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ON SEMICONTINUOUS LINEAR LATTICES

HIDEGORO NAKANO

ABSTRACT. Applying spectral theory, we proved that a linear
lattice is continuous if and only if it is semicontinuous and uniformly
complete. In this paper we give another proof without use of
spectral theory.

Let L be a linear lattice. A sequence of elements x, € L (v=1,2,---)is
called a uniform Cauchy sequence if there is a € L such that for any ¢>0
we can find », for which |x,—x,|=¢|a| for u, v=v, L is said to be uni-
Jormly complete if every uniform Cauchy sequence is convergent. We can
easily prove that every uniformly complete linear lattice is Archimedean,
as done in [1].

A linear lattice L is said to be semicontinuous if every element x € L is
normalable, i.e. if {x} is a normal manifold for any x € L. In [1] we proved
the

THEOREM. A linear lattice is continuous if and only if it is semicontinuous
and uniformly complete.

We used spectral theory to prove it. In this paper we will give another
proof without use of spectral theory.

Let L be a linear lattice. If L is continuous, then L is semicontinuous by
Theorem 6.15 of [2] and uniformly complete by Theorem 3.3 of [2]. Thus
we will prove the converse.

We suppose that L is semicontinuous and uniformly complete. First we
prove that if a sequence 0=x, 1,2, is bounded, then there is z € L such that
[x,]x121[2]x for x20. If x, =k for v=1, 2, - - -, then setting

<1
Vo= 5(x] =[x Dk forn=1,2-",
v=1
where x,=0, we obtain a uniform Cauchy sequence y, (n=1,2,"-").
Since L is uniformly complete by assumption, there exists z € L such that
Vul2yz. Then [y,Jx12_4[z]x for x=0 by Theorem 5.26 of [2] because
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{z}*={y,:n=1,2,---}1. On the other hand, by Theorem 6.3 of [2] we
have

[yal = 2 (Ix,] — [x,uDIkl = [x,] forn=1,2,-"".

v=1

Now we suppose that 0=x,|;2;. For «=0, since (ax;—x,)*1y.: and
(ax;—x,) ' <ax, for v=1,2, - - -, there exists z, € L such that

[(axl - xv)+]x T\?il [za]x for X g 09

as proved above. It is clear that [z,]=0 and [z,]=[x,] for «>1 because
oa>1 implies (x— 1)x; = (ox; —x,)F =ox,;. Since

(0x; — x,)* = (Bx, — x,)t fora =B,
we have [z,]=[z;] for 0=a=p. Since [(ax;—x,)t] =[z,], we have
([z] — [z D[(ex; — x,)*] =0 fora = B.
Thus ([z5]— [2,]) (006, — %)= — (2] — [2) (e, —x,)" =0, i.e.
al(zg] — [z,D)x; = ([zp] — [z,])x, fora = fandv=1,2,---.

We consider a double sequence O=a,,0<0, 1< " <tyn, (=1,
2,---) such that a,,—a,, <l/u for v=1,2,---,n,, %m, > 1, and
®,,, (v=1,2,---,n,) is a partial sequence of a,;, (»=1,2, -, nu4,).
Setting

Ty
Vo=, tunallza, ] = lza,, D%, forp=12---,

a
u,v—1
v=1 ’

we obtain a uniform Cauchy sequence y, (u=1, 2, - - *) because
yu =20l = A[W)ze, , P = A/W)xilx = (p)x, for p = p.

Since L is uniformly complete by assumption, there exists y € L such that
lim,_,,, y,=y. Since

tuvr((2ay, ] = [y D% S (20, ] — (24, , D%y
we have

v S 2 (2, ) = [z, D%, = [z, , I, = D, = x,
v=1

because [x,]=[x,]. Thus y=x, for p=1,2,--.
We suppose 0=z=x, for »=1,2,---. Since [(ax;—x,)](ax;—x,)=
(ax;—x,)t=0, we have

afz,lx, 2 af(ax; — x,) % Z [(ax; — x)*]x = [(ax, — x,)*]z
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for v=1, 2, -, and hence a[z,]x,=[z,]z. Thus
a([z,] — [zsD%: Z ([z.] — [z])z for a = B,

because ([z,]— [2])[2,]=[z,]— [25] by Theorem 5.24 of [2]. Since «,,,_,+
ljuza,,, (v=1,2,---,n,), we have

1
Yo+ '; X = Zaﬂ'V([z“n.v] - [z“u.V-I])xl

v=1

"
2 2 (lza, ) = [z, Dz =[xz =z
v=1
for u=1,2,--- because 0=z=x, implies [z]=[x;]. Since L is Archi-
medean, lim,_,, (1/4)x,=0, and we obtain y=z. Therefore L is con-
tinuous by definition.
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