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A HYPONORMAL OPERATOR WHOSE SPECTRUM
IS NOT A SPECTRAL SET

BHUSHAN L. WADHWA

ABsTRACT. Clancey has given an example of a hyponormal,
nonnormal operator whose spectrum is thin and hence not a
spectral set. In this note, using fairly simple techniques, we give
an example of a hyponormal operator whose spectrum contains a
disc and is not a spectral set.

1. Introduction. An operator T on a Hilbert space S is called hypo-
normal if T*T—TT* is a positive operator. An interesting subclass of
hyponormal operators is the class of subnormals: an operator T on 5
is called subnormal if T is the restriction of a normal operator acting on a
Hilbert space # > . A compact subset X of the complex plane, con-
taining the spectrum of T (denoted by ¢(7)), is called a spectral set for T
if |f(D)I=1f]lx for all rational functions f with poles off X. It is well
known that the spectrum of a subnormal operator is a spectral set (see
Lebow [4], Berberian [1]). Clancey [2] showed the existence of hypo-
normal operators whose spectrum is thin (in the sense of von Neumann)
and hence is not a spectral set.

In this note, using fairly simple techniques, we give an example of a
hyponormal operator whose spectrum is the union of a closed disc and
an annulus and is not a spectral set.

2. Preliminaries. If o(T)=0,Uo, where o, and o, are closed, nonempty
and disjoint sets, then it is well known (see Riesz and Sz.-Nagy [5, p. 421])
that S#=s¢, +5#, where #, and >#, are invariant under T and
o(T|# )=0,, i=1, 2. Also the subspaces 5, and 5, have the property:
if L is any subspace of # invariant under T such that ¢(T|.#)< o, then
M<H;, i=1 or 2 (see Colojoara and Foias [3, p. 26]). We shall refer
to this result as the Riesz Decomposition Theorem. Furthermore, it was
observed by Lebow [4] and Williams [6] that if in the above case we assume
that o(T) is a spectral set for T, then =, ,.

3. The example. Let 5#; and 5, be two subspaces of a Hilbert space
2" with the property that there are orthonormal bases {e;}2_, and
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{fi}21 of H#; and 5, respectively such that (f;, e,)=0 for all i and j
except when /=0 and j=1. Let (f;, ¢,)="0 and suppose that 0<|6[><1/32.
Let V.5 —~;
Ve, = 4e;,,, i<O0, Ve, = 8¢;, and
Ve,- = 20ei+1a i _Z 1.

Uf,=f,, and Uf,=3f,, i=2

First of all we remark that #=4¢, + 5, is a closed subspace of .
Thus 7=V 4 U is a bounded operator on J#; in other words T'= re
on 5, + 5 ,. Simple computations show that

T*fl = 408_1, T*eo = 4e_1,

T*f, = pfi — Bpeq, T*e, = 8Peo_86Pf1’

T*;=3f,y foriz3,

T*e;, = 20e,_, fori =2, and

T*e, =4de, ; fori=< —1,wherep= (1 — [0

Let P denote the orthogonal projection of 5# onto the span of f3, f2, e,

and e;. It is quite easy to see that |T*(I—P)x||=<|T(I—P)x| for any
x € # and (I—P)T*TP=PTT*(I—P)=0. Thus in order to show that T
is a hyponormal operator, it is enough to prove that | T*x|| <|Tx| for

all x in the span of f;, f;, ¢, and e;.
For any «, 8, v, 6 € C,

1T*(afy + Beo + ¥fe + der)||?
= [[4(«b + Ble_y + (vp — 830p)fi + (8dp — yOp)e,|*
=16 [« + BI2 + p? | (y — 880) f; + (80 — yO)e,|?
= 32{|«[2]61* + 18I} + 4(1 + 161 p?[I¥I* + 64 9/?].
On the other hand
1T(afy + Beo + yfz + de)|? = llafe + 8Bey + 3yf3 + 200e,||
= |a|2 4+ 64 |B|2 + 9 |y|2 + 400 |02

Since 0<[6|2<1/32 it follows that (1+|6[%)p2<5/4 and now it is easy to
see that

|T*x|2 < (| Tx|?* for x = af; + Pe, + yfa + Je;.

Thus T is a hyponormal operator.
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We now wish to show that (7)) is not a spectral set for 7. First note
that o(T|#)=0(V)={z € C:4=|z|£20}=0, and o(T|#y)=0(U)=
{z e C:|z|=3}=0,. Thus o(T)=0,Ua,, o, is closed and o,No,=. If
o(T) were a spectral set for T, then by the Riesz Decomposition Theorem
and by the observation in Lebow [4], 5# would equal @5, where
o(T|#)=0,, i=1,2. Since H' =+, and o(T|#,)=0, it follows
from the preliminary remarks that 5#,< ¢;, i=1, 2. Hence ="
and s#,=2#;. Thus if ¢(T) were a spectral set for T, 5#; would be
orthogonal to J#,. But #, is not orthogonal to 5, and hence o(7T) is
not a spectral set for T.

ACKNOWLEDGEMENT. The above result is a part of the author’s
doctoral dissertation, titled Spectral, M-hyponormal and decomposable
operators, prepared under the guidance of Professor J. G. Stampfli at
Indiana University. The author would like to use this opportunity to
express his profound gratitude to Professor Stampfli for his guidance and
help.

REFERENCES

1. S. K. Berberian, A4 note on operators whose spectrum is a spectral set, Acta. Sci.
Math. (Szeged) 27 (1966), 201-203. MR 34 #3309.

2. K. F. Clancey, Examples of nonnormal seminormal operators whose spectra are not
spectral sets, Proc. Amer. Math. Soc. 24 (1970), 797-800. MR 40 #7851.

3. I. Colojoara and C. Foias, Theory of generalized spectral operators, Gordon and
Breach, New York, 1968.

4. A. Lebow, On von Neumann’s theory of spectral sets, J. Math. Anal. Appl. 7
(1963), 64-90. MR 27 #6149.

5. F. Riesz and B. Sz.-Nagy, Lecons d’analyse fonctionnelle, Akad. Kiad6, Budapest,
1953; English transl., Ungar, New York, 1955. MR 15, 132; MR 17, 175.

6. J. P. Williams, Minimal spectral sets of compact operators, Acta. Sci. Math.
(Szeged) 28 (1967), 93-106. MR 36 #725.

DEPARTMENT OF MATHEMATICS, CLEVELAND STATE UNIVERSITY, CLEVELAND, OHIO
44115



