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A PROPERTY OF y’” + p(x)y' + J2~p'(x)y =0
GARY D. JONES
ABSTRACT. It is shown that if y”+p(x)y’+3p’(x)y=0 has an

oscillatory solution, it has bases with 0, 1, 2, or 3 oscillatory ele-
ments.

It has recently been observed by Utz [3] that it is possible for a third
order differential equation

1) Y Py 4+ gy +rxy=0

to have bases for its solution space consisting of 0, 1, 2, or 3 oscillatory
elements, where to say a solution of (1) is oscillatory means it changes sign
for arbitrarily large x. The example he gave is

2 y'=3y"+4 -2y=0,

which has solutions y,=e” sin x, y,=€” cos x, y;=e®. However, there is
no loss in generality in assuming p(x)=0 in (1) in investigating oscillating
solutions, for p(x) can be eliminated from (1) by the transformation

y=u exp(-—- § fotp(t) dt).

Applying this transformation, (2) becomes

(3) ym + y; = 0.

In an equation of the form
@ Y+ gy + r(x)y =0

where g(x) and r(x) are constant, it is not difficult to show that it is possible
for (4) to have bases for its solution space consisting of 0, 1, 2, or 3
oscillating elements if and only if =0. But, this is equivalent, when g(x)
and r(x) are constant, to saying that (4) is selfadjoint.
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We now will prove the following generalization of the constant coeffi-
cient case for the general third order seifadjoint equation

(5) ¥+ b(x)y + 3 (x)y =0,
where b(x) and b'(x) are assumed to be continuous on (0, + co).

THEOREM. If (5) has an oscillatory solution then its solution space has
bases consisting of 0, 1, 2, or 3 oscillatory elements.

Proor. It is well known [1] that the general solution of (5) is
(X)) = kyi(x) 4 koyi(x)ye(x) + kayi(x),
where y,(x) and yz'(x) are solutions of
(6) 7"+ 1b(x)y =0,

and k,, k,, k; are arbitrary constants.

If u(x) and v(x) are linearly independent solutions of (6), between two
consecutive zeros of u(x) there will be exactly one zero of v(x) [2, p. 177].
Thus it is clear that u(x) is oscillatory if and only if v(x) is oscillatory, and
that »(x) and v(x) cannot have a zero in common. From this it follows
that if (6) is oscillatory, then u(x)v(x) is an oscillatory solution of (5),
where #(x) and v(x) are linearly independent solutions of (6). Using these
facts, if (6) is oscillatory, it is easy to verify that if y;(x) and y,(x) are
linearly independent solutions of (6), the following four bases of (5) have
3,2, 1, and 0 oscillatory elements respectively:

nX)yax), () + yo(x)),  ya()(n(x) + yax));
Ywex), X)) + yox),  yix) + yix);
yy(x), M) + 2ix),  2¥Hx) + yi(x);
Vi) + 2)3x),  208x) + yEx),  (n(x) + yo(x)) + pi(x).

It remains to show that if (5) has an oscillatory solution, then (6) is
oscillatory. Suppose y,(x) and y,(x) are chosen so that

N =0=yx1), y(l)=1=y(l).
Suppose y;(x) is not oscillatory. Then

Y(x) = yi(x) + kyi(X)ye(x) + keyi(x)

is oscillatory for some choice of k; and k, not both zero. But a theorem
of Birkhoff [1] says that if «(x) and v(x) are linearly independent solutions
of (5) with ai least one zerc, then the zeros of u(x) and v(x) separate each
other singly or in pairs. Thus since y3(1)=0 it must have an infinity of
zeros. Since y;(x) cannot have a double zero it must be oscillatory.



422 G. D. JONES

REFERENCES

1. G. D. Birkhoff, On solutions of ordinary linear homogeneous differential equations
of the third order, Ann. of Math. 12 (1911), 103-127.

2. Walter Leighton, Ordinary differential equations, 2nd ed., Wadsworth, Belmont,
Calif., 1966. MR 33 #5973.

3. W. R. Utz, Oscillating solutions of third order differential equations, Proc. Amer.
Math. Soc. 26 (1970), 273-276. MR 41 #7208.

DEPARTMENT OF MATHEMATICS, MURRAY STATE UNIVERSITY, MURRAY, KENTUCKY
42071



