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ON THE HOMOMORPHISMS OF LOCALLY
COMPACT GROUPS!

D. H. LEE

ABSTRACT. In this paper, we establish a conjugacy theorem of
homomorphisms of a locally compact connected semisimple group
into a locally compact group.

For locally compact groups G and H, let Hom(G, H) denote the space
of all homomorphisms of G into H under the compact open topology.
f1, f € Hom(G, H) are said to be conjugate if there exists # € H such
that f,(x)=Ahf,(x)h~* for all x € G. For papers concerning various types
of conjugacy of homomorphisms, we refer to [3], [4], [5], [6], [7], [9],
and [10]. In [6] and [7], it is shown that two homomorphisms of com-
pact G are conjugate by an element of the identity component H, of H if
and only if they are in the same connected component of the space
Hom(G, H). For noncompact G, however, the situation seems less
favorable as the character groups of locally compact abelian groups show.
Thus it seems natural to ask whether the similar conjugacy theorem holds
for groups in which there are no nontrivial connected normal abelian
subgroups. The main purpose of this paper is to establish the conjugacy
for the above mentioned groups.

In our approach to the problem, we adopt the point of view in the
theory of deformation of homomorphisms of Lie groups ([9], [10]). §1
contains basic materials for later use. In §2, we present the proof of the
rigidity theorem of Nijenhuis and Richardson [9, Theorem C], for the
sake of completeness. (Their proof does not seem to have appeared.) §3
is devoted for the proof of the main theorem (Theorem 2 in §3).

1. Basic definitions and conventions. (1.1) Let G be a locally compact
group and let p be a continuous representation of G in a finite-dimensional
real vector space V. A continuous map ¢:G—V is called a 1-cocycle of G
with values in V (relative to p) if, for x, y € G, p(xy)=g(x)+ p(x)(¢(»)).
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The set of all 1-cocycles with values in ¥ forms a vector space, which we
denote by Z1(G, V, p). A cocycle ¢ € ZX(G, V, p) is called a 1-coboundary,
if there exists v € V such that ¢(x)=p(x)(v)—v. The set of all 1-cobound-
aries forms a subspace B*(G, V, p). Let

HYG,V,p)=2Z(G,V, p)|B'(G, V, p),

the 1-cohomology space of G with coefficients in V. For the detailed
discussion, see [8].

(1.2) Let G and H be locally compact groups. Then the set Hom(G, H)
becomes a topological space under the compact-open topology. To
describe neighborhoods of f, € Hom(G, H), let C be a compact subset of
G and let U be a l-neighborhood in H. Then define

W(C, U; fo) = {f € Hom(G, H):f (x) fo(x)~* € U for all x € C}.

When C and U run over all compact subsets of G and all 1-neighborhoods
in H, respectively, the sets W(C, U, f,) form a neighborhood basis of f
in Hom(G, H). If G and H are connected Lie groups, then we may embed
Hom(G, H) into Hom (¥, ) by f—df, where df:$—# is the differ-
ential of fat I, ¢ and S being identified with the tangent linear spaces
of G and H, respectively, at 1. For simply connected G, this embedding
is a homeomorphism.

(1.3) The following notation and convention are standard throughout
this paper. For any topological group H, H,, Z(H) and Aut(H) denote the
I-component, the center and the automorphism group of H, respectively.
Also, for x € H, I, denotes the inner automorphism of H induced by x,
and, for X< H, Int(X)={/l,; x € X} and Z(X) is the centralizer of X in H.
When H is a Lie group, Ady denotes the adjoint representation of H in
its Lie algebra. A connected Lie group and its Lie algebra are denoted by
the same capital italic and capital English script letters, respectively. Thus,
for example, if G is a Lie group, then % denotes the Lie algebra of G.

2. On rigidity of homomorphisms of Lie groups. In this section we
prove the announced result of [9] on rigidity of homomorphisms of Lie
groups and extend it to locally compact groups.

(2.1) Let G be a connected Lie group with dim G=n and let 6:G—G
be the universal covering group of G. Then, for any Lie group H,
o*=Hom(o, 1):Hom(G, H)—~Hom(G, H) is an embedding, and fe
Hom(G, H) is in the image of ¢* if and only if f'is trivial on Ker(c). Then
Ker(o) is finitely generated (see, for example, Hochschild, Structure of

Lie groups, p. 189, Theorem 1.2). Let {by, --,b,}bea generating set for
Ker(o). Then f'e Im(s*) if and only lff(b,)—-l 1<j<m.
Now we choose a basis {X;, -, X,} for ¥ and let {x,,---, x,} be a

canonical system of coordinates for a fixed exponential map expg: 9—G
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defined on a 1-neighborhood ¥ of G. (See [1, p- 118].) Thus if ae V¥,
then a=exp(Dr1 3(k(a)Xk), where x,(a) denotes the kth coordinate.
Since ¥ generates G, for each j, there exists b; 1, = -, b; m(;) € V such that

m(s) m(Jj) n
¢)) b; = I—[ b;,= H exPG( xk(bi.m)Xk)'
=1 p=1 k=1

Now we identify Hom(G, H) with Hom(%, 5#) under f—"» df, where
df denotes the differential of f at 1, ¢, 5 being identified with tangent
linear spaces of G and H, respectively, at 1.

Thus we have an embedding 6 - ¢*:Hom(G, H)—Hom(¥, 5£). On the
other hand, every homomorphism ¢ € Hom(%, ) is uniquely deter-
mined by the @(X,)=Y,; and these Y; can be chosen arbitrarily provided
they satisfy

(2) Z Cin Yy — [Y,Y]=0, 1=i,j=n,
k=1

where the c,;, are structural constants of %. Hence if we define
e:Hom(G, H)—3#", #™ being the product of n copies of 7, by &(f)=
df (X,), -, df(X,)), then we have, using f - expe=expg * df in (1).

LemMa 1. (Yy, -, Y,) €™ is in Im(¢) if and only if the following
hold

n(s) n
(i [Tewa(Subinti) =0, 15j=m
»=1 k=1
(i) Z cinYe — [V, Y;1 =0, 1=i,j=n
i

Define ®,(Y,, -+, Y,) and¥, ,(Yy, -, Y,) to be.the left-hand side of
(i) and (ii), respectively. Then ®;, 1=j=m; ¥, ;, 1=i, j=n, are all
C®-maps of ™" into H .

(2.2) Let p:G—Aut(¥V) be a finite-dimensional real representation.
Since {X;, - - - , X} is a basis of ¥, we have an embedding ¢ : Z*(G, V, p)—
V" defined by &(f)=(df (X1), - ,df(X,)). In the sequel we give a
convenient description of Im(¢’).

For this purpose, we take the semidirect product V"X ,G of the vector
group ¥ by G relative to p. Then for f€ZXG,V, p), f':G—>VX,G
defined by f'(g)=(f(g), g), g € G, is a homomorphism. Hence we can
apply Lemma 1 to f' to get :

LEMMA 2. (v4," -, 0,) € VisinIm(¢') if and only if

m(j) n
@) > > 8,:=0 1=j=],

=1 k=1
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where 0; , ,=X,(b; )p(b; 1" b; , v, 1=k=n, 1= p=m(j), 1= j=m)
) (3 ek = dp(X)@) + dpXNE) =0 (1S 1j S,
k

where dp:%—End(V) is the differential of p.
(2.3) With this preparation, we can prove:

THEOREM (SEE [9]). Let G be a connected Lie group and let f,e
Hom(G, H), H any Lie group. If H*(G, 5, Ad  f,)=0, then Int(H,) - f,
is a neighborhood of f,.

Proor. We first identify Hom(G, H) with a closed subset of 5# under
e (2.1).

Then we can identify the tangent linear space of #™ at f; with that of
#" at (0, - - -, 0) by the right translation. On the other hand, we identify
the tangent linear space of #* at (0, - - - , 0) with ™.

Now we define y: H—3" by y(h)=1I, < f,, h € H. Then it is easy to see,
using Lemma 2 in (2.2), that

Im(dX) = SI(BI(Ga ‘f’ Ad °f0))’
(ﬁ Ker(dd),.)) N (ﬁ Ker(d‘P‘,._,.)) = ¢(ZXG, #, Ad - fy))

where d®;, d¥'; ; denote the differentials of ®,,'¥V; ;, respectively at f;, and
dy the differential of y at 1.

We thus apply Lemma 1 of Weil [10] to the space H and # " and the
maps y and {®,,¥; ;} to find an open neighborhood U of 1 in H such that
x(U) is open. But f, € x(U)<Int(H) - fo, which proves Theorem 1.

We generalize Theorem 1 to locally compact groups as follows:

THEOREM 1'.  If G is a connected locally compact group, then under the
same hypothesis of Theorem 1 the conclusion of Theorem 1 holds.

Proor. Since H is a Lie group, there exists an open 1-neighborhood ¥
which contains no nontrivial subgroup of H. By the hypothesis, the 1-
neighborhood f7*(V) contains a compact normal subgroup K such that
G/K is a Lie group. Then for ¢ € ZY(G, 5, Ad < f;), (K)=0 and thus
if we define ¢*:G/K—3#°, by ¢*(xK)=¢(x), x € G, then

¢* € ZNG/K, S, Ad - f5),

where fo € Hom(G/K, H) is induced by f,.
The map ¢—¢* induces an isomorphism

HY(G, #, Ad - fo) = H(G/K, o, Ad « f}).
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Thus under our hypothesis H*(G/K, 5#, Ad o f§)=0, and by Theorem
1, there exists an open neighborhood U* of f5 such that U*< Int(H,) - fq.

We now consider the neighborhood W(K, V;f;). As fo(K)=1, it
follows that f(K)=1 for all fe W(K, V; f,). Hence, every f€ W(K, V; f)
induces f* e Hom(G/K, H), and f—f* is continuous. Put

U= {fe WK, V;f)|f*eU*.

Then U is an open neighborhood of f, and is contained in Int(H,) - f,,
proving that Int(H,) - f, is a neighborhood f,.

COROLLARY. Let G be a connected locally compact group and assume
that HYG,V, p)=0 for all finite-dimensional representations p:G—
Aut(V). Then, for any Lie group H, the connected components in Hom(G, H)
are open and are of the form Int(H,) - f, f € Hom(G, H).

PrOOF. Let € be the connected component of f;. Then, for fe ¥,
Int(H,) - f is a connected neighborhood of f. Hence Int(H,) - f< % and
{Int(H,) - f|f € €} is a cover of €, from which it follows that € is open
in Hom(G, H). To prove the second assertion, for each f € €, there exist f,,,
n=1,2,---,n,in € such that

Int(Hy) - f; N Int(Hy) - firn %~ &, i=0,1,---,n—1,
and

Int(Hy) - f,3 f.
Now the assertion is clear.

3. Proof of the main theorem. In this section we establish the conjugacy
theorem (Theorem 2) for semisimple groups.

(3.1) DerINITION. A locally compact group G is called semisimple,
if its radical (that is, the maximal connected solvable normal subgroup,
see [5]) of G is trivial.

It is clear from the definition that the center of a semisimple group is
totally disconnected and that every closed normal subgroup of a semi-
simple group is again semisimple.

LeEMMA A. Let G be a locally compact semisimple group and let D be a
closed totally discrete normal subgroup of G. Then G|D is semisimple.

PrOOF. Let R’ be the radical of G/D and let R be the inverse image
of R’ under G—G/D. Then, since D is central in G, R is a closed solvable
normal subgroup of G. Hence R, is contained in the radical of G which is
trivial. Thus R is totally disconnected. Hence R’ is trivial, proving that
G/D is semisimple.
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LemMa B. A locally compact connected semisimple group is a projective
limit of semisimple Lie groups.

PrOOF. By the structure of a connected locally compact group, it
suffices to prove that if K is a compact normal subgroup of G, then
G/K is semisimple. By a theorem of Iwasawa [5, Theorem 2, p. 515],
G=K - Z;(K), which implies that G/K=~Z(K)/|Z(K). Z(K) is semisimple
as a closed normal subgroup of G. Also Z(K) is totally disconnected. Hence
Z(K)/Z(K) is semisimple by Lemma A; hence G/K is semisimple.

(3.2) LemMA. Let G be a locally compact connected semisimple group.
Then the commutator subgroup G’ of G is dense in G.

ProOF. Let {K;};.5 be a family of compact normal subgroups of G
such that G/K; are all Lie groups, and that G=proj lim G/K; (by Lemma
B of (3.1)). Since the assertion is true for connected Lie groups, we have
G=G'-K;, A€ A, where G’ is the closure of G'. Hence for any g € G,
there exists g, € G’ such that g=g;k;,, for some k, € K. Let {k, }; be a
converging subnet of the net {k,};.». Then lim, g;_ exists and is equal to g,
proving that g € G'. Hence G=G".

(3.3) LEMMA. Let K be a compact normal subgroup of a connected
semisimple locally compact group G and let =w:G—G|K be the natural map.
Then, for any connected subset X of G containing 1, w:Zy(X)—>Zg/x(m(X))
is onto.

ProOF. We can write G=K-Zy(K). (See [S]) Then for z*e
Zex(m(X)), we choose z€Z;(K) so that m(z)=z*. Hence, for each
xeX,

[z, x] = zxz7x1 € K N Zy(K) = Z(K).

But x—[z, x] is a continuous map from the connected space X into the
totally disconnected Z(K). Hence this map is constant and 1 € X implies
that [z, x]=1, proving that z € Z;(X).

(3.4) LeMMA. Let G be a locally compact connected semisimple group.
Then HY(G, V, p)=0 for any finite-dimensional representation p:G—Aut(V).

PrOOF. Assume that G is a Lie group and let f€ ZX(G, V, p). Then
S :G—Vx,G, the semidirect product of ¥ by G relative to p, defined by
S (@=(f(g), ), g €G, is a homomorphism. Thus f'(G) is a semisimple
subgroup of ¥'X,G. Since any two maximal semisimple subgroups of a
Lie group are conjugate by an element from its radical, we find v € V
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such that (v, 1)f"(G)(v, 1)< {0} X G. Hence, for g € G, v+f(g8)=p(g)(v),
which implies that f€ B(G, V, p), proving the assertion for Lie groups.

Now let G be locally compact and let U be a 1-neighborhood of Aut(V)
which contains no nontrivial subgroup and we choose a compact normal
subgroup K in p~2(U) such that G/K is a Lie group. Then for every
f€ZYG, V, p), the restriction f |K € Hom(K, V). Since X is also semi-
simple, f|[K=0 by (3.2). Thus f induces f* e Z'(G/K, V, p*), where
p*:G/K—Aut(¥) is induced by p, and f—f* induces an isomorphism
HYG, V, p)=~H*(G/K, V, p*). Since G/K is a Lie group, H(G/K, V, p*)=
0, which proves that H*(G, V, p)=0.

(3.5) Now we are ready to prove the following main theorem of this
section.

THEOREM 2. Let G be a locally compact connected semisimple group
and H any locally compact group. Then the connected components in
Hom(G, H) are exactly of the form Int(H,) - f, f € Hom(G, H).

Proor. Since G is connected, it is easy to see that Hom(G, H)=~
Hom(G, H,). Hence we may assume that H is connected. Let € be any
connected component in Hom(G, H) and fix f, € €.

Let R denote the radical of H with the descending sequence of the de-
rived groups: R=R®>RW>. . .5 RM>D R ={]},

Our proof is based on the induction on n, the length of solvability of R.

(A) The assertion holds for n=0. Note that H in this case is semisimple.
Fix a compact normal subgroup K of H such that H/K is a Lie group,
and let {K} ;.5 be a family of compact normal subgroups with each K,< KX
such that H/K; is a Lie group and that H is a projective limit of H/K;.

Thus by (3.4) and the corollary in (2.3), the assertion in the stated
theorem holds for Hom(G, H/K}), A € A.

The maps Hom(G, H)—Hom(G, H/K;), induced by H—H|K;, are all
continuous. Hence if /€ €, then there exists 4, € H such that, for x € G,

hif (3" = fy(x) mod K;.

Similarly we find A, € H such that, for x € G, Af (X" =fo(x) mod K.
Since K; <K, hof (x)h"=h, f (x)h7* mod K, which implies that =(h3" - h,)
is in the centralizer of w(f(G)) in G/K, where =:G—G/K is the natural
map.

By (3.4), there exists a € H such that a commutes with every element of
f(G) and that w(a)==(h"h,), 1 € A.

Thus h,a € hyK, 2 € A, and we may hence assume that the #, are all in
hoK (by replacing h, by h;a if necessary). Since h,K is compact, the net
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{hi}ien has a converging subnet {#;}; with lim; h; =h. Then we have
I, o f(x)=fo(x), x € G, which proves (A).

(B) Assume now that the theorem holds for H with the length of
solvability of its radical less than n, and consider the sequence in the
beginning of our proof.

Applying the induction hypothesis to the group H/R™, we find he H
such that, for x € G, hf (x)h~=f,(x) mod R™. Let a(x)=hf (x)h~Yf,(x)72,
x €G. Then « is clearly a continuous map of G into R™. Let K be the
maximal compact subgroup of the abelian group R™. Then K, being a
characteristic subgroup of R™, is normal (hence central) in H and
R™/K is a vector group. Let p(x), x € G, be the automorphism of R™,
defined by y—f,(x)yfo(x)™1, y € R™. Then p leaves K pointwise fixed,
hence p induces a representation p* of G in the vector space R™/K.

Now it is a trivial matter to verify that the composite map «*:G%~
R™IRMIK is in ZN(G, R™|K, p*). But H(G, R*™ /K, p*)=0 by (3.4).
Hence there exists a € R such that

o*(x) = m(@)7 p*(x)(m(@)), x€G.

From the definition of «*(x), it follows that, for x € G, Af (x)h~1=
afy(x)amod K, and thus we have B(x)=ahf(x)(ah)"fo(x)"* € K. An
easy calculation using the centrality of K in H shows that 8:G—K is a
continuous homomorphism. As K is abelian, it follows that the first
derived group G'<Ker f, Since G’ is dense in G by (3.2), we have that
B(G)=1, which means that ahf (x)(ah)~=f,(x) for all x € G, proving that f
is conjugate to f,.

REMARK. Theorem 2 is a generalization of Theorem (4.3) in [3, p. 338].
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