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ON THE MEAN MODULUS OF TRIGONOMETRIC
POLYNOMIALS AND A CONJECTURE OF S. CHOWLA

J. CHIDAMBARASWAMY

ABSTRACT. Let {m,} be a strictly increasing sequence of positive
integers. S. Chowla (1965) conjectured that

n
min > cos 2mmx < —cn'l?,
0sz<l k=1

¢>0 being an absolute constant. Let K;, K, - -, Ky be the dis-
tinct integers m,—m,, 1=k<I/=Zn; r;, 15j<N, the number of
pairs (k, /) with 1=k </=n and m,—m,=K;; and

r(n) = max r,.

1<isN

Lower bounds for j(‘, | > h_) cxe®™ ™| dx, ¢ arbitrary complex
numbers and ﬂ, | Z,";l Vi €08 2m(mx+ay)| dx, vx=0, a real, are
obtained in terms of n, r(n) and the ¢, and y, respectively and it has
been deduced that in case r(n)=4, independent of n, then

_n 1 1 .
min > cos 2mmx < — 1/2

—_—
0<z<l k=1 232 (5 + 1)v2

1. Introduction. Throughout the following {m,} stands for a strictly
increasing sequence of positive integers. Chowla [2] conjectured that for
any sequence {m}

n
(1.1) min > cos 2mmx < —cn''?,

0=2<1 3y
¢>0 being an absolute constant. Uchiyama [4] proved that given any n
distinct positive integers m,, m,, - - - , m, there exists a subsetm; ,m;,, - -,
m;_of my, my, - - -, m, such that

T 1/2
(1.2) min . cos 2mm;x < — (l) (l) n'’2,

0Sz<1 3y 4 6
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In [3] Kurtz and Shah proved that

(1.3) min > cos 2mmx < — (l) n'?
0Sz<1 p_y 8

for a special class of sequences which they call admissible sequences. A

sequence {m,} is called admissible if m,—m;+m,—m, %0 if k#j, k##p,

and j5/ all hold (see [3]).

The purpose of this paper is to prove (l.1) for much more general
classes of sequences {m,}. Specifically, let N=N(n) be the number of
distinct positive integers m,—m,, 1=k<I=n, and let these distinct
integers be denoted by K, K,, - -, Ky. Also, let for ISj=<N, r; be the
number of pairs (k,/) such that 1=k</=n and m,—m=K;, and
r(ny=max{r,, r5, - - -, ry}. We shall prove (see Corollary 2.4) that, if
r(n) is independent of n, say r(n)=0, then (1.1) is true with c=
(3)*2(1/(6+1)/?). We shall denote the class of all sequences {m,} with
r(n)=0 by B,.

Let, for arbitrary complex sequence {c;},

(1.4) S,(x) = D cre(mx),  e(x) = exp(2mix),
k=1

(1.5) Ro=2lalt  To=2lal

k=1 k=1
(16) L= 2. Re(c,d)), M= > Im(c,é)),

mi—mi=K;j:1Sk<l=n m—mr=Kjl15k<lZn
N N

(1.7) L=>1I, M=>M,
and finally, = =
(1.8) T,(x,0) = T,(x) = 2. y; €08 2m(myx + o)

k=1
where y,20, and «, real.

Lower bounds for the mean modulus [3|S,(x)| dx and o | Ta()| dx
are obtained (Theorems 1 and 2) for arbitrary sequences {m,}. We note
that our results contain the results of [3] for admissible sequences (see the
remark following Corollary 2.4). For results of different type on the
min T,(x), we refer to Theorem 3 of [1] and Theorem 4 of [3].

2. THEOREM 1. For any sequence {m,}

1/2

1
fols,.(xndxz . n= L2300
(1+r(n)-—--)
n
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COROLLARY 1.1.  For any sequence {m,} € B;

1 R1/2
flsn(x)|dx;'_L—l, n=1273---
o 1 /2
(1 +o-1)
n
For the real series, we have
THEOREM 2. For any sequence {m,},
n 0 1/2
{Z Vk}
fl (x)Idx__zm( = n=123--"

11/2’
1+ r(n) — —)

n

COROLLARY 2.1. For any sequence {m,} € B;

{ il 7;3}1/2

1
1
LIT,.(x)IdX§F;——Tl—,2, n=1,2,3"---
[
n
COROLLARY 2.2. For any sequence {m,},
n 2 1/2
1 {z)’k}
min T,(x) £ — =; ——— —,  n=1,23".
0Szr<1 2 (1 + r(n) _ l)
n
COROLLARY 2.3.  For any sequence {m;} € B,
noy1/2
. {Z)’i}
minT,,x S—_—,ﬂ_; I’l=1,2,3,"'
0Szx<1 ( )_ 25/2 (1 + 6 — .1_)1/2
n
COROLLARY 2.4. For any sequence {m,} € B;
n1/2
min cos2mmx < —————, n=123---.
os:.:<1kz1 e 2°%(1 + o)M2

REMARK. It is not hard to see that if {m,} is admissible, =1 and our
Corollaries 1.1, 2.1, 2.3, and 2.4 reduce to Theorems 1, 2, 3 and Corollary
of [3].
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3. We need only to prove Theorems 1 and 2 and the Corollary 2.2.
The proofs of Theorem 2 and Corollary 2.2 are similar to the proofs of
Theorems 2 and 3 respectively of [3]. We skip some of the details in the
proof of Theorem 2 and the proof of Corollary 2.2, referring the reader
to [3].

LEmMA 1. [5]S,(x)|* dx=R; +2(L+M).
PrROOF. We have

1S, = {2 ceeme)| > el—my)

k=1 k=1
n
=D lalP+ D adel(m — m)x)
k=1 k#11Sk,1Sn

=R, + 2 {c&e((m —m)x)+ c,cee((m, — m)x)}

1Sk<ISn

=R,+2 Z {Re(c,fp)cos 2m(m; — my)x

1Sk<iSa
+ Im(c,é)sin 27(m, — my)x}
which, by (1.6), is
N
(3.1) =R, + 2D {L;cos 2nK;x + M;sin 27K ;x}.

j=1
Now, since the K;, 1=j=<N, are all distinct positive integers, it follows
from (3.1) that
1 N
[iscor ax = r 2 S0 + w1
0 j=1

and the lemma follows in virtue of (1.7).
ProOF OF THEOREM 1. By (1.6) and (1.7) we have

LiM=3 : > Re(c,j,)}g

j=1 \m;—mr=K;1Sk<I!Sn

+ EV: { Z Im(c,j‘,)}e

j=1 lm—mi=K;1Sk<ISn

< ,;Zl : > IRe(ck5,)|}2

j m—mr=K;i1Sk<l=n

+3 { > um(ckc’mr

j=1 \m—mi=K;i1Sk<ISn
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and this by the Holder inequality is

N
=>r > |Re(c, )2

j=1 mp—mr=K;1Sk<ISn

1\,
+2>n > [Im(c,é)|2

j=1 m—m=KilSk<ISn

N
=rn) > {IRe(c,&)I + |Im(c,é)|}

j=1m—mi=K1Sk<lSn

(3.2) =r(n) > lellel®

1Sk<iSa

n 2 n
Ri—Tn={Zlck|2}—Z|ck|‘=z S el
k=1 k=1

1Sk<IlSn

and hence, we have, by Lemma 1, (3.2), and the fact that r(n)=1,

(3.3 [1sur ax = &+ rmie - 7,)

SR+ r(m} — T,
Now, by the Hélder inequality,

{ [1s.co dx}

and this, using the fact that

3 [1s.co ax
([ 1s.cor dx}

flls,,(x)[2 dx = R, (see (3.1)), and (3.3),
[}

= R, .
= (R + () — TJP

Theorem 1 is clear since by the Schwarz inequality R} <nT,.

PrROOF OF THEOREM 2. If

Un(x) = > pee(mex + a) = > ype(a)e(myx),
k=1 k=1

T,(x)=Re(U,(x)), and hence, using (3.3),

k=1

(3.4)

k=1 k=1

L T, (0l dx < IU e dx<{§me(ak)|2} (U + r(m)

~S el = {Zn} (1 + r(m)) —Zn
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From now on, the proof runs as that of Theorem 2 of [3] and we omit
the details.
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