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THE TEICHMtJLLER SPACES ARE DISTINCT

DAVID  B.   PATTERSON

Abstract. The Teichmüller space T(g, n) of a compact Rie-

mann surface of genus g with n punctures is a complex manifold of

dim=3^—3 +K. In any given dimension, there are a finite number of

these Teichmüller spaces and it is natural to ask if all of these are

distinct (up to biholomorphic equivalence). We have shown here that

with the exception of two special cases in dimensions 1 and 3 all of

these spaces are distinct, that is, T(g,n) is not biholomorphically

equivalent to Tig', n') unless g'=g and n'=n.

A surface of finite type ig, n) is a compact Riemann surface of genus g

with n distinct points (punctures) removed. For 3g—3+«>0, let Tig, n)

be the Teichmüller space of a surface of type ig, n) and Mod(g, ri) its

modular group. For the definitions and properties of these spaces see

Bers [1]. These spaces are all finite-dimensional complex manifolds and

dim Tig, w)=3g—3+«. For suitable values of g and n, two such spaces

will have the same dimension and, a priori, could be the same, that is,

biholomorphically equivalent. That this can, in fact, happen is shown by

the following known cases:

1. F(0,4)^F(1,1),

2. F(0, 6)^F(2,0).

Theorem. Except for the two cases listed above, Tig, n) is not biholo-

morphically equivalent to Tig', n) unlessg=g' andn=n'.

Modig, n) is canonically isomorphic to the mapping class group of a

surface S of type ig, n), that is, the group of all orientation preserving

homeomorphisms of S modulo those homotopic to the identity. Mod(g, n)

acts as a group of analytic automorphisms of Tig, n) and this action is

effective if 3g—3+n>l and ig, ri)j£(2, 0). By a recent result of Royden

([12], [13]), Mod(g, n) is, in fact, the full group of analytic automorphisms

of Tig,n) if 3g—3 + «>l and if Mod(2, 0) is interpreted here as the

effective group of automorphisms of F(2, 0). (Royden states the result

explicitly only for the case of compact surfaces of genus g^2, but the
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argument carries through in the general case.) Thus it follows that if two

Teichmüller spaces are the same, then their modular groups must be the

same group of analytic automorphisms of this space.

An element y* of finite order in Mod(g, n) is represented by a (con-

formal) automorphism y of a surface S of type (g, n) having this order.

For compact surfaces, this was first proved algebraically by Nielsen ([9],

[10]), other proofs have been given by Fenchel ([3], [4]) and Macbeath

[7]. For a cyclic subgroup of prime-power order, this result is a direct

consequence of P. A. Smith's fixed point theorem [14] and the fact that

T(g, ri) is homeomorphic to a finite-dimensional real Euclidean space.

The analogous result for a finite cyclic and, more generally, a finite

solvable subgroup of M(g, ri) follows by means of an inductive argument.

See Kravetz [5, p. 27] for a sketch of these proofs.

If T and T* denote the cyclic groups generated by y and y* respectively

and Fix(r) and Fix(T*) denote their fixed point sets, then Fix(r*) is an

analytic submanifold of T(g, n) which is isomorphic to the Teichmüller

space of the quotient surface (S— Fix(F))/r (see, for instance, Rauch [11]).

We will use this to prove the following lemma. In what follows we will

always assume that 3g—3 + n>l and (g, n)¿¿(2, 0).

Lemma 1. The dimension of the fixed point set of any involution in

Mod(g, ri) is less than or equal to 2g— 1 + [n¡2], where [x] denotes the

largest integer ^x. Moreover, Mod(g, ri) always contains involutions y*

such that this dimension is precisely 2g— 1 + [n/2]. This occurs if and only if

y* is represented by an involution y with 2g-\-2 fixed points which fixes no

punctures if n is even and which fixes exactly one puncture if n is odd.

Proof. An involution y* in Mod(g, n) is represented by an involution

y on a surface S which fixes m punctures and which has k fixed points in

all. By the Riemann-Hurwitz formula, (S— Fix(T))/r is a surface of

genus lg+i — \k with k-\-\(n—m) punctures. Thus the fixed point set of

y* had dimension ¿(g— \) + \n + {(k — 2m). Since an involution can have

at most 2g+2 fixed points and since n — m must be even, the maximum

possible dimension is obtained when k = 2g+2 and m = 0 if n is even and

m=\ if« is odd. The maximum value 2g— 1 + [n/2] is always obtained,

since there are surfaces having an involution with 2g+2 fixed points,

namely the "hyperelliptic" ones.

Now, the number 2g— I + [n/2] is defined intrinsically in terms of the

space T(g, n). Thus, if T(g, n)g^T(g'. ri). then we would have:

3g - 3 + n = -V - 3 + «',       2g - 1 + [n/2] = 2g' - 1 + [n'¡2].

If n and /;' are both even or both odd, these equations have only one

solution g=g' and n—n'. If one of these, say n, is even and the other, say
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n , is odd, then these equations have only one solution g'=g+l and

n'=n—3. Hence the only possible exceptions to the theorem occur in the

latter case.

To distinguish between these spaces, we define a maximal involution to

be an involution in Mod(g, n) whose fixed point set has dimension as large

as possible, namely 2g— 1 + [n/2]. If two such spaces were the same, then

the centralizers of maximal involutions would be the same. According to

Lemma 2 below, however, this is impossible for the pair of spaces Tig, n)

and Tig+l, n — 3). Hence the theorem follows once we establish:

Lemma 2. There is a maximal involution y* in Mod(g, n) whose central-

iser contains an involution distinct from y* if and only if n is even.

Proof. If ß* is an involution in the centralizer of a maximal in-

volution y*, then by an extension of Nielsen's theorem ß* and y* can be

represented by a pair of commuting involutions ß and y on a surface.

Since y* is maximal, y has 2g+2 fixed points and the surface is "hyper-

elliptic" with y as its "hyperelliptic" involution. Moreover, if n is odd, y

must fix one of the punctures. Let IF be the set of fixed points of y. These

are the so-called Weierstrass points of S. Since ß commutes with y, ß

maps W onto W. Moreover, since ß is an involution and W contains an

even number of points, ß must fix an even number of the points of W.

Since ß also maps punctures to punctures, ß must fix the unique puncture

which lies in W. Thus ß fixes one and, hence, at least two of the points of

W. By a theorem of Lewittes [6, Theorem 7, p. 748], this can happen only

if/) = )'. On the other hand, if« is even, it is easy to construct a surface

with two such involutions ß and y with />Vy. In fact, ß and y can be

realized as a pair of symmetries in 3-space.

Finally, one suspects that even more may be true; namely Mod(g, n) is

not isomorphic (as an abstract group) to Mod(^', n') in general. This

would be a stronger result which would imply the same theorem, but

which cannot be proven by the present method. In some cases this can be

proven by finding an element of finite order in one group which does not

occur in the other; however, this method will not suffice in general. One

result along these lines is as follows. Birman [2] has shown that for g^3,

Mod(g, 0) modulo its commutator subgroup is cyclic of order 1 or 2.

Using the presentation of Mod(0, /;) given by Magnus [8], we find that

Mod(0, n) modulo its commutator subgroup is cyclic of order 2(n —1) if

n is even and n—\ if n is odd. Thus Mod(g, 0) is not isomorphic to

Mod(0, n) ifg^3.
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