®K) interchanges the summands Ar E®A" F

and A2p~r E®AM~S F of Ap+9 (E®F), so that only A" E®A" F plays a

role in commuting the trace. Hence

tr(*" o Ap+9 (J ® K)) = tr(p o *" ° A^9 (J ® K) ° i)

= tr((p c *" o {) o (p c Ap+q (J®K)o i))

= (—l)3"1 tr((* ® *') ° (A* J® A9 K))

= (-iytr((* ° A*J) ® (*' ° A9Kj)

= (-l)OT(tr * o A" J)(tr *' o A9 K),

and one inserts the ± sign of Definition 1.1 to obtain the result.

A free module F of rank In is oriented by ordering a basis elt • ■ • , e2n

up to even permutation, and the usual inner product is given by (e0 e}) =

&fi. One easily checks for any permutation tt of (1, • • • , In) and S=

e,A- • -Ae2n that *(<?TlA- • ■Ae„) = {-\)ne1!en{n+1)A- ■ -Aen{2n), where eff is

the parity of tt; this implies

*0rt A e„3 A ■ ■ ■ A e„l2n_iy) = (-l)n<n+v/2e„el2 A e„4 A ■ ■ ■ A eriSn).

Proposition 1.8. If (K*) represents an endomorphism K of a free R-

module F with respect to the basis ex, ■ • ■ , e2n, then

n

where If is the set of those permutations ir of (!,••• , 2n) with tt2< - ■ •<

tt(2«).

Proof. Let P<=n be the set of permutations tt satisfying both

tt1<- • -<77(2n —1) and tt2<- • •<7t(2n), for which

{e,2 A • • • A e,i2n) \ tt 6 P}

is a basis of A" F, and let T be the set of all permutations of (1, • • • , n).

Then

(An K)(ew2 A • ■ ■ A e,(SB)) =   2 (K% • ■ ■ K%n))eii A ■ ■ ■ A ein
«1. '".in

— I V e t"(8r(D-l) . . . lf)r(2r(re)-l)l        a ... a p -U • • .
= i2.£rKv2 Kv(2n)       jenl A        A e„(2n-l) + ,

where '*■+•• •" represents summands e^A- • -A*t with

{'V, •"» »»> ?* {«•!,* * •, tt(2« - 1)}.
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Hence

(* o A" K)(ew2 A • • • A

— if    1\n<n+D/2„   V c jf>r(2r<l)-l) . . . »-ir<2r<n)-l)l        . . >. . «   . . .
= {(,—1) ^2^7/2 •^■77(27!)        jeir2 A A ßT(27!) + >

where " + • • •" now represents summands e^A- ■ -Ae^ with

••• ,in} ^ I772. tt(2")}.

Hence

tr * o A" K = 2 rf""" • • • Km**-™
P.T

_ (     i\n(n+l)/2 V o V"1 . . . i?7r(2n—1)

n

We remark that except for a constant factor ±2" Proposition 1.8

states that pf K is the classical pfaffian of {K\), usually denned only when

(K)) is skew-symmetric. If R contains J then Proposition 1.8 implies that

pf K=pf ?{K— *K), so that pf AT depends only on the skew-symmetric

part of K. For certain ground rings R, including the one considered in the

next section, a localization procedure can be applied to obtain the same

result for any oriented P-module F with inner product.

Assume once more that Fis free of rank 2n, and let J:F—>-F have matrix

representation consisting of blocks (J -£) down the main diagonal; then

det/=l, and Proposition 1.7 implies pf/=±2". Since any skew-

symmetric matrix (AT) is of the form (A^J^A) for some endomorphism

A, Corollary 1.6 becomes (pf K)2=22n det K. As in the preceding para-

graph this result extends to the skew-symmetric endomorphisms K of any

oriented module F with inner product over certain ground rings R.

2. Euler classes. For any smooth manifold M let $ be the CCC(M)-

module of differentials on M, i.e., the smooth sections of the cotangent

bundle, let (A* S, d) and H*(M) be the de Rham complex and de Rham

cohomology of M, and let R be the even-dimensional subring A2* #c

A* If 3F is the CtD(Af)-module of smooth sections of any oriented

2«-plane bundle f over M, then any connection in f may be regarded as

a real linear map D : A* S®^^-K* S®^ for which the curvature is a

A* (f-module endomorphism D°D of degree 2; it follows that the

curvature induces an Ä-linear endomorphism K:F-^-F for F=R®!F.

The orientation of £ induces an orientation of F, and any riemannian

metric on f induces an inner product on F.

In case (K)) represents the endomorphism induced by K for

some trivialization of £ over an open U<^M, then the Euler class

e(S)eH2n(M) is represented by a closed 2n-form whose restriction to U is

(-47r)-" 2n M$ • • • KlllnT1'- (See [5, e.g.].) It follows from Proposition
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1.8 that e(£) is globally represented by (4V)-n pf K. In fact one can easily

develop geometric Euler classes ab initio in terms of the properties of pf,

as established in the preceding section, without reference to the trivializa-

tions of I; we sketch such a development.

The inner product on F induces a corresponding bilinear form < , )

for the 2-sided A* cf-module A* ', and a connection d is metric

whenever (De,f)+(e, Df) = d{e,f). To verify that a given d is metric it

suffices to suppose that e,f are of the forms l®s, l®t for sections s, t of

f; for convenience we write s, t in place of l®s, l®t.

Lemma 2.1. For any invertible endomorphism A of F let { , )' be the

inner product given by {e,f)' = {Ae, Af), and extend A to an endomorphism

of A* £®!W. Then if d is a metric connection with respect to ( ,) it

follows that A~x°d°A is a metric connection with respect to ( , )'-further-

more the curvature K' of d' is given by K'=A~1°K°A.

Proof.   For dei\v & and s, teF one has

d'(0s) = A~1d(6(As)) = A-\dB ■ As) + (-1)^"1 ° d ° A)s

= dd-s + (~iye ■ d's,

so that D' is a connection. Next,

(D's, t)' + (s, D't)' = (A(A~1DA)s, At) + (As, A(A~1DA)t)

= (D(As), At) + (As, D(At))

= d(As, At) = d(s, t)'

so that D' is metric with respect to (, )'. Finally, K's=D'D's =

(A^DDA)s=(A^KA)s.

Lemma 2.2. For the metric connections D, D' of Lemma 2.1 it follows

that pf K=p{' K'eA2" cf, where pf is defined with respect to { , )'.

Proof. Lemmas 1.4 and 2.1 give *'°An K' = (l\n A'^^oKy A)o

(An A~1oAn KoAn A) = (An /0_1°(*oA" A>(An A), hence

tr *' o An K' = tr * o A" K.

Now for any oriented 2«-plane bundle f one imposes a riemannian

metric on £ and computes pf KeA2n £ for any connection D. The Chern-

Weil theorem guarantees that pf K is closed and that the cohomology

class [pf K]eH2n(M) is independent of D. (The Chern-Weil theorem can be

presented entirely in terms of algebraic operations on A* S®^; see

[6], e.g.) To show that [pf K] is also independent of the metric one
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observes that any two inner products on Pare related by (e,f)' = (Ae, Af)

for some invertible endomorphism A.F-^-F; hence if D is a metric con-

nection with respect to ( , ) Lemma 2.1 provides a metric connection D'

with respect to ( , )' for which Lemma 2.2 gives [pf' K'] = [pf K] as

desired. Thus the cohomology class (47r)-"[pf K]eH2n(M) depends only

on f itself; it will be denoted The construction of pf K guarantees

naturality of Proposition 1.7 provides the product formula e(£®rj) =

e(£)e(rj), and one verifies normalization as in [5], thus completing the

axiomatic characterization of Euler classes.

The distinguishing feature of the preceding sketch is that one proves

explicitly that [pf K] is independent of the riemannian metric on |, The

same technique gives an instant proof of the Avez-Chern theorem (see

[1], [2], and [3]), in which one imposes a pseudo-riemannian metric on f.

We remark that a metric of type (p, q) on £ induces an inner product

( , )' on F with (S, S>'=(—l)9 for any orientation SeA2" F; this alters

none of the methods of this note. Here is the Avez-Chern theorem:

Proposition 2.3. Given a pseudo-riemannian metric on an oriented

In-plane bundle f, let ( ,)' be the induced inner product on F and compute

pf with respect to < , )'; then the Euler class e(£) is represented by

(47r)_J! pf K' for the curvature K' of any connection D' which is metric

with respect to ( , )'.

Proof. { , )' induces an inner product ( , )': Fc x Fc—>-Rc in

the complexification Fc of F. (Symmetric, not hermitian symmet-

ric.) Let ( , ):FcxFc-+Rc be the inner product induced by any

riemannian metric in f, so that (e,f)' = (Ae, Af) for some invertible

AeHomRc(Fc, Fc). If * and *' are Hodge operators for ( , ) and

< , )' one has *' = A" A~1o*oAn A as in Lemma 1.4, and A°D'°A~X

is a metric connection D with respect to ( , ) as in Lemma 2.1. Then

pf Ä"=pf K as in Lemma 2.2, which completes the proof.

We remark that Corollary 1.6 has not been used in this section. How-

ever, its sharpened form (pf Ä)2=22n det AT has a well-known application:

e{tt?=pn{Z).
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