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THE DIMENSION  OF THE CONVEX KERNEL
AND POINTS OF LOCAL NONCONVEXITY

NICK M.  STAVRAKAS

Abstract Let S be a compact connected subset of Rd. A

necessary and sufficient condition is given to ensure that the dimen-

sion of the convex kernel of S is greater than or equal to k,

O^k^d. This condition involves a visibility constraint on the

points of local nonconvexity of S. As consequences, we obtain new

characterizations of the convex kernel of S and the nth-order

convex kernel of S.

1. Introduction. Since the convex kernel of a compact subset S of Rd

is the intersection of the maximal convex subsets of S and since there is a

lack of information on the dimension of the intersection of an infinite

collection of convex sets, it seems very hard in general to give strictly

combinatorial conditions to ensure that the dimension of the convex

kernel of S is greater than or equal to k, O^k^d. This paper is an attempt

to give a meaningful necessary and sufficient condition which is not com-

binatorial in nature. Specifically, we give a necessary and sufficient con-

dition involving the points of local nonconvexity of 5, whose proof

depends heavily on the compactness of the points of local nonconvexity

of S. For other results concerning the dimension of the convex kernel

the reader should consult Kenelly and Hare [2], F. A. Toranzos [4],

and Foland and Marr [1].

2. Notations and definitions. Let S<= Rd. Let A and B be subsets of S.

We say A sees B provided, for all a e A and b e B, [ab]cS, where [ab] is

the closed line segment from a to b.

Definition 1. Let S<= Rd. We say x e S is a point of local convexity of

5 if there exists an open set Nx containing x such that NXC\S is convex. If

no such Nx exists, x is called a point of local nonconvexity of S.

Definition 2. Let S<=Rd. The convex kernel of S is the set {x\x e S

and [xy]^S VjgS}.

Definition 3. Let Sc Rd. The nth order convex kernel of S is the set

of all x e S such that, for all y e S, there exists a polygonal arc from x to

y in S consisting of n or fewer line segments.
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Definition 4. Let 77 <=_/?<* We say 77 is aflat provided 77 is the trans-

late of a subspace of Rd.

The symbols C(S) and L(S) denote the points of local convexity of S

and the points of local nonconvexity of S, respectively. The symbols

Ker 5 and Kn(S) denote the convex kernel of S and the nth order convex

kernel of S, respectively. The relative interior of A with respect to a flat 77

is denoted by rel int(77nS).

3. The main result. Before proving our main theorem, we state the

following result of Valentine [5] for later reference.

Theorem 1. Let Ac Rd be compact and connected with L(S)j¿ 0. Then

given x e S there exists y e L(S) such that [xy]c S.

The following theorem is the main result of this paper.

Theorem 2.    Let S be a compact connected subset of Rd. Then

dim(Ker S) £ k,       0^k<d,

iff there exists aflat 77, dim H—k and a point x e rel int(77HA) such that

given y e L(S) there exists open sets Ny and Nl such that Nvxr\Sr\H sees

Nyns.

Proof. The necessity part of the theorem is trivial. To prove suffi-

ciency, we first note that L(S) is compact since S is. For each y e L(S)

let Nvx and Nv be as in the statement of the theorem. Then {Ny\y e L(S)}

forms an open cover for L(S). Thus select a finite subcover {Ny ,-••, Nv }.

Now since x e rel int(77nS), the set (Dili N%<)r\Hr\Scontains a convex

set A with dim A=k. Let z be any element of A. We will show z e Ker 5

and we will be done. Let q e S. By Theorem 1 there exists y e L(S) such

that [yq]<=S. Since y e L(S), y e Ny. for some ;'. By hypothesis z e Nvx{ n

77 OS and NpnHnS sees NvnS, so z sees Ny.r\S, and so [zy] c A.Thus

/' = [zy] U [yq] is an arc from z to q of finite arc length. Thus we may find

an arc /' from z to q in S of minimal arc length. Let /' be the image of [01]

by a continuous function / with/(0)=z and/(l)=<?. Now we let oc=

sup{0|0 e [01] and/(0) e 7.(5)}. We consider three cases:

Case 1. ot=0. Let{ajj° be a sequence with 0<a¿<l and lim,.^ a¿=0.

Then/([aT]) is a minimal arc from/(a¿) to/(l)=<7. Since oc=0 we have

f([oLil])^C(S) and the minimality of/([oc¿l]) implies that /([ocfl]) =

[f(a.¿)q]. Now in the sense of the Hausdorff metric we have

lim/([a¿l]) = /'
¿-►CO

and so l'=[zq].

Case 2. 0<a<l. By an argument similar to Case 1, since/([al])c:

C(S) we have that/([al])=[/(a)c7]. Since L(S) is compact we have
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/(a) G L(S). Thus/(a) g Nv for some/ Now z sees Nv.nS, so [zf(a.)]<=S

and the minimality of/' implies that /'=[z/(a)]u[/(a)a]. Further, since

z sees /V„. OS, the minimality of /' implies that z, q, and /(a) are all

collinear, for if not we could shorten /', a contradiction. Thus /'= [zq].

Case 3. <x=l. Then q e L(S) and our hypothesis imply [zq]<^S and

the theorem is established.

For k=0 we obtain the following characterization of Ker S from

Theorem 2.

Theorem 3. Let S be a compact connected subset ofRd. Then x e Ker S

iff given y e L(S) there exists an open set Ny such that x sees NVC\S.

Sparks [3] has characterized K„(S), where S<=R2 is compact and simply

connected as the intersection of the maximal L„ subsets of S. Using a

proof similar to the proof of Theorem 2, we may prove the following

theorem :

Theorem 4. Let S be a compact connected subset of Rd. Then x e Kn(S)

iff given y e L(S) there exists an open set Ny such that, given z e NyC\S,

there exists a polygonal arc from x to z in S consisting of n or fewer line

segments.
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