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A NEW RESULT CONCERNING THE STRUCTURE
OF ODD PERFECT NUMBERS
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ABSTRACT. It is proved here that an odd number of the form
p*s®, where s is square-free, p is a prime which does not divide s,
and p and « are both congruent to 1 modulo 4, cannot be perfect.

A positive integer 7 is said to be perfect if
M a(n) = 2n,

where o(n) denotes the sum of the positive divisors of n. To date 24 perfect
numbers have been discovered, all of which are even. Although no one
knows whether or not any exist, many interesting results have been ob-
tained concerning the structure of odd perfect numbers. The oldest of
these goes back to Euler who showed that if n is an odd perfect number then

2

@) n= p“plﬂlpgf’z .. .p?ﬂt

where p, p,, * - -, p, are distinct odd primes and p=a=1 (mod 4). In 1937
Steuerwald [S] proved that not all of the f, in (2) can equal 1. Four years
later Kanold [1] showed that the §; cannot all be equal to 2. In the same
paper he also proved that the numbers 28,41 (i=1,2,---,t) cannot
have as a common divisor any of the numbers 9, 15, 21 or 33. Recently
McDaniel [3] has generalized these results by proving that 3 cannot be a
common divisor of the 2f;+ 1. The purpose of the present paper is to show
that the §;in (2) cannot all be equal to 3. Thus, we shall prove the following
result.

THEOREM. If n=p°pips- - - pi is an odd number such that p=a=1
(mod 4), then n is not perfect.

Our method of proof requires us to find the prime factors of some very
large numbers. This part of the research was done using the CDC 6400 at
the Temple University Computing Center.
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We begin by stating a result concerning cyclotomic polynomials. The
proof may be found in [4].

PrOPOSITION 1. x™—1=]]am Fi(x) where Fy(x) is the dth cyclotomic
polynomial.

We shall also require the following facts concerning odd perfect
numbers. The first appears in [2]. The second is due to Kanold [1].

PROPOSITION 2. If n is an odd perfect number, then 1054n.

PROPOSITION 3.  If n is an odd perfect number as in (2) and s is a common
divisor of the numbers 28,41 (i =1,2,- -, t), then s'|n.

We now assume that the n of our theorem is perfect and shall reach a
contradiction. Using the well-known formula for the o-function, we see
from (1) and Proposition 1 that 2n=0(p") [1i=; F:(p,). Therefore, every
prime divisor of F;(p,) is a divisor of n. Also, since « is odd, it follows that
(p+1)|a(p”), so that every odd prime dividing p+1 also divides n. From
Proposition 3 we deduce that 74n and therefore that F,(7)=29-4733 di-
vides n (note that 4733 is prime). If p=29, then 3-5-7|n which contradicts
Proposition 2. Therefore, p7#29 and F;(29)="7-88009573=7Q divides n
where Q is a prime. Since Q=1 (mod 4), Q may or may not be equal to
p- We consider these possibilities separately.

If O#p, then F7(Q)|n. A search for “small” prime factors of F,(Q)
yielded 7, 29, 43, 71. Since neither 43 nor 71 is congruent to 1 modulo 4,
neither is equal to p. The prime factorization of F,(43) is 7-5839-158341
while 883|F;(71). We are now certain that the following eight primes divide
n: 29, 43, 71, 883, 4733, 5839, 158341, 88009573. All are congruent to 1
modulo 7 and at most one (either 4733 or 158341) can be p. Since x=1
(mod 7) implies Fr(x)=14x4+x2+" - -4+x5=0 (mod 7) we conclude that
77|n. But this contradicts the fact that 7%||n.

If Q=p then n is divisible by (p+1)/2=53-830279=53R where R is a
prime. The prime factors of F;(R) which do not exceed 10000 are 43 and
1709, while the prime factorization of F,(53) is 29-778986167. We now
know that the seven primes 29, 43, 1709, 4733, 5839, 158341, 778986167,
each different from p and each congruent to 1 modulo 7, divide n. As
before, 77|n which is a contradiction. This completes the proof of our
theorem.

An examination of the details of our argument shows that we have also
established the following result.

COROLLARY. If n=p*7%p3f>---p2t is an odd number such that
7|@2B;+1) for i=2, -+ -, t and p=a=1 (mod 4), then n is not perfect.
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