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ON THE RELATIVE GROUP COHOMOLOGY RING
G. R. CHAPMAN!

ABSTRACT. The product structure on the Hochschild-Serre
spectral sequence generalizes to the spectral sequences of Butler-
Horrocks. It is shown that Evens’ proof of the finite generation
of the integral cohomology ring of a finite group does not gener-
alize to the relative cohomology groups of Adamson.

Introduction. If G is a finite group, NG and k is a G-ring, then the
product on the Hochschild-Serre spectral sequence H*(G/N, H*(N, k))=-
H*(G, k) arising from the cup product on the E, term induces (up to sign)
the cup product on H*(G, k) [S]. Evens [3] uses the product structure on a
certain Hochschild-Serre spectral sequence to prove that H*(G, Z) is
finitely generated, where Z denotes the integers with trivial G-module
action. Let G,< G, be subgroups of G. Adamson [1] and Hochschild [4]
study the class of G,-split sequences of G-modules and denote the corre-
sponding relative derived functors of Homg, ®¢ by Extg g,), Tor'®%.
Then Toriza'az)(z, '—)=Hn(G9 G‘l; —')’ EXI("G.Gz)(Z’ _)"_‘Hn(G’ Gz; T)
which are the homology and cohomology groups of G relative to G,. Butler
and Horrocks [2] construct a spectral sequence depending on G, G,, G,
with coefficients in k which converges to H*(G, G,; k) and reduces to the
Hochschild-Serre when G,<G, G,={e}. In this paper, we note that a
product can be introduced on the Butler-Horrocks spectral sequence which
generalizes that on the Hochschild-Serre and induces a relative cup product
on H*(G, G,; k). The question naturally arises: Can the method of Evens
be generalized to the spectral sequence of [2] to prove the finite generation
of H*(G, G,; Z)? In this paper, we indicate how the answer depends on
the nonvanishing of a relative restriction map (i.e. the composition of the
r-transformation H*(G, G,; Z)—H*(G, Z) [2]) and a restriction homomor-
phism. To establish the nonvanishing of this map, G has to be embedded
in a certain semidirect product in such a way that G, is conveniently
situated. This can only be done under favourable conditions, and we prove
the following theorem which shows that under these conditions, the
relative restriction is identically zero. This means that Evens’ method
cannot be generalized.
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THEOREM. Let H, K be subgroups of G such that H is cyclic, normalizes
K and has a generator contained in the set [G, K},-K, where [G, K],=
{gkg 'k ';g€ G, ke K}. If M is an HK-trivial G-module with underlying
group free, then the relative corestriction H,(H, M)—~H, (G, K; M) and
the relative restriction Ext{g (M, Z)—Extg (M, Z) are zero (n#0).

1. The generalization of Evens’ method. Let G; be a central prime
order subgroup of the finite group G. Evens [3] notes that the Hochschild-
Serre spectral sequence E of the extension 1—G;—~G—G/G;—~1 (with
integer coefficients) displays a periodicity E3'’~<E?'**?, the isomorphism
being multiplication by the generating element £ of E3* (=H?*(Gs, Z)).
The hub of Evens’ proof of the finite generation of H*(G, Z) is that the
restriction r2': H2(G, Z)—H?*(G,, Z) is epic for some />0, which means
that & e E%?. This implies that, since any element of E}'?can be written
in the form &%-u with ue E2%% (g—2il<2l), the spectral sequence
terminates. This termination is essentially Evens’ proof. Denote by B
the Butler-Horrocks spectral sequence for the groups G, G,G,, G, with
integral coefficients. We note that a product can be introduced on this
spectral sequence such that when G,={e} (so that B becomes E) this
product is that of [5]. The details are omitted, since they are not needed
in the sequel. We attempt to terminate B by methods parallel to those
used by Evens in terminating E. We make the assumption G.<IG. This
involves no loss of generality, since for G,<G, the isomorphism
H*(G, G,;; Z)~H*(G|G,, Z) [1] is a ring isomorphism, so it is known
that H*(G, G,; Z) is finitely generated in this case.

Suppose we prove the relative restriction

rem

m H2m(G, Gy Z) —> H2™(G, Z) —> H?™(Gs, Z)

is epic for some m>0. Then the same would be trivially true for r*™, and
from [2, p. 190] we would have the following commutative exact diagrams:

0 0
! !
FL.H™G,Z) = F5H™G,Z)
! !
2m
0> FLH™G,Z) — H™G,Z) L 5H™G,2Z)—0
! ! Il
0 — E%™ — H*™(G,y, Z) -0
!

0
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0 0
l !
F&,6,H*™(G, Gy; Z) = Fig,q H*™(G, Gy; Z)
| ! .
a2m 2m f ™ 2m,
0— Ker 7 —  H*™G,Gy;;Z) —» H™G,,Z)—0
l I
B — H*™(G,, Z) > 0

!
0

where Fg;, Fiq, denote the subgroups consisting of those extensions
which split in one place over G;, G,G; respectively. Moreover, the -
transformation H*™(G, G,; Z)—H?*™(G, Z) of [2] induces a commutative
map of the latter to the former, and in particular an epimorphism
B%*™—E%*™. Thus if the relative restriction were epic in some positive
even degree, £2™ would have a preimage in the relative spectral sequence.

To try to obtain this result, we note that in [3, §5], G (acting on itself
by left translation) is embedded in R, the centralizer of G, in the group Sg
of permutations of G. Put

n times

G;‘:GsXng"'XGa.

It is shown that R is the semidirect product of G; with S, where / is the
index of G, in G, and that H?*(R, Z)—H?*(G,, Z) is epic. In the relative
case, G acts on the set M={g,G,, £,G,, " * * , 8,G,} of left cosets of G, in G
by left translation, and if G, is core free this embeds G in S, the group of
permutations of M. If I' is the centralizer of G; in S,;, then GST and
peT iff phg,Gy=hpg,G, Yhe G,, 1=Zi<s. If we assume G,NGy={e},
this means that p is a map of G,G; cosets, so that I' is the semidirect
product of G§ with S;, where ¢ is the index of G,G, in G (see [3, §5)).
To prove H*(I', G,; Z)—~H?*(G3, Z) epic, we need a (I, G,)-resolution.
Evens’ R-resolution is obtained by combining an S;,-resolution with
a Gyresolution. If G,= G4 it may be possible to combine a (G, G,)-
resolution with an S,-resolution to produce a (I', G,)-resolution. On the
other hand, if G,=S, we could try to combine a G} with a (S,, G,)-
resolution. The latter case appears to have no meaningful interpretation.
However, G,=G} iff Vk € G,, 3h,€ G, such that kg,G,=h,g,G, for
1=i=t. This is easily seen to be equivalent to G,G3<tG. When this is so,
the image of k € G, in ' is hy X hy X+ - - X h,.



46 G. R. CHAPMAN [July

2. Proof and application of the Theorem. Among the conditions
accumulated on G,, G; are: Gy is a central prime order subgroup of G,
G,G3<1G and G,«iG. The following theorem proves that under these
conditions the relative restriction is identically zero in all nonzero degrees.
Thus Evens’ method cannot be generalized.

THEOREM. Let H, K be subgroups of G such that H is cyclic, normalizes
K and has a generator contained in the set [G, K], K, where [G, K],=
{gkgk ;g€ G, ke K}. If M is an HK-trivial G-module with underlying
group free, then the relative corestriction H,(H, M)—~H (G, K; M) and
the relative restriction n":Ext{g (M, Z)—~Extg(M, Z) are zero (n#0).

COROLLARY. If G is a prime order central subgroup of G, G,G3<G
and GyK1G, then i*: H*(G, Gy; Z)—H"™(Gs, Z) is zero (n##0).

PrOOF. Let k € G,, g € G. Since G,G3<1G, gkg™ € G,Gy—i.e. gkg'=
hyk, for some h, € Gs, k, € G,. Moreover, 3 a choice of k€G,, g€ G
such that 4, #e, otherwise G,<1G contrary to hypothesis. Hence we have 4, =
gkg—k;! for some hy%e € Gj. Since Gy is of prime order, h; generates Gs.
Thus taking G,=K, G3=H satisfies the conditions of the theorem.

PROOF OF THE THEOREM. Let H={y; y*=e} with y€[G, K],-K, and
put N=>7_3y". Tensors are over Z unless otherwise indicated. If W,—~Z
denotes the standard H-free resolution of Z [6, Chapter IV], then by
hypothesis Y, = (W, ®M)—M is an H-free resolution. Let 8,—M be the
standard (G, K)-projective resolution of M [6, Chapter IX, §8]. We
prove the theorem by constructing a chain map v, : Y,—f, extending the
identity on M.

LEMMA. 1y, can be chosen so that ¥y, 1(Yey11)S 0(Benie) + I rBonias
where 0 is the differentiation in f,, and Iy is the augmentation ideal for
HK.

ProoF. Let me M. For n=0, denote by A*(m) the element of f,, ;
defined inductively by A°(m)=m, A"(M)=NQg yQgA™(m) (n=1).
(a) Since M is H-trivial, yA™(m)=A"(m) for n=0. (b) From this it follows
by induction on n that 94™(m)=0 for n=1. (c) Further, since H normal-
izes K and M is K-trivial, induction on n establishes kA"(m)=A"(m)
Yk e K, n=0.

Define the H-homomorphism yp, by

Yo (l @ m) = 1 Qg A™(m),
Yor(1 @ M) =1 Qg y @ A™(m), nz0.

Then (a) implies Ooy,, 1 =vs,o((y—1)®1), (b) implies ,, o(N®1)=
0oy,,, (both for n=0) so that v, is a chain map extending the identity on M.
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(d) Now y € [G, K]y- K, so that y=gkg~'k;" for some g € G, k, k, € K.
Thus
Yki(g ®x g7 @ A™(m)) = g ®x kg™' ®x A"(m) by (d),
=g ®x &'y ®x knd"(m) by (d),
=gQ®xg& 'y ®x A"(m) by (0.
But
(g ®x 8! Qg y O A™(M)) = Yo (1 ® M) — g Qg 7%y @ A™(m)
+ g®x & ®x A"(m) by (a) and (b),
s0O
Vann(1®@ m) = 0(g ®x £7* ®g y O A™(m))
+ (ykl - l)(g ®K g_l ®K A"(m))’ h g Os
which proves the lemma.
Consider the diagram

ll 27 l
ZRgBhxy —Z®gM
Passing to homology, the map induced by 1®py, is the relative co-
restriction. It follows directly from the lemma that this map is zero.
Put T=Ker{f,,,1—>P..}, then we have the following commutative exact
diagrams
0—ZOM— Y u—>Y,,

le l%nﬂ l'l’zn
0— T —>PBop1 —> P2
Homy(fyn11,Z) —> Homy(T,Z2) —> Ext{giy(M,Z2)—> 0
l[%m] l[0] lﬂ”‘“
Homy(Y,,.1, Z) —> Homz(Z ® M,Z) — Ext3™*(M,Z) —>0
where X=X/I;X, X=X[IzX. Let U=Im{B,,,s—>f2ps1}- Then 0—
H,, . .(G, K; M)—»T'—j» U—0 is exact, and since H, (G, K; M) has exponent
(G:K) [2, Chapter 28], j induces an isomorphism ¢:Hom,(T, Z)~

Hom,(U, Z). From the lemma, $,,,,(Y,,,1)< U and so [Pans1lod gives
a map Homy(T, Z)—>Homy(Y,,,,, Z). Since

[N® 1] ° [fzasa] o ¢ = [6],

it follows that n***2=0, which completes the proof of the theorem.
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