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SHORTER NOTES

The purpose of this department is to publish very short papers of an unusually

elegant and polished character, for which there is no other outlet.

A NOTE ON LEVY'S BROWNIAN PROCESS
ON THE HILBERT SPHERE

peggy tang strait1

Abstract. Let X(t), t in U, be Levy's separable Brownian

process. Let 5 be the unit Hilbert sphere. It is shown that with

probability 1, the image of X(t), reS, is the entire real line.

1. Introduction. Let X(t), t in /2, be Levy's separable Brownian process

with X(0)=0, mean 0, and covariance function

r(x, t) = E(X(s)X{t)) = (1/2)(||j|| + ||/|| - ||/ - si).

Let S be the unit Hilbert sphere S={tel2: ||f||^l}.

Theorem. With probability 1, the image of X(t), teS, is the entire real

line.

2. Preliminary lemmas. Let An**(iu i2, • ■ •) be points in S defined by

iB=l, /;=0 if/jtfn. Let Xn = X(An). Levy proved the following lemma.

Lemma 1 [1].   The sequence {Xn} is almost surely not bounded.

Lemma 2 [2].   Let T be a subset of l2 of the form T={(f1, r2, • •

a„^/„^an+l/2", (au a2, ■ ■ -)sl2}. With probability 1, X(t) is continuous

for t in T.

The proof of Lemma 2 is given in [2].

3. Proof of the Theorem. In terms of the random variables Xn,

n = l,2,        of §2 above, define random variables Y{, f=l,2,
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successively by the formulas

*i = Yu

(3.1)

Xn = a».^ + a„i2Y2 + ■ • • + fl1,„.1ft.1 + Yn,

with a„,„=l and a, ; chosen so that £(r, F;)=0 whenever t'j*/. Then

{yj is a sequence of independent normal random variables each with

mean zero. We can therefore apply Kolmogorov's zero-one law and con-

clude that the tail event "for every c>0and «>0 there is an m>0 such

that Qm.iYiX?' nas f°r probability either 0 or 1. Similarly the tail

event "for every c>0 and «>0 there is an m>0 such that 2JLX am iYi<

— c" has for probability either 0 or 1. By symmetry of the random variables

Yu the probability of the two tail events described above must be equal,

hence either both equal to 0 or both equal to 1. Now apply Lemma 1

and we conclude that the probability is 1, or in other words, with proba-

bility one the sequence {X„} takes on arbitrarily large and arbitrarily

small (i.e. very negative) values.

Let x(t) denote sample functions of the process X(t) and xn denote

values of Xn (i.e. x(An)). Let B be the set of all sample functions x(t)

such that the sequence {.v„} takes on arbitrarily large and arbitrarily

small values. We showed in the above paragraph that

(3.2) P{B)=\.

For each n, n = \, 2, • • • , define

(3.3) Tn = {(tut2,---):0<tn£ l,?fc = 0if^«}.

Observe that Tn is a subset of S. Let C„ be the set of all sample functions

x(t) for which x(t) is continuous for / in T„. Since Tn is covered by the

union of a finite number of sets of the form Fin Lemma 2, we have

(3.4) P(Cn)=l, n-1,2,---.

Let £> = 5n(n?=i C„). It follows from equations (3.2) and (3.4) that

(3.5) P(D) = 1.

Let x(t) be a sample function in D. Let c be an arbitrary positive real

number. Since x(t) is also in B, there is a point A„ (as defined in §2) and a
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point Am such that

(3.6) x„ = x(A„) > c  and  xm = x(Am) < -c.

Now, An is a point in the set Tn and 0=(0, 0, • • •) is also a point in Tn.

Furthermore, there is a continuous path in Tri joining the point An with

the point 0. Since x(t) is in D and thus also in C„, x(t) is continuous along

this path. Hence x(t) must take on all values between x(0)=0 and

x„=x(A„). Thus, there exists a point t in T„, and therefore also in S,

such that x(t)=c. Similarly, there is a point s in S such that x(s)=—c.

4. Remark. The Hilbert sphere 5 in the theorem may be replaced by

any noncompact subset T of /2 of the form T={(t1, t2, ■ • ■):an—-tn=:bn}

by applying the statement proved in [2] that almost all sample functions

x(t) are unbounded in T.
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