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FIXED POINT THEOREMS IN REFLEXIVE
BANACH SPACES

R. KANNAN

ABSTRACT. In this paper fixed point theorems are established
first for mappings 7, mapping a closed bounded convex subset K
of a reflexive Banach space into itself and satisfying

ITx — Tyl = Hllx — Tx|| + lly — Tyll}, x,y€EK,

and then an analogous result is obtained for nonexpansive mappings
giving rise to a question regarding the unification of these theorems.

Let X be a reflexive Banach space and let K be a nonempty bounded
closed and convex subset of X. In [10] Kirk proved the following theorem:
If T be a nonexpansive mapping of X into itself i.e., | Tx—Ty||=|x—y|,
x, y € K, and if K has normal structure, then T has a fixed point in K. This
result was also proved in a uniformly convex space X by Browder [2],
Gohde [4] and Goebel {5], the reflexivity of the space and the normal
structure of K being consequences of the uniform convexity of X.

In this paper first we establish some fixed point theorems for mappings
T of K into itself which satisfy

ITx — Tyl = #{llx — Tx| + lly — Tyl},  x,yek

Mappings T of this type will be referred to as having property A over K.
Such mappings have been used to study fixed point and other allied prob-
lems in [6], [7], [8], [9]. Then we obtain a theorem, analogous to the one
proved for a mapping T having property 4 over K, for nonexpansive
mappings. We conclude the paper with some observations on this last
theorem.

Before going to the theorems, we first recollect the following definitions.

DEerFINITION 1 (NORMAL STRUCTURE [10]). A bounded convex set K in
a Banach space X is said to have normal structure if for each convex subset
S of K which contains more than one point, there exists x € S such that
SUpPyesllXx —y| <(S), 6(S) being the diameter of S.

DEFINITION 2 [9]. A mapping T of a bounded subset K of a Banach
space X into itself is said to have property B on K [9] if for every closed
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convex subset F of K, mapped into itself by 7" and containing more than
one element, there exists x € F such that ||x —Tx| <sup,er|y—Tyl.

It has been shown in [9] that if K has normal structure then a mapping
T, having property 4 on K, of K into itself must have property B on K but
not conversely.

DerINITION 3. If T'is a mapping of K into itself such that for each x € K,
lim,, [0(T"x)]<d[O(x)] when 6[O(x)]>0, where O(T7x)={T"x, T"+x,
-+ -}, r20, T°x=x, then T is said to have diminishing orbital diameters
over K [1].

Throughout this paper, unless otherwise mentioned, X is a reflexive
Banach space and K a nonempty bounded closed convex subset of X.

We now prove our theorems.

In [8] the following theorem was proved.

THEOREM. Let T be a mapping of a nonempty bounded closed and convex
set K of a reflexive Banach space X into itself and let T have property A
over K. Then if sup,cp|y—Ty||S0(F)/2 for every closed convex bounded
subset F of K mapped into itself by T, T must have a unique fixed point in K.

We now prove the following theorem which is obviously an improve-
ment on the preceding result.

THEOREM 1. Let T be a mapping of a nonempty bounded closed
and convex subset K of a reflexive Banach space X into itself and let T
have property A over K. Then if sup,r|y—Ty| <(F) for every nonempty
bounded closed convex subset F of K, containing more than one element
and mapped into itself by T, T has a unique fixed point in K.

PROOF. Smulian [11] has characterized a reflexive Banach space as
follows: X is reflexive if and only if every decreasing sequence of non-
empty bounded closed convex subsets of X has a nonempty intersection.

Let I' be the family of all closed convex bounded subsets of K, mapped
into itself by T. Obviously I' is nonempty. Applying Zorn’s lemma, we get
a minimal element S in I', S being minimal with respect to being non-
empty, bounded closed and convex and invariant under 7. If S contains
only one element, then that element is a fixed point of 7. If not, let S con-
tain more than one element.

Now for x, y € S,

x — Tx - T
s - Ty 5 12T by = Tl
Hence, T'(S) is contained in the closed sphere C with Tx as centre and
supyes|y—Ty| as radius. Also SNC is invariant under 7. Therefore by the
minimality of S it follows that S<C i.e., [|Tx—y| Ssup,s|y—Tyl|, for

=sup |y — Tyl|.
veS
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every y € S. Hence, for any arbitrary but fixed x € S, we have

M sup ITx —yl = sup Iy — Tyl
Ve
Let S'={z € S:sup,,esllz—yn_§sup1,eslly—Ty|l}. Obviously S’ is closed,
convex and nonempty (Ix € S’). Again if z€ S’, then z € S and hence
Tz € S’ by (1). Hence S’ is invariant under 7. Also

0(S") = sup |y — Tyll < 8(S) by hypothesis.
veS

Hence S’ is a proper subset of S, which contradicts the minimality of S.
Hence S has only one element which is a fixed point of T. The unicity of
the fixed point follows from the fact that if x=Tx, y=Ty then

—-T —
=i - s EE T P ED g e,

THEOREM 2. Let T be a continuous mapping of a closed convex bounded

set K of a reflexive Banach space X into itself and let T have properties A
and B over K. Then T has a unique fixed point in K.

x=y.

PROOF. As in the previous theorem let S be the minimal element in X
with respect to being closed, convex, bounded and invariant under 7.

If S contains only one element, the theorem is obvious. If not, by prop-
erty B, there exists x € S such that

(2 Ix = Tx|l =r <suplly — Tyl.
veS
Let P={x € S:||x—Tx||=r}. If x € P, then since
2
— Tx| " ITx — Tx|
2 2

we have ||Tx—T2%x||<r which implies T(P)=P. Let P'=clco(TP). If
z € P’, then any one of the following three cases may arise:

(1) z € TP and since TP< P, hence Tz € P’.

2) z=27 o, Tz;, ¢;=20, > a,=1 and z; € P.

lz = Tz| = | «.Tz) — Tz| £ o, I Tz — Tz|
lz — TZIl llz; — Tzill}
<
el 2
< Z {"z — T2| 5}, since z; € P,

_lz=Tz] 1
2 2
.. |lz—Tz|| =r which implies z € P and hence Tz € TP< P’.

ITx — T < X
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(3) zis alimit point of P’, in which case by the continuity of T it follows
that z € P and hence Tz € P’.

Thus P’ is a closed, convex subset of S which is invariant under 7 and,
for every element z of P’, ||z—Tz| <r, which implies by (2) that P’ is a
proper subset of S. This contradicts the minimality of S. Hence S contains
only one element. This element is the unique fixed point of T, unicity being
true as seen as in Theorem 1.

If X is a uniformly convex Banach space, then K must have normal
structure and as already noted [9, Theorem 5] normal structure in K im-
plies property B in K for a mapping T having property A on K and map-
ping K into itself. Hence we have

THEOREM 3.  If X is a uniformly convex Banach space and K is a nonempty
bounded closed convex subset of X mapped into itself by a continuous
mapping T having property A on K, then T has a unique fixed point in K.

REMARK. It should be noted that the reflexivity of X can be replaced
by weak compactness of X in Theorem 2.

COROLLARY. Let K be a nonempty, closed, convex bounded subset of a
Banach space X and let T be a continuous mapping of K into itself having
properties A and B over K. If M is a weakly compact subset of K such
that we{T"x} M # & for each x € K, where wc A denotes the weak closure
of A, then T has a unique fixed point in K.

Proor. If H be any nonempty closed convex subset of K and if H is
mapped into itself by T, then for x € H, we{T"x}NM# &. Hence HN
M# & . Using the weak compactness of M we can now obtain a subset K,
of K minimal with respect to being nonempty, closed convex and invariant
under T and K;NM# &. The rest of the proof follows similarly as in
Theorem 2.

THEOREM4. Let T be a continuous mapping of a bounded compact
convex subset K of a Banach space X into itself and let T have property A
over K. Then T has a unique fixed point in K.

PrROOF. Let S be the minimal element with respect to being closed,
convex and invariant under 7. Now compact convex subsets of a Banach
space have normal structure [3]. Hence T has property B on S [9, Theorem
5]. We now proceed as in Theorem 2 to complete the proof.

THEOREM 5. Let X be a reflexive Banach space, H a closed convex
subset of X and K a nonempty bounded closed convex subset of H. Let T be a
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continuous map of K into H such that

(D) 1 Tx =Tyl Sh{lx—Txl +ly—Tyl}, x, y € K;

(2) T maps 0yK, the boundary of K relative to H, into K;

(3) if F be any closed convex subset of K containing more than one element
and if G be a subset of F such that TG < F then there exists x € G such that
[x —Tx|| <supyerlly — Tyl

Then T has a unique fixed point in K.

ProofF. Let I' be the family of all closed convex subsets F of H such
that FNK# & and T: FNK—F. Obviously H € I'. If {F,} be any descend-
ing chain of subsets of I' then the weak compactness of each F,NK
implies that FNK, where F= N F,,is nonempty. Also T': FNK—F because
T:F,NK—F, for each «. Hence by Zorn’s lemma there exists a minimal
element S in I', S being minimal with respect to being closed, convex
and such that SNK# @ and T:SNK—S.

We may assume 0gK7# & for otherwise S K and T:SNK—S implies
T:S—S and then the theorem would follow from Theorem 2 if one uses
hypothesis (3). Now 0gK<0d;K. Hence T:9sK—K. Also T:SNK—S.
Hence T maps 0gK into SNK. If SNK contains only one element z, then
the nonemptiness of dgK<SNK implies that z € dgK and T:05K—SNK
implies that 7z=z which proves the theorem.

If SN K contains more than one element, we will show that we arrive at
a contradiction. By (3) there exists x € dgK such that

lx = Tx| =r < sup [y — Tyl.
veSNK

Let P={z € SNK:|z—Tz|| Zr} and let P'=cl co(TP), the closed convex
hull of TP. Since x € dgK, Tx € SNK i.e., Tx € K. Hence Tx € P'NK.

Also let z € P"NK. We show that 7z € P’. We do this as in Theorem 2.
Here we give outlines only for the case when z=17z,, z, € P. Now z, € P
implies that z; € SNK and hence z=7z, € S. Also z € P'NK gives z € K.
Hence z € SNK and we get

lz = Tz|| = |Tzy — T(Tz)|| = llzy — Tz, by (1),
=r

Thus z € P and hence Tz € TP<P’.

Hence we find that P’ is a closed convex subset of S such that P’NK=
@ and T:P'NK—P’. Also as we have shown above z € P'NK implies
|z—Tz|| <sup,esnxlly—Ty|. Hence P’ is a proper subset of S which is
a contradiction.

COROLLARY. Let X be a reflexive Banach space and K be a nonempty
bounded closed convex subset of X. Also let T be a continuous mapping of K
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into X such that

(D) I Tx =Tyl SHIx—Txl+1y—Tyl}, x, y € K;

(2) T maps the boundary of K into K

(3) if F be a closed convex subset of K which contains more than one
element and if G be a subset of F such that TG < F then there exists x € G
such that || x—Tx| <supyglly—Ty|.

Then T has a unique fixed point in K.

A theorem similar to Theorem 6 for nonexpansive mappings may be
seen in [12].

We now obtain a result analogous to an equivalent form of Theorem 2
for nonexpansive mappings. To this effect we first have the following
proposition. We recall that X is a reflexive Banach space and K is a non-
empty bounded closed convex subset of X.

PROPOSITION 1. Let T be a mapping of K into itself having property A
over K. Then the following statements are equivalent.

(a) T has property B over K.

(b) For every nonempty bounded closed convex T-invariant subset F of K
which contains more than one element there exists x € F such that
sup,llx —T7x|| <sup, yer|lz—Tyll. (This property would be referred to as
property C.)

ProOF. To show that (a) implies (b) it is sufficient to see that if x be
the element such that ||x —T7x| <sup,er|y—Ty| then the element Tx € F
would satisfy the hypothesis of (b) because | Tx—T7(Tx)|| =l x—Tx]| by
the nature of T.

We now show that (b) implies (a). If possible let (a) be not true. Then
there exists a nonempty bounded closed convex subset F of K which is
T-invariant and contains more than one element such that, for every
x € F,

[x — Tx|| =sup|ly — Ty| =0, say.
vek '

Now consider F'=cl co(TF). For any two elements z, w of F’, it can be
easily seen as in Theorem 2 that ||z—Tw| = p. Also since F'is T-invariant
and is contained in F, it follows that, for every z € F’,

sup |z — T'z|| = sup [z — Tw|
r z, wek"’

and this is in contradiction with (b). Hence the proposition.
We now obtain the following theorem for nonexpansive mappings, the
proof of which is essentially the same as that of Theorem 2 [1].
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THEOREM 6. With the usual assumptions on X and K let T be a non-
expansive mapping of K into itself such that T has property C over K. Then
T has a fixed point in K.

Combining Theorems 2 and 6 we can now write

THEOREM. Let X be a reflexive Banach space and let K be a nonempty
bounded closed convex subset of X. Let T be a continuous mapping of K into
itself such that T has property C over K. If T satisfies either

(@ ITx — Tyl = 3llx — Tx| + Iy — Tyl}, x,y€K,
or
(b) ITx = Tyl = |x —yll, xyek

Then T has a fixed point in K.

This gives rise to the following question.

Question. What hypothesis on T is necessary besides property C over
K, the other hypothesis on X and K being the same as above, in order to
ensure the existence of a fixed point for 7°?

In the rest of the paper we make some observations on property C.

PrOPOSITION 2. If K has normal structure then T has property C on K
where T is a nonexpansive mapping of K into itself.

Note. As mentioned earlier, that normal structure implies property B
over K for a mapping T having property A over K, or equivalently by
Proposition 1, property C over K has been proved in [9].

ProoF. We proceed exactly as'in Proposition 1. That the converse of
the above proposition is not true can be easily seen from the following
example [13].

ExXAMPLE. Let B be the space isomorphic to the Hilbert space with,
norm defined (for x € H) by ||x||=sup{}||x| &, |x,|}. Then K={x:| x|z =1
and x, =0 for all i} does not have normal structure. It is easy to define non-
expansive mappings T on K for which property C is true.

A connection similar to that of Proposition 2 exists between the concept
of diminishing orbital diameters and property C. The proof of the following
proposition is similar to that of Proposition 1.

PROPOSITION 3. For a nonexpansive mapping T of K into itself, T has
diminishing orbital diameters over K implies T has property C over K.

Note. It must be noted here [9] that, for a continuous mapping T
having property A over K, the statements 7 has diminishing orbital di-
ameters over K and T has property C over K are equivalent. That the
converse of Proposition 3 is not true can be easily seen.
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REMARK. After this paper was communicated, Theorem 3 was proved
recently by P. Soardi [Boll. Un. Mat. Ital. 4 (1971), 841-845]. The author
would like to thank the referee for his suggestions.
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