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THE HOMOTOPY GROUPS OF SPACES WHOSE
COHOMOLOGY IS A Z, TRUNCATED
POLYNOMIAL ALGEBRA
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ABSTRACT. Let K be a 1-connected CW complex with
H*(K; Z,) = Z,[x]]x".

On such a space one can define a “Hopf”’ invariant homomorphism
h:men-1(K)—Z in two ways. We prove both definitions are equiva-
lent and show that ,m,(K)~,m;-1($**) ® ,m;(S"") if and only if
there is an « € w,,—1(K) such that (h(«), p)=1. As immediate
corollaries of this we get a result of Toda on the homotopy groups of
the reduced product spaces of spheres and a well-known result of
Serre on the odd primary parts of the homotopy groups of spheres.

Let K be a simply connected CW complex such that H*(K,Z,)=
Z,[x]/x?, |x|=n, p a prime. Up to p-equivalence Toda [14] has shown
that we may consider K=S"Ue*"U---Ue'e D" and we will restrict
ourselves to such spaces. For these spaces one can define the Hopf
invariant in two ways: The first is a homomorphism h:7,, ,(K)—Z,
and is essentially a generalization due to James [8] of Steenrod’s [12]
definition of the Hopf invariant, and the second, which we will show
generalizes the first, is a homomorphism H: 7, (K)—m, (2 "K) for all i
and is Toda’s [15] generalization of G. W. Whitehead’s Hopf invariant
[16].

We will investigate these Hopf invariants and prove the following.

THEOREM 0.1. 7 (K)~,m;_1(S™) ® ,m,(S) if and only if there
exists o € mwy,_1(K) such that (h(«), p)=1. (,G is the group G|G where
G<G is the subgroup of torsion elements whose orders are prime to p. ,G
will be called the p-component.)

By taking K=S;, James’ gth reduced product space of S" [6], we get
the following results as corollaries.

COROLLARY 0.2. Ifg<p, ,m(Sam)~, m;_1(S?™ 1) @ ,m,(S?meY).
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This is just 4.4 and 4.5 of Toda [15]. We will also show that this result
fails for g=p, m>1.

By taking K=35%™ we get as a corollary the well-known result of Serre
[91.

COROLLARY 0.3. (S~ m, 1(S?™1) @ ,m,(S*™ ) for all odd primes
p.

The material in this paper was contained in the author’s doctoral
dissertation at the University of Pennsylvania under the direction of
Professor Gerald J. Porter. The author wishes to acknowledge the helpful
suggestions of Professor Porter and also those of Professor Joel M. Cohen.
I would further like to thank the referee whose criticisms and sugges-
tions were invaluable.

1. Hopf invariants. Consider L=S"Ue™U: « - Ue™-! with n;,—1>
n;22 and let n,=n,+n,_,. Given g€, _,(L) form K=LUge" and let
x; be a generator in dimension n,; of H*(X).

DEeriNITION 1.1, The Hopf invariant of 8, k(B), is that integer m such
that x,x, =mx, .

James [8] has shown that this defines a homomorphism A:m, _,(L)—Z.
Note that if r=2 then h(f) is the usual Hopf invariant as defined by
Steenrod [12].

Let § € m,(L) and let g: L—~LVS™-! be such that:

(@) g|(Ly»-2=1, ((L)*-* is the n,_, skeleton of L),

(ii) L—-9LvS"-—*L, where v is the retraction map, is homotopic to
the identity, and

(iii) g maps é"-1< e"r-1 onto S™ -1 with degree one, and é"r-1=g=1(S"r-1).

Since

T(XVY) =7 (X)®n(Y)®m (X X Y, XV Y),

let p:m(LVS™-Y)—m, (LXS"-1, LvS™-1) be the projection and let
q:(Lx 8"-1, LvS*-1)—(Z"-1L, ) be the collapsing map.

DEerINITION 1.2, H(f), the Hopf invariant of g € m,(L), is ¢4 pgx(h).

It should be noted that this definition is a direct generalization of G. W.
Whitehead’s Hopf invariant [16] and appears in [15].

The remainder of this section will be devoted to proving

ProposiTiON 1.3. If Bem, (L) then there exists a generator 6 €
7w, (Z"-1L) such that H(B)=h(f)d.

James [8] in studying sphere bundles over spheres proved

THEOREM. Let L=S87 U, e" and i, € m (S be a generator. Then there
exists B €m,, . (L) with h(B)=m if and only if the Whitehead product
mla, i J=a,r, for some 7 € m,, . o(S*?).
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This theorem and the lemmas preceding it all generalize immediately
to complexes L as defined above. We will therefore only state the results
we need. I would like to thank Professor Porter for communicating this
fact to me.

Let N=(L)"-* and a€m,  _,(N) be such that L=N U,e"-1. Let
iy € m, (N) be a representative of the inclusion map 7,: 8" <>N.

THEOREM 1.4. There exists f € m, _,(L) such that h(B)=m if and only
if mla, i,)] is in the image of ay:m, o(S"-1"Y)—>m, ,(N).

PROOF (JAMES [8, p. 377)).

Let o €m, (L, N) be such that 0(o)=u (i.e. the class of the attaching
map a), let i, :7;(L)—m,(L, N) in the homotopy sequence of the pair L, N,
and let [0, i,] be the relative Whitehead product defined by Blakers and
Massey [2].

THEOREM 1.5 (JaMmes [8, p. 377]). Let fem, 1(L). Then i ()=
mlo, i,]4+0 o p where h(B)=m and p € 7, _,(E"-1, §"r-171),

Finally let M=S8"-1vL with «; € w (M) representing S‘—M, i=n,,
n._, and let u:L <M be the inclusion.

THEOREM 1.6 (JAMES [8, p. 380]). Let 8 € m, _1(L) with h(B)=m. Then
g*(ﬁ)-__u*(ﬂ)-'-m['(n,_l’ Kn1]+Kn,_1 ° P

ProoF OF 1.3. In this dimension g, is an isomorphism and observe
that =, (LXS"-1, LvS™-1) is generated by p([K,, , K, ]). Assume that
p(B)y=m so that, by 1.6, g«(B)=us(f)+mlK, ,K,]1+K,  op. But
h«(B) lies in the image of =, (L) and K, o p lies in the image of
u, _(S"-1) in the direct sum decomposition of , _,(LVS™-1) so that
m(us(B))=p(K,,_, o p)=0. Therefore

p&x(B) = mp([K,,_,, K, 1) or qupg«(f) =md
where ¢ is an appropriate generator of w, (X"-1L).

2. Proof of 0.1. Let p be an odd prime, H¥*(K; Z,)~Z [x]/x?, |x|=n
even.

Assume o € 7, 1(K) with (h(x), p)=1. Let o represent «:S"1—>K
and Z, the mapping cylinder of «. Replace the inclusion S™~1—Z, with a
fibration FL.E2%Z, and let (E,, d,) be the (mod p) cohomology Serre
spectral sequence for this fibration.

LEmMA 2.1.
EY'=2, I=n-—1,

=0, otherwise, 0 < 1 < ¢" ™~
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PROOF. Since H*(E; Z,)~H*(S"; Z ) we must have Z,=E3" '~
H"™\(F; Z,). Let y be the generator of E9"""" such that d,y=0, r<n,
d,y=x.

Also since H*(Z,; Z,)~Z,[x][x*=E3"° we get d,(y@x™)=x™*1 for
m<g—1.

LeMMA 2.2. Fis a Z -cohomology n—1 sphere.

All that we must show given 2.1 is that E{Z V™" l=Egl&-D™""1 op

equivalently that E3 %" "*=0.

Let (E,, d,) be the Serre spectral sequence for F~i(E, S)—>*(Z,, S™™)
where S=p~1(S™).

Then H*(Z,, S, Z,)~H*(K U, e™; Z,) and, as we have assumed
h(a, p)=1, we get H*(K U, e™; Z,)~Z [x][x*. As in 2.1 we have
y € EY™ ' such that d,y=x but now d,,(y®x™)=xm"*, m<q, which implies
Eg.qn—1=0.

LemMMa 2.3, If there is o € m,,_1(K) such that (h(e), p)=1, then
»7i(K) = pmi($T7Y) © i g (S™7Y).
Proor. Since F is a cohomology n—1 sphere we have f:S"1—F
induces an isomorphism in Z, homology and, therefore, an isomorphism
[ pmi (8" )— 7, (F). But S"1>/F—S7-1 js trivial and from the homo-
topy exact sequence we get a splitting and hence
mwi(K) =~ pﬂi(Sqn—]) @ z)ﬂi—l(sn—l)'
Proor OF 0.1. Assume h(e)=kp for all « € 7,,_;(K) and that
»Ti(K) = ,m (ST @ pmy_y(S™7).
Let L=(K)'""®" with K=L Uz """ Since H*(K; Z,)=Z,[x]/x? we
have (4(f), p)=1 and we have, by 2.3,
oiL) = ,m (ST @ iy (S™Y).

Further i:L—K induces i,:,m;(L)—>,7,(K), one can easily see that
iy],m:_1(S™) is an isomorphism and i,|,7,(S'"V") is trivial.
Look at the following section of the homotopy sequence for (XK, L):

Ix J*
= p”qn—l(L) — p'”qn—l(K) —> p”an——l(Ks L)

0

Iy
—>  TanolL) —> g o(K)—> - - .

James [6] has shown that m,, ,(K, L)~Z®m,, »(S“ ") and, by 1.5,

(2.4)
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Jx(e) is h(e) times the generator of Z. Thus 2.4 yields

= 0
1’77‘1”—2(5"—1) -—> 9"«n—2(sn—l) —_> pﬂqn—z(s (q_l)n—l)
@ ® ®

0
e a(SEIY s (1) 5 Z

S(q—l)n—l

0
-—> p"qn-—2( -—> pﬂqn—2(sq"~l)

@ @
- pﬂan—a(sn—l) — pﬂan—s(sn_l)

but # is multiplication by A(ax)=kp and we must have ,m,, (L)~
pTan1 (S @ y7en_s(S™Y) @, Z;, which is a contradiction.

3. Appendix. Corollaries 0.1 and 0.2 are easily proved by noting that
H*(S2™; Z )~Z [x][x* if g<p.
To show that 0.2 fails for g=p by 0.1 it is sufficient to show that

PROPOSITION 3.1. For m>1 there is no element o € my,,,_1(Sary) with
Hopf invariant prime to p.

PROOF. Assume there is an « € m,,, 1(Sary) with (h(x), p)=1. Since
H*(S3™ 3 Z,)=Z,[x]/x? we have H*(S;™ U, e™?; Z )=Z [x]/x*+. But
Hardie [3, p. 248] has shown that this is equivalent to a nontrivial
mod p Hopf invariant

Pm:H2m+l(S2m+l v e2mp+1; Zp) — H2mz)+l(S2‘m+1 V] e2mp+l; Zp)

which does not exist [1, Theorem D].

Sg is obtained from S;_; by S;==S;_,Ue?"; call the attaching map [i]™
(see [3]).

It is easy to see from the homotopy exact sequence for the pair
(S%", S2m)) that m,,, 1(Si™)~Z@Torsion and we get

COROLLARY 3.2. [i]? € my,,, 1(S5™), m>1 generates an infinite cyclic
summand.

Let 7 be the generator of the infinite cyclic summand of Tomp—1(Sors)
such that [i]?=ar, a € Z*. Assume h(7)=>b then h([i]*)=h(ar)=ab.

But H*(QS2m)=P,[x] and H{(QS*™H)~Hi(S:™), i<2m(p+1)—1.
Since So™=Sa" Uy pe?™ we have h[il?=p or ab=p. By 3.1 b#l.
Thus b=p and a=1.

Using 3.2 we get a result due to Hardie [3].

COROLLARY 3.3. [i, [i]71] is of order p in 7y, »(Sars), m>1.
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Proor. By [4] we have p[i, [{]*~*]=0 and if [i, [{]»"]=0 by 1.4 there
exists € Sa™ with (h(B), p)=1 which contradicts 3.1.

We also get as a corollary the following well-known result due to
Hilton and Whitehead [5].

COROLLARY 3.4. Let v € w,(S%) be the attaching map of the quaternionic
projective plane (i.e., HP*=S* U, ¢®). Then 2v+[i, i].

ProOF. We have the following commutative diagram of cofibrations

v
ST ——> 5t ——> §* U, €8

v

5§72 >85> HP?
By the five lemma we have H,(S* U,, *; Z3;)~>H,(HP?; Z;) and hence
get an isomorphism on the three component g7, (S* U,, 8)~ 37, (HP?).

Since H*(HP?; Z3)=Z,[x]/x* we have by 0.1:
3T (HP?) ~ 4, 1(S?) @ s7,(Sy;) and therefore
ami(S* Uy, €8) = gm;_1(S®) + 3m,(S™).

Thus if 2v=[i, i] there exists a € m,,(S3) such that (h(«), 3)=1 but this
contradicts 3.2.

It should be noted that in considering 0.1 the only examples of spaces
we have given have been reduced product spaces for spheres and for these
we get nontrivial Hopf invariants if and only if g<p. In fact, Adams
and Atiyah [1] have shown there exists no complex K with H*(K; Z )=
Z ,[x]/x?+ for p an odd prime, |x|=n if n/2 does not divide p—1. So that
in these cases there can exist no element in 7,,,_,(K‘*~"") of Hopf invariant
prime to p. It is reasonable to ask then if 0.1 is any more general than
Corollary 0.2.

But D. Sullivan [13] has shown that S?**! is a loop space mod p if
mfp—1. Therefore if we localize, in the sense of Sullivan at the prime p,
(S?*m-1), has a classifying space (BS*™1), and H*(BS";Z,)=Z[x].

It is perhaps interesting to note that although in this case ($*™~1), has
and A4, structure (see [11]), by 3.1, (S;-1), yields an 4,_, form which
cannot be extended to an A, form.
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