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MAPS BETWEEN TOPOLOGICAL GROUPS   THAT
ARE HOMOTOPIC TO HOMOMORPHISMS

WLADIMIRO SCHEFFER

Abstract. Let G be a compact connected group and let H be a

locally compact abelian group. Denote by Ce(G, H) the space of

all identity preserving continuous functions from G to H with the

compact-open topology, and denote by Hom(G, H) the space of

all homomorphisms in Ce(G, H). We prove that Ce(G, H) is iso-

morphic to KxHom(G, H), where Kis a topological vector space.

This is used to prove that every element of Ce(G, H) is homotopic

to precisely one element of Hom(G, H). We also prove that the

fundamental group of H is isomorphic to Hom(K, H), K being

the circle group, that w„(H)=0 for n>2, and that a compact

connected abelian group admits essentially only one //-space

structure.

Introduction. Plunkett [6] showed that every continuous function from

a compact, connected, abelian, and 2° countable group into the circle

group is homotopic to exactly one continuous homomorphism. Corollary

2 is a generalization of this. Enochs [3] proved Corollary 3 in the case

where the group is compact.

Notation. The phrase "continous function" will be shortened to

"map", and "space" will mean "topological space". If A1 and Fare spaces,

then C(X, Y) denotes the space of all maps from X to Y with the compact-

open topology. If xeA"then -rrn(X, x) is the nth homotopy group of A'with

base point x. Topological groups will always be assumed Hausdorff, and

abelian groups will be written additively. If A and B are topological groups,

then Ce(A, B) is {feC(A, B)\f(\)=0}, where 1 and 0 are the respective

identities, and Horn (A, B) is {feCe( A, B)\f is a homomorphism}. One

can verify that, if A is locally compact and B is abelian, then Ce(A, B) and

Hom(/l, B) are topological groups with the relative topology and point-

wise operations.

The group of real members and the group of integers are denoted by

R and Z, respectively. We set K=R/Z, and p:R—-K is the natural map.
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If H is a locally compact abelian group, then H* denotes Hom(/¥, K),

and the canonical isomorphism Tfrom H onto H** is given by T(x)(%)=

X(x) [7, p. 273]. The map p':Hom(H*, R)-+H is defined by p'(h) =
T-X(p°h).

1. Statement of Theorems 1 and 2. If G and // are locally compact

groups, and if H is abelian, then the functions

F: Ce(G, R) x Hom(G, K) -+ Ce(G, K),

F':Ce(G, Hom(H*, R)) x Hom«7, H)^CC(G, H)

are defined by F(f, h)=(p°f)+h and F'(f, h)=(p'°f)+h.

Theorem 1. If G is a compact connected topological group then the

function F is an algebraic and topological isomorphism of Ce(G, R) X

Hom(G, K) onto Ce(G, K).

Theorem 2. If G is a compact connected topological group, and if H

is a locally compact abelian group, then the function F' is an algebraic

and topological isomorphism of Ce(G, Hom(//*, R))xHom(G, H) onto

Ce(G, H).

Note that Ce(C7, Hom(//*, R)) is a topological vector space because

TrlomiH*, R) is one. On the other hand, Hom(C7, H) is totally discon-

nected if G and H are as in Theorem 2, and Hom(G, H) is discrete if

H=K. Theorem 1 is a special case of Theorem 2, for when H=Kwe have

that Hom(//*, R) is isomorphic to R, and that/)' coincides with p. Never-

theless, Theorem 2 is an easy consequence of Theorem 1.

2. Lemmas for Theorems 1 and 2.

Lemma 1.    Let X, Y and Z be locally compact Hausdorff spaces. Then

(i) the function from C(X, Y)xC(Y,Z) to C(X,Z) taking (fig) to

g°fis continuous,

(ii) there is a homeomorphism D from C(Xx Y, Z) onto C(X, C(Y, Z))

given by ((D(f))(x))(y)=f(x,y),
(iii) there is a homeomorphism Efrom C(X, C( Y, Z)) onto C( Y, C(X, Z))

given by ((E(f))(y))(x)=(f(x))(y).

Proof. Parts (i) and (ii) can be found in [2, pp. 259, 265]. Part (iii)

follows from part (ii) because E can be factored as C(X, C( Y, Z))->-

dXx Y, Z)-*Ci Yx X, Z)-+C( Y, C(X, Z)) in the natural way.

If G is a locally compact group then the function /: CeiG. R)-+Ce(G, K)

is defined by Iif)=p°f
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Lemma 2. If G is a compact connected topological group then the

function I:Ce(G, R)-+Ce(G, K) is continuous, open, one-to-one, and a

homomorphism.

Proof. The function / is continuous by Lemma l(i), and it is a

homomorphism because p is one. To prove that / is one-to-one, let

feCe(G, R) and suppose that l(f)=0. Then/(G)cKer/?=Z, and since G

is connected and Z is discrete we obtain/(G)=0, proving/=0.

To prove that / is open, it suffices to show that I(U) is open if U is a

basic open set about 0eCe(G, R). We can assume that

U={feCe(G,R)\f(G)<= V),

where V is an open neighborhood of OeR and the diameter of V is less

than 1. If we set lV={geCe(G, K)\g(G)<=^p(V)}, then W is open in

Ct(G, K) because p(V) is open in K. We will finish the proof by showing

that I(U)= W.
It is clear that /(C/)c W. If geW then, since g(G)^K, g can be factored

as g=p°f, where feCe(G, R). Then f(G)<=p-x(p(V)) and the identity
component of p~x(p(V)) is contained in V. Since G is connected, it follows

that f(G)<= V. Henceg=I(f) vtherefeU.

3. Proof of Theorem 1. Let G be a compact connected group. Our first

step is to show that Fis onto.

Let feCe(G, K). We will express/ as f=(p °g)+h, where geCe(G, R)
and AeHom(G, A"). For each aeG, let faeCA[G, K) be defined by fa(b)=
f(a)+f(b)-f(ab). The function from G to Ce(G, K) taking a to fa is
continuous by Lemma l(ii), for the corresponding function from GxG

to K is continuous. By Lemma 2, I(Ce(G, R)) is an open subgroup of

Ce(G, K), and hence I(Ce(G, R)) is also closed in Ce(G, K). Since G is

connected, fi—O, and the function a-*fa is continuous, we conclude that

faeI(Ce(G, R)) for every aeG. Let fa=I(ga), where gaeCe(G, R). Then the

function from G to Ce(G, R) taking a to ga is continuous because / is

open and one-to-one (Lemma 2).

Define geCe(G, R) by g(a)=(ga(x) dx, where the integral used is the

normalized Haar integral on G [4, pp. 9-13]. Next, we establish the

formula

(1) gaib) = gaibx) + gb(x) - gab(x),

valid for all a, b, xeG. Fix a, beG and define keCe(G, R) by k(x)=ga(bx)+

gt,(x)-gabix)-gaib). Then

(p o k)(x) =fa(bx) +f„(x) -fab(x) -fa(b) = 0.

Hence l(k)=0, and by Lemma 2 we have k=0, proving (1).



1972] MAPS  BETWEEN  TOPOLOGICAL  GROUPS 565

If a, beG then, using the translation invariance of the integral and form-

ula (1), we obtain

g(a) + g(b) - g(ab) = (ga(x) dx + ígb(x) dx - \gah(x) dx

=   ga(bx) dx +   gb(x) dx -   gab(x) dx

(2) \ J J
=   [ga(bx) + gb(x) - gab(x)] dx

= f ga(f0 dx = ga(b).

Applying/) to (2), we obtain

(3) (p c g)(a) + (p o g)(b) - (p o g)(ab) =fa(b) =f(a) +f(b) - f(ab).

Let h=f-(p°g). Then (3) shows that heHom(G, K). Hence f=(p°g)+h,
where geCe(G, R) and heHom(G, K). This proves that F is onto.

The function Fis clearly a homomorphism. Our next step is to show that

F is one-to-one. Suppose (p°f)+h=0, where feCe(G,R) and he

Hom(G, A:). Then />°/eHom(G, K). To show that /eHom(G, R), fix

aeG and define geCe(G,R) by g(x)=f(a)+f(x)-f(ax). Then, since

(p°f)eHom(G, K), we obtain

(P ° g)(x) = (p °f)ia) + (p of)(x) - (p °f)(ax) = 0.

Hence /(g)=0, and this implies g=0 by Lemma 2. This shows that/is a

homomorphism. Since G is compact,/(G) is a compact subgroup of R,

forcing/(G)=0 and/=0. Therefore h is also zero and his proves that

Ker F=0.
The function F is continuous by Lemma 1 (i). We finish the proof of

Theorem 1 by showing that F is an open map. First, we must show that

Hom(G, K) is discrete. If F is a neighborhood of OeK such that V^K,

and if we set U={feHom(G, K)\f(G)c V}, then U is a neighborhood
of 0eHom(G, K). Since G is connected, Í7={0}. This proves that

Hom(G, K) is discrete and hence that Ce(G, R) x {0} is an open subset of

Ce(G, R) x Hom(G, K). Then F is open because the restriction of F to

Ce(G, R) x {0} is open by Lemma 2. This finishes the proof of Theorem 1.

4. Proof of Theorem 2. Let G be a compact connected group, and let H

be a locally compact abelian group. Applying the functor Hom(H*, —)

to the isomorphism F: Ce(G, R) x Hom(G, AT)-»-Ce(G, K), we obtain an

isomorphism

Hom(/V*, Ce(G, R)) x Hom(/V*, Hom(G, K))

(4) - Hom(//*, Ce(G, K)).
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When we apply the isomorphism of Lemma 1 (iii) to each group in (4)

we obtain an isomorphism

Ce(G, Hom(H*, R)) x Hom(G, Hom(H*, K))

(5) -* Ce(G, Uom(H*,K)).

Finally, applying the isomorphism  T:H->H** to  (5), we obtain an

isomorphism

(6) Ce(G, Hom(H*, R)) x Hom(G, H) -* Ce(G, H).

The isomorphism in (6) is F'.

5. Applications of Theorem 2.

Corollary 1. Let G be a compact connected topological group, and let

H be a locally compact abelian topological group. Then Hom(G, H) is a

strong deformation retract of Ce(G, H).

Proof. This follows from Theorem 2 because Ce(G, Hom(//*, R))

is contractible.

Corollary 2. Let G be a compact connected topological group, and

let H be a locally compact abelian topological group. Then every feCe(G, H)

is homotopic to exactly one /ieHom(G, H), and the homotopy can be

chosen to preserve the identity.

Proof. By Theorem 2, f=ip'°g)+h, where geCe(G, V) and V is a

topological vector space. Since g is homotopic to 0 by a homotopy that

preserves the identity,/is homotopic to h in the same way.

To prove that/is homotopic to at most one homomorphism, suppose

that/is homotopic to hx and In, where hx, h2eHom(G, H). Then hx is

homotopic to h2 and hence, setting h=hx—h2, h is homotopic to 0. We

will show that %°h = 0 for every #6/7*. This will prove that h=0 and

hence that hx=h2. If yeH* then %°h is an element of Hom(G, A") homo-

topic to 0. Since p:R-^-K is a covering projection [8, Chapter 2], %°h —

p°g for some geCe(G, R). Then %°h can be expressed as %°h = F(g, 0)

and x°h=F(0, %°h). Since F is one-to-one by Theorem 1, we obtain

£°/j=0.
One can see from Corollary 2 how essential our conditions on G and H

are. The corollary is clearly false if G=R and H—K, and in the case where

G is the discrete two point group and H=K. If S3 denotes the group of

quaternions of modulus 1, then HorniA", S3) is nonzero but every element

of Ce(A", S3) is homotopic to 0, showing that commutativity of H is

necessary.

Corollary 3. Let H be a locally compact abelian group. Then ^(H, 0)

ii isomorphic to Hom^, H), and rrn(H, 0)=0 for n_2.
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Proof. We will consider each element of ttx(H, 0) as an equivalence

class of elements of Ce(K, H). Let /:Hom(A', H)->-Trx(H, 0) be the func-

tion that takes each element of Hom(K, H) to its equivalence class. Then

J is a homomorphism by [8, p. 51], and / is a bijection by Corollary 2.

Let n>2 and let Whe the space of null homotopic elements of Ce(K, H).

By [5, p. 109], TTn(H, 0) is isomorphic to rrn_x(W, 0). By the proof of

Corollary 2, W is the image under F' of Ce(K, Hom(H*, R))x{0}, and

hence W is contractible. Therefore 7r„_1(H/, 0)=0, forcing TTniH, 0)=0.

Our last corollary deals with //-spaces. If A' is a space and n:Xx X-+X

is a continuous function, then eeX is called a homotopy identity for n iff

the maps kx'.X^-X and k2:X-*X, defined by kx(x)-=nie, x) and k2ix)=

n(x, e), are each homotopic to the identity on X. If n has a homotopy

identity then (X, n) is called an //-space [8, p. 34]. Corollary 4 is related to

a result by Robert Brown [1].

Corollary 4. Let G be a compact connected abelian group with identity

e and group multiplication m:GxG-*G. Suppose (G, n) is an H-space with

e as homotopy identity and n(e, e) = e. Then m and n are homotopic.

Proof. Let ix'G->-GxG and i2:G-*GxG be defined by ¡x(x)=(e, x)

and i2(x)=(x, e). We will write m(x, y)=xy. By Corollary 2, n is homo-

topic to some /ieHom(GxG, G). For ye{l, 2}, hoi, is a homomorphism

homotopic to n°i)=kj. Since k, is homotopic to the identity on G,

Corollary 2 shows that hoii is the identity on G. This means that h(e, x)=

x=h(x, e) for all xeG. Hence for any a, beG we have h(a, b)=h(ae, eb)=

h(a, e)h(e, b)=ab—m(a, b). This proves that h=m, and hence that n is

homotopic to m.
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