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ON THE SATURATION CLASS FOR SPLINE FUNCTIONS
FRANKLIN RICHARDS

ABSTRACT. Let &(A,) be the space of piecewise polynomials of
degree at most & on [0, 1] possessing jumps at 1/n, 2/n, - - -, n—1/n.
Recenily Gaier has shown that under the supremum norm
I f= L@l +1l f— L (Dri)| Zcn~ ! unless fis a polynomial of
degree at most k. Here we show if 0<a 1, then || f—S(AL)li=
O(rn~*-9) if and oniy if feC*[0, 1] and f'*’ satisfies a Lipschitz con-
dition of order «. In addition, a result similar to Gaier’s is given.

1. Let A:0=x,<x;<*--<x,=1 be some subdivision of [0, 1]. We
then define the class of spline functions of degree k with knots A, &,(4),
to be those functions f(x) which reduce to an element of r; (the set of
polynomials of degree at most k) on each subinterval [x,_,, x;]. In the
usual definition, we also require feC*-1, but that will not be assumed here.

If fis a bounded real valued function on [0, 1], define

Ifli=sup|f| and |f— FB) = inl |f—s].
2¢[0,1] €5 (A)

By a saturation theorem for spline functions, we mean a solution to the
following problem: Let A, be a given sequence of subdivisions of [0, 1].
Can we then find a sequence of positive reals (x,) and a set £} so that

(€)) If — LADI = O(z,) if and only if fe F*
and
) If — FLA)] = o(x,) if and only if f€ 7.

Gaier [1] has established (2) under the condition of uniform subdivisions,
where he shows «,=n""-1. We shall solve the corresponding problem for
(1) and a result of the form (2) for more general type subdivisions.

2. In this section, we assume A, ={i/n; i=0,1,---, n}.

THEOREM 1. Let k be a given nonnegative integer, 0<a =<1, and define
Lr={f, feC*[0, 1], f* satisfies a Lipschitz condition of order a}. Then

3 If = LB = O™ if and only if fe L.
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The sufficiency of (3) is known (see e.g. [3]). Now suppose
C)) If = L@ = 0(n™*2).
To show fe.Z% requires a series of lemmas.

LeMMA 1. Let S,€¥(A,) be a best approximation to f. Then there exist
functions f,, f,, v=0, 1, - - - , k, such that

) SP(x) — f,(x) uniformly for x ¢ G Ayn
(6) S(x) — fi(x) uniformly for x ¢ CJ Agn,

PrOOF. Observe that Sys—S;n+1€S5;(Agn+1). Hence by using Markoff’s
inequality on each subinterval of Agn+1, it follows that

IS5 — Sl < K@) S — Sl S K27
Therefore, if m>n,
IS — SiRI = K27
and so there exist functions f, satisfying (5), in particular
Y] IS — £l S K20

Note that f,(x) is defined only for x¢U;>; Ays. The proof of (6) is nearly
identical.

LEMMA 2. f, is a continuous function on its domain, i.e. if XU Agn, then

lim sup |fy(x) = fi(x)l =0, x¢UAp

£—0 |z—x0| <&

A similar statement holds for f,.
PrROOF. Suppose not. Then for some X,

lim sup lfv(x) _fv(xo)l =9 > 0.

£—=0 |z—xo| <e
But since S;,",’ is continuous on each subinterval of A,., we must have
[S%) —£,1126/2 for all n, contradicting (5).
LemMma 3. feC*[0, 1].

ProOF. We shall show f) exists, is continuous, and f"'=f,=f,
(where this equality makes sense), »=0, 1, - - -, k. The proof will be by
induction on ».
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By (4)-(6), f(x)=fo(x) for x¢U Az, and f(x)=F(x) for x¢U Agn.
Continuity of f follows from Lemma 2.
Now suppose "~ is continuous. For &, x¢J A, we write

®) kat) i f (10 — SW(0) di + [ S dt.

The first term on the right will =0 as n—o0. Letting h;=hj(n) denote
the jump of Sz,. at x,=i2"", i.e. =S (x, +)— S;f.)(x —), it follows that

® f:séy')(t) dt = S§~V(x) — SFI(E) — z, hi
where >’ means we sum over those i such that i2-" lies between £ and x.
By (7) and since f* = -f,_1 is continuous, one has
|hy7H S 2K 27 a0 2
Hence
(10) >R S 2K < 2R 0
Letting n— o0 in (8), we have from (5), (9), and (10),

f 0 dt = fa(6) = foa(®

Lemma 2 and the induction hypothesis mow imply f™(x)=f,(x).
Similarly f(x)=F,(x) for x¢UU A;., and so f** is continuous.

LemMa 4. [ satisfies a Lipschitz condition of order .

PrOOF. Suppose x, p¢U A,n, x<y. Then there exists N=N(x, y) such
that at least one and at most two sublntervals of A,x lie strictly between
x and y. Let us choose points Z, Z;, * - - , Z,,,,, r=2 or 3, satisfying the
following conditions:

2
r=2: 5—<x<21<1'i—<22<23< ;z-v-
q-.-?
<Zi<y<— o
1)

q+4
N

<r<

-
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(12) Z2i—Zoi—1<min{—1—— q+1—’<,y—q—+—r:, i=1,-,r,

< N3N ’ N N
13) Z, ¢ (UAm u(UAy,
(14) Zy=Xx, Zyr =Y.
Now
1£9() —F90) an‘k’(zzi+1> —fYZ)+ Z 17 ®(Ze) = f¥(Za ).

Since Z,; and Z,,,, lie on the same subinterval of A,», and S is a step
function, we have, by (7),
Lf®(Zasr1) = fP(Z2)) S 1filZos) = SE(Zair)| + 1S5 Zais) — SZo))|
+ [SB(Z) — flZa)! = 2K;27N,
By (12), Z,; and Z,;_, lie on the same subinterval of A;~. Hence
|fP(Zos) = N Zoi)| S 2K 37N
and so
[f2(y) — fB(x)] S 8K + 6K,37V=
But 27V < y—x. Therefore

[fP) = fR()] = (8Ks + 6Ky |y — x|*

This completes the proof of the lemma and the theorem.
REMARK. The assumption that our splines be elements of C*~1 con-
siderably simplifies the proof.

3. It is not too difficult to see that the preceding proof may be altered
slightly to establish (2). However the following result of Gaier is con-
siderably stronger.

THEOREM 2 (GAIER). Suppose fém. Then there exists a constant
c=c(f)>0 such. that

(13) If = L@ + 1f = FrBp)ll Z cn* L.

Before considering a version of Theorem 2 for more arbitrary sub-
divisions, an example seems in order. Let

F)y=(x-Pi=x-d5 xz1}
=0, x <3

Since Fe&,(A,,), we see that (15) cannot be improved to || f—F (A=
¢/n**1, This is due to the fact that F is not sufficiently smooth, as will be
demonstrated in Theorem 3.
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We now introduce some notation. The subdivisions A, will be of the
form A,:0=x;<x7< - <x'=1. Let |A,|=max; (x}—x7,) and
(Ay=min; (x;—x_,). Then we may state

THEOREM 3. Ler A, be a sequence of subdivisions satisfying
(16) 1A/ A =<0, m=1,2,""
Then if feC*+1(0, 1] and fém,, there exists a constant c=c(f)>0 such that
an If = FxBI Z ¢fn™H.

Proor. Suppose (17) does not hold. Then there exist a sequence of
subdivisions A, and a function ¢(n) satisfying

(18) If — FA 0 = d(nn*?

and ¢(n)—0 as n—c0.
On each subinterval [x}°, x}},] of A, , choose k+2 equally spaced points

Yo» ¥1» """ » Yern Such that y,.;—y,=(4,). Then using the Steffenson
notation for divided differences, one finds

Sm(y(b Tt yk—Ll) —f(yOa T, yk+1)

(19) 1 (k + IS v

—0r ()50 =100

where S, €4,(A,) is a best approximation to f. But since S, €, on
[x7%, x;i,], feC*1[0, 1], and using (16) and (18) we obtain

—k—1

FEE] = 20k + D < ;’ o 40
(20) ni

= {28k + DY ¢(n)
where x7'<£7'<x}},. Since [|A, [—0, every point of [0, 1] is a limit

point of some infinite subset of {5 j=0, 1, , n,—1; i=1,2,--+}.
Hence if feC*+1[0, 1], by (18) and (20) we have f "‘+1’(x)50, x€{0, 1], i.e.
fem,.
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