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ON AN IDENTITY OF ECKFORD COHEN!

M. V. SUBBARAO AND D. SURYANARAYANA

ABSTRACT. We characterize all multiplicative arithmetical
functions f,(r) such that an identity of the form

> filDe(n, r) = qu(nig(k),  gk) #0,

r=1

holds for all n, where g,.(n) is the characteristic function of the set
of k-free integers and c,(n, r) is the generalized Ramanujan sum.
This characterization yields several arithmetical identities of the
above form including an identity of Eckford Cohen, which occurs as
a special case of our theorem on taking fi(r)=p(r)/Ji(r) and
gW=1(k).

1. Introduction. Throughout the following & denotes a fixed integer
22. Let 0, denote the set of k-free integers, that is, the integers whose
prime factors are all of multiplicity <k. Let g,(n)=1 or 0 according as
neQ, or n¢Q,. Also, let {(s)=22_, n~* for s>1.

In 1963, E. Cohen [3, (1)] established the following identity and used it
to obtain an elementary estimate for Q,(x), the number of k-free integers
Sx:

(1) > (f;‘%) (s 1) = qu(mL(R),
13

where u(r) is the Mobius function, Ji(r) the Jordan totient function of
order k, and c,{n, r) is the generalized Ramanujan sum defined by

r=1

@ amn= 3 e,

a(mod r"'):(a.rk)k=1

the summation being over all a(mod r¥), whose greatest common kth
power divisor with r* is 1. This generalization of Ramanujan’s sum was
introduced under a slightly different notation by E. Cohen [2] himself in
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1949, who also established [2, (2.5)] the following arithmetic evaluation
of ¢,(n,r):

(3) enr) = 2 du(rld).
diridt|n
The object of the present paper is to characterize all multiplicative
arithmetical functions fi(r) such that an identity of the following type
holds for all n:

@ 2 flMen, 1) = a(mg(k),  glk) # 0.
r=1
It may be noted that (1) is a particular case of (4) with f;(r)=u(r)/J;(r)
and g(k)={(k).
The characterization of f,(r) satisfying (4) is given by the foliowing:

THEOREM. Let fi(r) be a multiplicative arithmetic function such that
> Jir)ew(n, r) is absolutely convergent for all n. Then the identity (4)
holds if and only if

@) f(p)=1+£(p)(p*=1))[p* for every «a=2 and for every prime p;

(ii) g(k)£0 and is given by g(k)=T1, {1—f(p)}, where the product ic
extended over all primes p.

ReMark. For the function f,(r)=u(r)/i(r), we note that f(p)=
—1j(p*—1) and fi(p*)=0for every a=2, since J.(r)=r*[],;, (1=1/p¥); so
that the conditions of the theorem are satisfied, thus yielding the identity

Q).

2. Proof of the theorem. Since f,(r) and c,(n, r) are multiplicative
functions of r and the series 2,2, fi(r)c,(n, r) is absolutely convergent, it
can be expanded into an infinite product of Euler type [4, Theorem 286].
Hence by (3), we have

S hmamn =T1 { S fmesn, p'")}

(5) ’ I’":" e
-11Esm, 2, on(3)

First suppose that f,(p*)=(1+£.(p)(p*—1))/p*, for every «a=2 and for
every prime p, and g(k)s0 which is given by g(k)=TT, {1—fi(p)}. Then
we prove the identity (4), which is equivalent to proving

© 2 natun =TT{ - (@)}, fneg,
=0, ifné¢g,.
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Now, if n€Q,, then it is clear that 1 is the only kth power divisor of #,
so that from (5), we get that

5 finen,n =TT S atemutrm) = [T0 - m).
r=1 P m=0
Let n¢Q,. Then n can be written uniquely in the form n=n,n,, where
n,>1, (ny, n))=1, meQ,, n,eL,, L, being the set of k-full integers, that
is, the integers whose prime factors are all of multiplicity k. Let n,=
pipsr - - - pi. Since myel,, a2k for 1=5i<t. We can write a,=u;k+v;,
where ;21 and 0=v,<k—1. From (5) we get that

i -T1{S0, 3 (5

el p lm=0 dlp™id* | n1ng
=pg'{§ofk(p")u<pm>} [1 { gofk(p'")mzd L ( )}
O =vgg{l Ml ];j {gofk(pM)dlp;":Zﬂ‘lvi‘fdky (7') }
=[T{-5m

Dipine

TI {1 + D™ — pe — f(p,’““)p“"‘}

=1 a=1

Since f,(p*)=(1+f(p)(p*—1))/p* for every a=2 and for every prime p,
we have

£0D) = 1Y) = -+ - = £u(p¥™) = (1 + filp)(PF — 1))/p¥

for 1=i=t. Hence each term in the second product is zero, so that

ka(r)c,,(n, r)=0 forallné¢Q,.
r=1

Thus (6) is proved, so that the first part of the theorem follows.
Conversely, suppose that (4) holds for all n with g(k)0. Taking n=1,
we see from (3) that ¢,(1, r)=u(r), so that from (4) and (5), we get that

gk = 2, fuou() = TT{1 - fum)},
r=1 D
so that condition (ii) of the theorem is satisfied. Since g(k)#0, we have
fe(p)#1 for every prime p.
Let ¢ be any arbitrary prime. To prove condition (i) of the theorem,



1972} ON AN IDENTITY OF ECKFORD COHEN 23

it is enough if we prove that
®) flg™) = (1 + fila)(g" — 1)/g* for everya = 2.

We prove (8) by complete induction on «.
Now, taking n=g* in (4), we get from (7) (in this case n,=1, n.=q*,
i=1 and u,=1) that

0=[T1{1-4m} {1+ 4@~ 1 — filg)d")

= [g(0/(1 = f(a)]- {1 + fld)d" — 1) — fulg" )"}
Since g(k)#0, we get that

flg®) = (1 + filaXq" — D)/q",

that is, (8) is true for a=2.

Suppose that (8) is true for =2, 3, - - -, §, where $22. We shall prove
(8) for a=p+1. Taking n=q"" in (4), we get from (7) (in this case n;=1,
ny=¢"*, i=1 and u,=p) that

']
o=]T{1-5m} { 1+ 2 fil@®g™ — ¢ — fk(q‘“)q“"},

Dip¥q a=1

so that

B
@) = 1 + (@)@ — 1 + 2 flgg™ — g™

a=2

=1+ fi(e)q* — 1) + filg)g™ — ¢*]
k —
= 1+ At~ + [FHEEE =D g

= ¢*""M1 + fg)(g* — D),

that is, £(¢**)=(1+£.(g)(¢"*—)/g*. Hence (8) follows for every a=2.
Thus the proof of the theorem is complete.

3. Some special cases. Taking

o A+ DPF—(4+ B
pk _ B and fk(p ) - pk(pk _ B)

for every a2 and for every prime p, where 4 and B are constants which
have the values 0, 1 or —1, we see that the conditions of the theorem are
satisfied with g(k)=TT, {1—A/(p*—B)}. Hence we have the following
identities corresponding to the values of A and B given by (1, 0), (1, —1),

flp) =



24 M. V. SUBBARAO AND D. SURYANARAYANA

(1’ l)a (—170)’ (_1’ _1)’ (—l’ l)

©) Zl furedn, 1) = ‘1&(:))

(10) ka(r)ck(n M = an )i%’;—)

(11 glf,mck(n "= qk(roz(k)l‘[( p»)
(12) Z e, 1) = a0 f((z’;’)

(13) glfk(r)ck(n, ") = a(n) i‘(zk"))ﬂ 1+ p,‘)
(14) gfk(r)c,,(n, M = WK,

The infinite products in the right sides of (11) and (13) can be expressed
as infinite products involving the Riemann zeta function using the
following result.

I1 (1 - ;) = T Tcems)ym,

? m=l

for every « and s> 1, where a(m)=m= 3, «*u(m/d).
For a proof of this result, we refer to [1].
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