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A NOTE ON POLYNOMIJIAL HULLS
H. ALEXANDER!

ABSTRACT. Some properties of polynomially convex hulls of
compact sets in C* are deduced by simple topological arguments
applied to known topological facts about polynomially convex sets.

Introduction. It is well known that the polynomial convexity of a
compact set in C" entails certain topological restrictions (see below).
Thus, for example, a 2-sphere in C? can never be polynomially convex
and, consequently, the problem of describing the huil presents itself.
In the case of a differentiable 2-sphere in C?, E. Bishep {1] has shown that
the hull contains a family of analytic discs bounded by curves in the 2-
sphere; in particular, the hull has topological dimension at least 3. The
purpose of this note is to derive some properties of hulls by means of
simple topological reasonings. We shall not produce analytic structure
in the hull, but rather merely specify its extent. The first result generalizes
the dimension increase known in the differentiabie case.

THEOREM 1. Let X< C" be compact and suppose H*(X, C)5£0 for some
kZn. Then the topological dimension of £\X is Zk+1. (Here X denotes
the polynomially corvex hull.)

In the case of a manifold further information is obtained:

THEOREM 2. Let M S C™ be a ccmpact orientable topological k-manifold
for k=n. Then (M\M)2M.

We note that this is not a Jocal result as M may well be locally poly-
nomially convex near some point.
Let B be the open unit {Euclidean) ball in C* (n22).

THEOREM 3. Let X be a compact subset of 0B. Then X disconnects 0B
if and only if X disconnects B.

Demonstrations. The basic fact which we shall need from analysis
is due to A. Browder [2]: ‘

(*) H¥X, C)=0 for k=n if K is a compact polynomially convex
subset of C".
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ProOF OF THEOREM 1. We write the exact cohomology sequence for
the pair (X, X):

H*(X, C) - H*(X, C) -~ H'(X\X, C).

Here H, denotes cohomology with compact supports (see [3, p. 190]).
By (*) the first group is trivial and by assumption the second group is non-
trivial. Hence H%™(X\X, C)0 and so dim(X\X)=k+1 (cf. [3, p. 236)).
Q.E.D.
ProoF oF THEOREM 2. We argue by contradiction. That is, we set
A=(M\M)~, Y=MNA, and suppose that Y is a proper subset of M.
Consider the exact cohomology sequence of the pair (M, M) (we shall
suppress the coefficient group C everywhere below).

HYM) — H¥(M) — H*\(M, M) — H*Y(M).

By (*) the extremities are trivial. As H*(M)#0, we have H**'(M, M)#0.
By excision H**1(M, M)=H"+1(4, Y). Next consider the sequence for
the pair (4, Y):

H*(Y)— H*Y(A, Y)— H*(4) — H*'(Y).
It can be seen that H*(Z)=0 for any proper closed subset of M and

so H*¥(Y)=0; also H**(Y)=0 as dim Y=<k. Hence H*"(A)~
H*+(A4, Y)#0. Consider now the sequence for the pair (M, A):

H¥Y(M) — H*Y(4) — H***(M, A) — H***(M).

By (*) the extremities are trivial and so H**¥(M, A)~H*"(4)#0. By
excision 05 H***(M, A)=H***(M, Y). Finally for the pair (M, Y):

H*1(Y) — H*YM, Y)— H*2(M).

The extremities are trivial and therefore so is H*+*(M, Y), a contradiction.
Q.E.D.

ProOF OF THEOREM 3. By Alexander duality, Hy(0B\X)=H?*""%(X).
Let E*" be the cone on 0B and let T=E?"UX. Consider the cohomology
sequence for the pair (T, X):

H>%(X) — H*YT, X) - H*Y(T) - H*(X).
By (*), the extremities are trivial and so H*"(T, X~ H>*Y(T). By
excision H*"~}(T, £)=H?"-1(E?", X). For the pair (E*", X):
H2"—%(E?") — H*~*(X) — H*Y(E*™, X) — H*Y(E™).

Again the extremities are trivial and so H**~}(E*", X)=H?*"~*(X). Hence
H2>Y(T)=H?""%(X). By Alexander duality, H>*Y(T)=H,((E** UB)\T).
Since (E"UB)\T=B\X, we get H,(0B\X)=H,(B\X). That is, 9B\X
and B\X have the same number of components. Q.E.D.
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REMARK. As John Garnett has pointed out to me, the proof actually
shows that H,(0B\Xj=H,(B\X) for i<n—2.
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